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XII 


ARISTARCHUS OF SAMOS 

Historians of mathematics have, as a rule, given too little 
attention to Aristarchus of Samos. The reason is no doubt 
that he was an astronomer, and therefore it might be supposed 
that his work would have no sufficient interest for the mathe- 
matician. The Greeks knew better ; they called him Aristar- 
chus ‘ the mathematician ’, to distinguish him from the host 
of other Aristarchuses; he is also included by Vitruvius 
among the few great men who possessed an equally profound 
knowledge of all branches of science, geometry, astronomy, 
music, &c. 

' Men of this type are rare, men such as were, in times past, 
Aristarchus of Samos, Philolaus and Archytas of Tarentum, 
Apollonius of Perga, Eratosthenes of Cyrene, Archimedes and 
Scopinas of Syracuse, who left to posterity many mechanical 
and gnomonic appliances which they invented and explained 
on mathematical (lit. ‘ numerical ') principles.’ ^ 

That Aristarchus was a very capable geometer is proved by 
his extant work On the sizes and distances of the Sun and 
Moon which will be noticed later in this chapter: in the 
mechanical line he is credited with the discovery of an im- 
proved sun-dial, the so-called cr/ca^T?, which had, not a plane, 
but a concave hemispherical surface, with a pointer erected 
vertically in the middle throwing shadows and so enabling 
the direction and the height of the sun to be read off by means 
of lines marked on the surface of the hemisphere. He also 
wrote on vision, light and colours. His views on the latter 
subjects were no doubt largely influenced by his master, Strato 
of Lampsacus ; thus Strato held that colours were emanations 
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contemporary, Archimedes. In the Saoid-reckoner Archi- 
medes has this passage. 

'You [King Gelon] ai*e aware that "universe’' is the name 
given by most astronomers to the sphere the centre of which 
is the centre of the earth, while its radius is equal to the 
straight line between the centre of the sun and the centre of 
the earth. This is the common account, as you have heard 
from astronomers. But Aristarchus l)ronght out a book con- 
sisting of certain hypotheses^ wherein it appears, as a conse- 
quence of the assumptions made, that the universe is many 
times greater than the " universe ” just mentioned. His hypo- 
theses are that the fixed stars and the sun remain unmoved^ 
that the earth revolves about the sun in the circumference of a 
circle^ the sun ly ing in the middle of the orbits and that the 
sphere of the fixed stars, situated al)out the same centre as the 
sun, is so great that the circle in which lie supposes the earth 
to revolve bears such a proportion to the distance of the fixed 
stars as the centre of the sphere bears to its surface.’ 

(The last statement is a variation of a traditional phrase, for 
which there are many parallels (cf. Aristarchus’s Hypothesis 2 
' that the earth is in the relation of a point and centre to the 
sphere in which the moon moves ’), and is a method of saying 
that the 'universe’ is infinitely great in relation not merely to 
the size of the sun but even to the orbit of the earth in its 
revolution about it; the assumption was necessary to Aris- 
tarchus in order that he might not have to take account of 
parallax.) 

Plutarch, in the passage referred to above, also makes it 
clear that Aristarchus followed Heraclides in attributing to 
the earth the daily rotation about its axis. The bold hypo- 
thesis of Aristarchus found few adherents. Seleucus, of 
Seleucia on the Tigris, is the only convinced supporter of it of 
whom we hear, and it was speedily abandoned altogether, 
mainly owing to the great authority of Hipparchus. Nor do 
we find any trace of the heliocentric hypothesis in Aris- 
tarchus’s extant work On the sizes and distances of the 
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l/720tli part of the zodiac circle, that is to say, h 
We do not know how he arrived at this pretty acc 
but, as he is credited with the invention of the <rKi 
have used this instrument for the purpose. Bui 
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angle is there assumed to be 2° (Hypothesis 6). 
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the mathematics of his treatise is not dependent o 
value taken, 2° may have been assumed merely 


illustration; or it may have been a guess at tl 
diameter made before he had thought of atternpi 
sure it. Aristarchus assumed that the angular ( 
the sun and moon at the centre of the earth are eq 
The method of the treatise depends on the just ^ 
which is Aristarchus’s third ' hypothesis that ' wh^ 
appears to us halved, the great circle which divid 
and the bright portions of the moon is in the dire( 


eye ; the eflFect of this (since the moon receives it 
the sun), is that at the time of the dichotomy tl 
the sun, moon and earth form a triangle right- ai 
centre of the moon. Two other assumptions wer( 
first, an estimate of the size of the angle of the la 
at the centre of the earth at the moment of dicln 
Aristarchus assumed (Hypothesis 4) to be ‘less tl 
rant by one-thirtieth of a quadrant’, i. e. 87°, agaij 
rate estimate, the true value being 89° 50' ; secon 
mate of the breadth of the earth’s shadow wher 
traver^s It: this he assumed to be ‘the brea. 
moons (Hypothesis 5). 

assumptions does not, howc 
from the mathematical interest of the succeeding in 
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classical as iJfil 
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have here the first specimen extant of pure geometry used 
with a trigonometrical object, in which respect it is a sort of 
forerunner of Archimedes's Measurement of a Circle. Aristar- 
chus does not actually evaluate the trigonometrical ratios 
on which the ratios of the sizes and distances to be obtained 
depend ; he finds limits between which they lie, and that by 
means of certain propositions which he assumes without proof, 
and which therefore must have been generally known to 
mathematicians of his day. These propositions are the equi- 
valents of the statements that, 

(1) if a is what we call the cii'calar measure of an angle 
and (X is less than ^ tt, then the ratio sin ol/ol decreases, and the 
ratio tan ol/ol increases, as ol increases from 0 to ^ tt ; 

(2) if )3 be the circular measure of another angle less than 
^ TT, and a >/3, then 

sin OL OL^ tan ol 
sin /i ^ tan ^ 

Aristarchus of course deals, not with actual circular measures, 
sines and tangents, but with angles (expressed not in degrees 
but as fractions of riglit angles), arcs of circles and their 
chords. Particular results obtained by Aristarchus are the 
equivalent of the following : 

xV > sin 3° > [Prop. 7] 

> sin [Prop. 11] 

1 > cos 1° > |§, 12] 

1 >cos2l° > If. [Prop. 13] 

The book consists of eighteen propositions. Beginning with 
six hypotheses to the effect already indicated, Aristarchus 
declares that he is now in a position to prove 

(1) that the distance of the sun from the earth is greater than 
eighteen times, but less than twenty times, the distance of the 
moon from the earth ; 

(2) that the diameter of the sun has the same ratio as afore- 
said to the diameter of the moon ; 
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and the angle p 1 J f "o one-fifteenth of a sign ’ = 2 
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l°-‘45° [> tanl°;tan45°J 
> BC:C A, 


and, a fortiori. 


whence 


> /.HABilHBA, 
IHAB <^\IHBA, 



and (taking the doubles) Z HAK < Z HBK. 

But Z HBK = Z EBQ = -qq R (where jR is a right angle) ; 
therefore A HAK < 

But 'a magnitude (b^ycHK) seen under such an angle is 
imperceptible to our eye ' ; 

therefore, a fortiori, the arcs CE, DF are severally imper- 
ceptible to our eye. Q. E. D. 

An easy deduction from the same figure is Prop. 1 2, which 
shows that the ratio of CD, the diameter of the 'dividing 
circle to EF, the diameter of the moon, is < 1 but > . 

We have Z EBO = Z BAG = 1° ; 

therefore (arc EC) = -^-q (arc EQ), 

and accordingly (arc GG) : (arc GE) = 89 : 90. 

Doubling the arcs, we have 

(arc GGB) : (arc EGF) = 89:90. 

But GD:EF> (arc CGD) : (arc EGF) 

[equivalent to sin a /sin /3 > a / /3, where Z GB.D = 2 a, 

and 2 /3 = tt] ; 

therefore CD : EF [ = cos 1°] > 89 : 90, 

while obviously CD ; EF < 1 . 

Prop. 11 finds limits to the ratio EF:BA (the ratio of the 
diameter of the moon to the distance of its centre from 
the centre of the earth) ; the ratio is < 2 : 45 but >1:30. 
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And, by similar triangles, 
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s imate the relative distances Th/fi ^**em 

subject was that of Anaximar,^ speculation < 

seems to have made the 611-546 b c) 

the earth to be tZt 

rc imedes, made the diameter of x, accordi 

the moon, and Phidias Ar^B- ^ ^ times tl 

assuming that the anffultr ® times- 

n^l, the ratio of theif dttatr 1/ hodk 

Aristarchus’s proof is same. 

“« »“.-S Ainti^^eeni 

- Haee. ~ - srrd"-" < 

^GBE= . 1 ^ or 22^° 
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I. Now, by Hypothesis 4, A ABC = 87°, 
so that Z HBE = Z BAG = 3° ; 

therefore Z QBE : Z HBE 

= 15:2, 



so that QE ■.EE [= tan QBE : tan HBE] > Z QBE : Z HBE 

>15:2. (1) 

The ratio which has to be proved >18:1 is AB : BG or 
FE-.EH. 


Now 

whence 


FQ:QE = FB:BE, 
FQ^-.QE^ = FB^-.BE^ = 2:1, 



10 


AEISTARCHUS of SAMOS 


Therefore FE:EG > 12:5 or 36:15. 

Compounding this with (1) above, we have 
FE : EH > 36:2 or 18:1. 

II. To prove EA< 20 BC. 

Let BH meet the circle AE in D, and draw DK parallel 
to EB. Circumscribe a circle about the triangle BKD, and 
let the chord BL be equal to the radius (r) of the circle. 

Now Z SDK = Z DBE = 

so that arc BK = (circumference of circle). 

Thus (arc BK } : (arc BL) = ^ : i , 

= 1 : 10 . 


And (arc BK) : (are BL) <BK:r 

[this is equivalent to 0£//3 < sin a/sin /3, where a < < ^tt], 

so that r < 10 BK, 

and BD< 20 BK. 


BD:BK = AB:BC; 


Q. E. D. 


therefore AB < 20 BO. Q. E. D. 

The remaining results obtained in the treatise can be 
visualnmd by means of the three figures annexed, which have 
refereu(^ to the positions of the sun (centre A), the earth 
(centre B) and the moon (centre C) during an eclipse. Fig. 1 
shows the imddle position of the moon relatively to the earth’s 
trS " n comprehending the sun 

( Hypothssi. S), the moeZrS. CSfZ” “““"a 
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while Y, Z are the points in which the perpendicular through 
A., the centre of the sun, to BA meets the cone enveloping the 
sun and the earth. 


X 



This being premised, the main results obtained are as 
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OiVrfdiain. of sun) < ijg 


( 2 ) 

but 

/?\ > 22 : 225. 

p ^-^•■^■^> 979:10125 

Prop. 14 (Fig. 3). 

Prop. IS. SO:CS > 675 : 1. 


but 


(Biam.ofsun):(diam. of earth) > 1 9 : 3 



PiQ. 2. 

Prop. 17 . 


<43:6. 













but 

(1) In Fig. 2 it is clear that 

ThA f • < 2 Air and, a fmwri, < 2 ZP 

he triangles ZOJV. z?/’ AT u-.- . .. 
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Hence ON:LC= ON^ : NL^ 

>89^:452; 

therefore ON : LP > 7921:4050 

> 88 : 45, says Aristarchus. 

[If be developed as a continued fraction, we easily 

obtain 1 + -i- i , which is in fact ^ • 1 
1+ 21 + 2 45 J 

(2) ON < 2 (diam. of moon). 

But (diam. of moon) < yV (diam. of sun) ; (Prop. 7) 
therefore ON < | (diam. of sun). 

Again ON: (diam. of moon) > 88 : 45, from above, 
and (diam. of moon) : (diam. of sun) > 1:20; (Prop. 7) 
therefore, ex aequali^ 

ON : (diam. of sun) > 88:900 
> 22:225. 

(3) Since the same cone comprehends the sun and the moon, 
the triangle BUV (Fig. 1) and the triangle BLN (Fig. 2) are 
similar, and 

LN:LP = UV: (diam. of sun) 

^WUiUA 
^UA:AS 
< UA:AY, 

But LN : LF > S9 : 90 ; (Prop. 1 2) 

therefore, a fortiori^ UA :AY > 89:90. 

And jyA:AY^2UA:YZ 

= (diam.. of sun) : YZ. 

n AT. oo . one- . /T5 i 
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Prop. 14 (Fig. 3). 

The arcs OM, ML, LP, PiV are all equal ; therefo 
the chords. BM, BP are tangents to the circle MQl 
CM is perpendicular to BM, while BM is perpendicuh 
Therefore the triangles LOS, CMR arc similar. 

Therefore SO :MR = SL: RG. 

But SO < 2 MR, since OM < 2MP: (' 

therefore SL <2 RG, 

and, afortioH, SR< 2 RG, ov SG < 3 RG, 
that is, GR :GS> 1:3. 

Again, MG : GR = BG : GM 

>45:1; (see J 

therefore, &s aequali, 

GM:GS> 15:1. 

And BG :CM > i5:l ; 

therefore BG:GS > 375:1. 

Prop. 16 (Fig. 1). 

We have NO : (diam. of sun) <1:9, (1 

and, a fortiori, YZ : NO >9:1; 

therefore, by similar triangles, if YO, ZN meet in X, 
AX:XR>3:1, 
and convertendo, XA:AR< 9:8. 

But AB > 13 BG, and, a fortiori, > 13 BR, 
whence AB > 13 {AR-AB), or 19 AB > 13 AR- 

AR:AB < 19:18. 

Therefore, ex aequali, 

XA:AB < 19 : 16, 

AX:XB > 19:3; 


and, convertendo. 
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But AB :BG.< 20 -.X -, 

jrefore, ex aequali, 

AB:BR< 13500:674 
< 6750:337, 

lence, by inversion and componendo, 

BA: AB > 7087 : 67 SO. (1) 

But AX:XR=YZ:N0 

< 10125:979; (Prop. 13) 

jrefore, comvertendo, 

XA:AR > 10125:9146. 

From this and (1) we have, ex aequali, 

XA:AB > 10125 X 7087:9146x6750 

> 71755875 : 61735500 

> 43:37, a fortiori. 

[It is difficult not to see in 43:37 the expression 1 + ^ , 

^ b + 6 

lich suggests that 43:37 was obtained by developing the 

no as a continued fraction.] 

Therefore, convertendo, 

XA :XB <43:6, 

(diam. of sun) : (diam. of earth) < 43 : 6. Q. E. D. 


lence 
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ARCHIMEDES 

. f: The siege and capture of Syracuse by Marccllua d 
second Punic war furnished the occasion for the appe 
Archimedes as a personage in history ; it is with tlii 
^al event that most of the detailed stories of him 
/nected ; and the fact that he was killed in the sack o 
|in 212 B.c.,when he is supposed to have been 75 yea 
y enables us to fix his date at about 287-212 B.C. H 
^ r sbn of Phidi as ^e astronomer, and was on intimi 
'!;with^JtjlQ^^ iii« Hon G 

u appears from a passage of Diodorus that he spent s 
in Egypt, which visit was the occasion of his divscovc 
so-called Archimedean screw as a means of puiupii 
It may be inferred that he studied at Alexandria 
successors of Euclid. It was probably at Alexandri 
made the acquaintance of Conon of Sarno^ (for whoi 
the highest regard both as a mathematician and a fr 
of Er ^sthenes of Pyrene . To the former he was in 
of communicating his discourses before their pu 
while it was to Eratosthenes that he sent llie Met hoc 
introductory letter which is of the highest interest, 
(if we may judge by its heading) the famous Cattle-’ 

Traditions. 

It is natural that history or legend should say ni' 
mechanical inventions than of his mathematical achi 
which would appeal less to the average mind. His 

WArP. llftAY^ wif.B firrAQf Ck-ffanf 
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short range, machines for discharging showers of missiles 
through holes made in the walls, and others consisting of 
long movable poles projecting beyond the walls which either 
dropped heavy weights on the enemy’s ships, or grappled 
their prows by means of an iron hand or a beak like that of 
a crane, then lifted them into the air and let them fall again.^ 
Marcellas is said to have derided his own engineers with the 
words, ' Shall we not make an end of fighting against this " 
geometrical Briareus who uses our ships like cups to ladle 
water from the sea, drives off* our sambuca ignominiously 
with cudgel-blows, and by the multitude of missiles that he 
hurls at us all at once outdoes the hundred-handed giants of 
mythology 1 ’ ; but all to no purpose, for the Romans were in 
such abject terror that, ‘ if they did but see a piece of rope 
or wood projecting above the wall, they would cry ‘‘there it 
is”, declaring that Archimedes was setting some engine in 
motion against them, and would turn their backs and run 
away Thes ^ things, however, w ere merely the ‘ diversion s 
of g^ metry^^at plaj^’, ^ and Archi mMeill nmaelf attached no 
importance According to Plutarch, 

‘ though these inventions had obtained for him the renown of 
more than human sagacity, he yet would not even deign to 
leave behind him any written work on such subjects, but, 
regarding as ignoble and sordid the business of mechanics and 
every sort of art which is directed to use and profit, he placed 
his whole ambition in those speculations the beauty and 
subtlety of which is untainted by any admixture of the com- 
mon needs of life.’ ^ 

(a) Astronomy. 

Archimedes did indeed write one mechanical book. On 
Sphere-making, which is lost ; this described the construction 
of a sphere to imitate the motions of the sun, moon and 
planets.^ Cicero saw this contrivance and gives a description 
of it ; he says that it represented the periods of the moon 
and the apparent motion of the sun with such accuracy that 
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the making of spheres and produce a iiK)d('l of tlii^ lu 
means of the circular motion of water’, it its po.s.s 
Archimedes’s sphere was moved by wat<‘r. In a,tiy ea 
medes was much occupied with astronomy. Liv\' ( 
‘umcus spectator caeli siderumque Hippiirclnis say 
these observations it is clear that the dideiTma's !„'( 
are altogether small, but, as to the .sol.stic('.s 1 alnm 
that Archimedes and I have both erred to’th.> Cxt 
quarter of a day both in the observation and in tlm d 
therefrom ’.2 Archimedes then had evidcntl\' (mmsid. 
length of the year. Macrobius says ht' discov('red 
tances of the planets," and he himself (h^scribe.s iii hi 
recko^r the apparatus by which he measure.,! tlu> ,, 
angular diameter of the sun. 


Archimedes wrote, as we shall see, on theoretical n 
and It was by theory that he solved the t.rol.lem T 
given wight by a given force, for it was in ivlianc 
™stible cogency of his proof’ that he ,le.cla .Tt 
hat any given weight could be moved by an\^ 1 

(however small), and boasted that, ‘if he were tiven 

stand on, he could move the earth’ Ua BS, - 

fixed upon a ship' of burden with thT'"^* T **' 
arsenal which had only been drLn up whh m '"I 1' 
many men, and loadino- her with n7 ^ ^ ^ 

freight, himself the while sittin! a,r 

but only holdino-tL i f ^ »"> tf'-e 

quietly in his hfnd a^f if (-Ado 

smoothly and saf'elv»c ^ ^ fhe sh 

The story that Archil^™ 
an arrangement of burnino- o-i "Oman ships on 
found in any author Ilf™ »i-or 
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likely that he discovered some form of burning-mirror, e.g. a 
paraboloid of revolution, which would reflect to one point all 
rays falling on its concave surface in a direction parallel to 
its axis. 

Archimedes’s own view of the relative importance of his 
many discoveries is well shown by his request to his friends 
and relatives that they should pl4ce upon his tomb a represen- 
tation of a cylinder circumscribing a sphere, with an inscrip- 
tion giving the ratio which the cylinder bears to the sphere ; 
from which we may infer that he regarded the discovery of 
this ratio as his greatest achievement. Cicero, when quaestor 
in Sicily, found the tomb in a neglected state and repaired it ^ ; 
but it lias now disappeared, and no one knows where he was 
buried. 

Archimedes’s entire preoccupation by his abstract studies is 
illustrated by a number of stories. We are told that he would 
forget all about his food and such necessities of life, and would 
be drawing geometrical figures in the ashes of the fire or, when 
anointing himself, in the oil on his body.^ Of the same sort 
is the tale that, when he discovered in a bath the solution of 
the question referred to him by Hieron, as to whether a certain 
crown supposed to have been made of gold did not in fact con- 
tain a certain proportion of silver, he ran naked through the 
street to his home shouting evprjKoc, evprjKa? He was killed 
in the sack of Syracuse by a Roman soldier. The story is 
told in various forms ; the most picturesque is that found in 
Tzetzes, which represents him as saying to a Roman soldier 
who found him intent on some diagrams which he had drawn 
in the dust and came too close, ‘ Stand away, fellow, from my 
diagram’, whereat the man was so enraged that he killed 
him."^ 

Summary of main achievements. 

In geometry Archimedes’s work consists in the main of 
original investigations into the quadrature of curvilinear 
plane figures and the quadrature and cubature of curved 
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birth to the calculus of the infinite conceived and lei 
perfection successively by Kepler, Cavalieri, K^vinat 
and Newton \ He performed in fact \vha.t is eipii^ 
integration in finding the area of a paa’abolic. s(‘gnua 
a spiral, the surface and volume of a splun-e \ind a, si^ 
a sphere, and the volumes of any segments of tho. 
revolution of the second degree. In arithmetic h(‘. (• 
approximations to the value of tt, in the course', oi w 
culation he shows that he could approximatt'. t.o tlu' 
square roots of large or small non-square numbers ; h 
invented a system of arithmetical teianinology by ^ 
could express in language any number u|) to that ^ 
should write down with 1 followed l)y 80,000 millio 
ciphers. In mechanics he not only woi*ked out th(‘- prii 
the subject but advanced so far as to find ttu'. centri' o 
of a segment of a parabola, a semicircle, a cone, ;i leu 
a segment of a sphere, a right segment of a j)a,rab( 
a spheroid of revolution. His mechanics, as sluill 
become more important in relation to his geonu'try 
discovery of the treatise called The Method wdiich wa,s 
supposed to be lost. Lastly, he invented the. wholt'. !> 
hydrostatics, which again ho carried so far as to giv 
complete investigation of the positions of rest a,nd stf 
a right segment of a paraboloid of revolution lloa,t 
fluid with its base either upwards or downwards, hu 
the base is either wholly above or wholly below the s 
the fluid. This represents a sum of mathematical 
ment unsurpassed by any one man in the world’s liisi 

Character of treatises. 

The treatises are, without exception, monuments o 
. matical exposition ; the gradual revelation of tlie 
attack, the masterly ordering of the propositions, 1 
elimination of everything not immediately relevan 
purpose, the finish of the whole, are so impressive 
perfection as to create a feeling akin to awe in the 
the reader. As Plutarch said 'Tf, 
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time a certain mystery veiling the way in wliich he 
d at his results. For it is clear that tliey were not 
'ered by the steps which lead up to them in the finished 
=ies. If the geometrical treatises stood alone, Archi- 
; might seem, as Wallis said, ‘as it were of set purpose 
jQ covered up the traces of his investigation, as if he had 
ed posterity the secret of his method of inquiry, while 
died to extort from them assent to his results And 

I (again in tlie words of Wallis) ‘ not only Archimedes 
:iarly all tlie ancients so hid from posterity their method 
alysis (though it is clear that they liad one) that more 

II mathematicians found it easier to invent a new 
sis than to seek out the old'. A partial exception is 
drnished by The Method of Archimedes, so liappily dis- 
)d by Heiberg. In this book Archimedes tells us how 
jcovered certain theorems in quadrature and cubature, 
y by the use of mechanics, weighing elements of a 
against elements of another simpler figure the rnensura- 
f which was already known. At the same time he is 
il to insist on the difference between (1) the means 

may be sufficient to suggest the trutli of theorems, 
igh not furnishing scientific proofs of tliem, and (2) the 
us demonstrations of them by ortliodox geometrical 
ds wliich must follow l)efore they can l)e finally accepted 
iblished : 

in things ’, he says, ‘ first became clear to me by a 
uical metliod, although they had to be demonstrated by 
stry afterwards because their investigation by the said 
id did not furnisli an actual demonstration. But it is 
irse easier, when we liave previously acquired, by the 
d, some knowledge of the questions, to supply the pi*oof 
t is to find it witliout any previous knowledge.' ‘ I'liis ', 
is, ‘is a reason why, in tlie case of the theorems that 
olumes of a cone and a pyramid are one-third of the 
es of tlie cylinder and prism respectively having tlie 
base and equal height, the proofs of which Eudoxus was 


on the Quadrature of the parabola, namely tl iat the area of any 
segment of a section of a right-angled cone {i. e. a parabola) is 
four-thirds of that of the triangle which has the same base and 
height. The mechanical proof, however, of this tiieorem in the 
Quadrature of the Parabola is different from that in the 
Method, and is more complete in that tlie ar^'iiinent is elinelied 
by formall}^ applying* the method of exluinstion. 

List of works still extant. 

The extant works of Archimedes in the order in which they 
appear in Heiberg’s second edition, following the order of tlie 
manuscripts so far as tlie first seven treatises are concerned, 
are as follows : 

(5) On the Sidhere and Cylinder : two Books. 

(9) Measurement of a Circle, 

(7) On Conoids and tipheroids, 

(6) On Spirals. 

(1) On Plane Equilibriums, Book I. 

(3) ^ „ Book 11. 

(10) The Sand-reckoner (Psammites). 

(2) Quadrature of the Parabola, 

(8) On Floating Bodies: two Books. 

? Stomachion (a fragment). 

(4) The Method, 

Ihis, however, was not the order of eonqxisition ; and, 
judging {a) by statements in Archimedes’s own prefaces to 
certain of the treatises and (IS) by the use in certain tn^atises 
of results obtained in others, we can make out an approxi- 
mate chronological order, which I have indicated in the aljove 
list by figures in brackets. The treatise On Floating Bodies 
was formerly only known in the Latin translation by William 
of Moerbeke, but the Greek text of it has now been in great 
part lestored by Heiberg from the Constantinople manuscript 
which abo contains The Method and the fra{,auent of the 
Stomachion. 

Besides these works we have a collection of propositions 
{Liber assumptorum) which has reached us through the 
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Qurra the book is attributed to Arcliiinedes, the propositions 
cannot be his in their present form, since his name is several 
times mentioned in them; but it is quite likely tliat some 
of them are of Archimedean origin, notably those about the 
geometrical figures called dp/SrjXo^ (' shoemaker's knife ') and 
craXivou (probably ‘ salt-cellar ') respectiN^ely and Prop. 8 bear- 
ing on the triseetion of an angle. 

There is also the (kittle- Problem in epigrammatic form, 
which purports by its lieading to have been communicated by 
Archimedes to the mathematicians at Alexandria in a letter 
to Eratosthenes. Whether the epigrammatic form is due to 
Archimedes himself or not, there is no sufficient reason i‘or 
doubting the possibility that the substance of it was set as a 
problem by Archimedes. 

Traces of lost works. 

Of works which are lost we have the following traces. 

1. Investigations relating t(^ 'polyhedra ai‘e i*eferred to by 
Pappus wlio, after alluding to tlie five regular polyhedra, 
describes thirteen others discovered by Archimedt^s winch iire 
semi-regular, being contained by polygons e(pii lateral and 
equiangular but not all similar.^ 

2. Ther(^ was a book of ai'ithmetical content dedicated to 
Zeuxippus. Wc; leai’ii from Ai-chiniedcs liirnself that it dealt, 
with tlui 'ncuniiiif of mi'oihers [Karova rcov dpL0ficov)" and 
expounded the system, whicli wt‘- find in the idand-reckonrr, of 
expressing numbcM-s higher than those which could l)e written 
in the ordinary Greek notation, numbers in fact (as w<‘^ luive 
said) \ip to the enormous figure r(‘presented by 1 followed by 
80,000 million million ciphers. 

3. One or more works on mechanics are alluded to contain- 
ing propositions not included in the extant treatise On Plane 
Equilihriumi:^. Pappus mentions a work O n Bidance^ or Levers 
(rrepL (vycov) in which it was proved (as it also was in Pliilon's 
and Heron’s Mechanics) that ‘greater* circles overpower h^ssei* 
circles when they revolve alumt the same centre ’.•* He,ron, too, 
speaks of writings of Archimedes ‘ which bear the tith*. of 



“works on the lever 8iiiii)lieius retcrs to pr<fO(ri)t.s on the 
centre of gravity, Kevrpo^apLKa, such as tJi(‘ niany ele^nint 
problems solved by Arcliiinedes and otlua-s, t,lu‘ i)l)jiH‘t of which 
is to show how to find the centre of <;’ravity, tJiai. is, the point 
in a body such that if tlie body is hun^ up irom if., tlu^ body 
will remain at rest in any povsitiou.- This nanills tlu‘ assump- 
tion in the Quadrature of the l\iral>ol(t (h) that, ii a, body han^rs 
at rest from a point, tlie centre of <^-ravity of t lu^ luHly a.ud the 
point of suspension are in the same vertical lino. Ihippus has 
a similar remark with reference to a [>oiut of support , a.ddm^r 
that the centre of gravity ivS determined as tlie int^'rscavtion of 
two straight lines in tlic body, through two points of support, 
which straight lines are vertical when the body is in tHpiilibrium 
so supported. Pappus also gives thi‘ cluiractio-ist ic of t he cmitre 
of gravity mentioned by Simplicius, obs(‘rving that this is 
the most fundamental principle of the tlusiiy of t hi‘ ctmtr(‘ of 
gravity, the elementary propositions of which an' found in 
Archimedes’s On Eqwilihrmms {Tr^pl iaoppomoov) and Heron’s 
Mechanics, Archimedes himself cites propositions whicli must 
have been proved elsewhere, e. g. that th(‘ cmitre of gravity 
of a cone divides the axis in the ratio 3:1, the longm* segment 
being that adjacent to the vertex’^; bt^ also says that. Ht is 
proved in the Equilibriums' that the eentn^ of gra\'ity of any 
segment of a right-angled conoid (i. e. paraboloid of n'vohition) 
divides the axis in such a way that the portion towards the 
vertex is double of the remainder.'^ It is possible that there 
was originally a larger work by Archimed(‘s O n. Equilibriums 
of which the surviving books On ELane Eciuilihri urns formed 
only a part ; in that case Trepl ^vyoov and K^vrpo^aptKd may 
only be alternative titles. Finally, Heron sayrn that Archi- 
medes laid down a certain procedure in a book luairing tlie 
title ‘ Book on Supports 

4. Theon of Alexandria quotes a proposition from a work 
of Archimedes called Catoptrica (properties of mirrors) to the 
effect that things thrown into water look larger and still 
larger tlie farther they sink.^ Olympiodorus, too, mentions 


^ Heron, Mechanics, i, 32. 

3 P* '*>08 a 80, Brandis ; p, 543. 24, Heib. 

e tod, Lemma 10. '» Ow Float huf Bodies, ii. 2. 

Heron, Mechanics, i. 25. 
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tliat Archimedes proved the phenomenon of refraction ‘ by 
means of the ring placed in the vessel (of water) ’d A sclioliast 
to the Pseudo-Euclid’s Catoptrica quotes a proof, which he 
attributes to Archimedes, of the equality of the angles of 
incidence and of reflection in a mirror. 

The text of Archimedes. 

Heron, Pappus and Theon all cite works of Archimedes 
which no longer survive, a fact which shows that such works 
were still extant at Alexandria as late as the third and fourtli 
centuries a.d. But it is evident that attention came to l)e 
concentrated on two works only, the Measurement of a Ginie 
and On the S^yhere and Cylinder. Eutocius (fi. about a. d. 500) 
only wrote commentaries on tliese works and on the Plane 
Equilibriums, and he does not seem even to have been 
acquainted with the Quadrature of the Parabola or tlie work 
On Spirals, although these have survived. Isidorus of Miletus 
revised the commentaries of Eutocius on the Measurement 
of a Circle and tlie two Books O n the Sphere a nd Cylinder, 
and it would seem to have been in the school of Isidorus 
that these treatises were turned from their original Doric 
into the ordinary language, witli alterations designed to make 
them more intelligible to elementary pupils. But neither in 
Isidorus’s time nor earlier was there any collected edition 
of Archimedes’s works, so that those which were less read 
tended to disappear. 

In the ninth century Leon, who restored tlie University 
of Constantinople, collected together all the works that lu^ 
could find at Constantinople, and had the miinuscript written 
(the arclietype, Heiberg’s A) which, tlirough its derivatives, 
was, up to the discovery of the Constantinople manuscript (C) 
containing The Method, the only source for the Greek text. 
Leon’s manuscript came, in the twelfth century, to the 
Norman Court at Palermo, and thence passed to the House 
of Hohenstaufen. Then, with all the library of Manfred, it 
was given to the Pope by Charles of Anjou after the battle 
of Benevento in 1266. It was in the Papal Library in the 

-I o 1 1 1 --i. . X*.. L*i. .1 « « I • . 
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“works on the lever”’.^ SiniplicMUs iviVrs t<> f>n>l'lrin, 
centre of (jmvity, Kevrpo^apiKa, such as the many 
problems solved by Arch i hum It ‘s and otlaa-s. the t>!*ji‘ct <> 
is to show how to tiiul the ct'iitrt' n\ yi‘a\ity. that is. tl 
in a body such that it tlie hotly is huny ii|> iroin it. (! 
will remain at rest in any ])t)sith)iL“ This recalls t he j 

tion in the o///n3 (ti) iliat, it a IhkI 

at rest from a point, tlu‘ ctaitre of yi'avity oi the hody 
point of suspension are in tht‘ sanu' vtai leal lints Pa| 
a similar remark with r<d‘t*rtaict‘ to a, point- ot s/z/tytte’/ 
that the centre of gravity is tltd-ennintsl a,s Hit' ini erst 
two straight lines in tlie body, through t wo ptunts til 
which straight lines are vertical wlnai t-ht‘ hotly is in etpi 
so supported. Pappus also givt.^s t ht* eha rat*! tu-ist ie of 1 1 
of gravity mentioned by Simplieiiis, obst‘r\'ing that 
the most fundamental princiiylt* of tht‘ t-lu'ory t)f tlu^ t 
gravity, the elementary propositions of which are I' 
Archimedes’s On Jui'wilibrinin^ [jr^pl uTopponuov) ajcl 
Meclamics. Archimedes liimst^lf citt^s pi't)posil it>ns win 
have been proved elsewhere, tag. that tht' (‘tadn' of 
of a cone divides the axis in the ra,tio 3 : 1, t lu^ longta' 
being that adjacent to the xaa-b'X •' ; he also says tl 
proved in the Equilihrmni^s' that th(‘ eent rt' of gra\ it 
segment of a right-angled conoid (i. la paraboloid of re' 
divides the axis in such a way that the portion tow 
vertex is double of the remainder.'' It is possibh'. H 
was originally a larger work l>y Archiuied('s On /njoi 
of which the surviving books O-n VUioo lufiitlibn inn 
only a part; in that case irepl (vym^ and KtvTpojiap 
only be alternative titles. Finally, Heron says Hui 
medes laid down a certain procedure in a book be; 
title ‘ Book on Supports 

4. Theon of Alexandida (|Uotes a pro])osition fron 
of Arcliirnedes called OaUyptrica (proix'rties of ndrroi 
effect that things tlirown into watca- look hirg(‘r 
larger the farther they sink.'" Olyiupiodorus, t-oo, 
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'chiincdcs p.n)vc(l the pheiioineiioii oi* rciTacti<.)ii ‘ hy 
f the ring placed in the \'essel (ol* water) ’d A scholiast 
Fseudu-Eiiclid’s Cdto/jlrica (piotes a proof, which he 
es to Archiiuedes, of the ec[uality of tlie aii<j;‘les ol 
;e and of reflection in a inirror. 

The text of Archimedes. 

h Pappus and lli(‘ori all cite works of ArchinuMh^s 

10 lono*er survive, a fact which shows tliat siicli works 

11 extant at Alexandria as late as the third and fourth 
5S A. I). But it is evident that attention came to Ih‘ 
rated on two works only, the J/rfUs'a/’67>/ca/ of a Circle 
the C^ifhere (dkI (fjlLii.der. Eutocius (fl. about A. ]>. 500) 
[‘ote commentaries on these woi*ks and on the P/(( tie 
riiirnr, and he does not secmi even to ha\a‘ Ikhui 
ted with the (fiiud rature of the PicniholAt or the work 
^als, although these have survived. Isidoms of Miletus 

the commentaries of Eutocius on the Meamironeid 
rale and tlui two Books On the Hj there niul ( hfUnder, 
would seem to ]ai\’(‘ been in tla^ scliool of Isidoiais 
esc treatises wcvre turned from their oii^inal J)oi-ic 
i ordinary hinguao'(‘, with altm'ations designed to makt‘ 
lore intelligible to eh'numtary pupils. J>ut neitlua- in 
s’s time nor eaiTna* was there any collect(Ml edition 
flnu^dc's’s works, so tliat tliose which were less r(^ad 
to disappear. 

le ninth century Ijcon, who restored tla^ Ihiivca'sity 
stantinople, coUect(Ml to^nther all the works tha.t h(‘ 
nd at (k)nstantino])le, and had the manuscript wi’itten 
clietype, Heibero-’s A) whicli, throiie-h its (hiriv'ati V(‘s, 
» to the discovery of th(‘, Constantinople manuscript ((^ 
ine^- Jlte Method, th(‘ only sources foi- th(‘. Cixndv t<‘x(u 
manuscript canu^ in the twidfth century, to th(^ 
n Coui't at Pahii'ino, and themee passe<l to the House 
enstaufen. Tlien, with all the libriirv of Manfrisl, il. 
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private hands. In 1491 it belonged to Georgius Valla, wl 
translated from it the portions published in his posthumo 
work De expetendis et fwgiendis rebus (1501), and intended 
publish the whole of Archimedes with Eutocius's eomme 
taries. On Valla’s death in 1500 it was bought by Albert 
Pius, Prince of Carpi, passing in 1530 to his nephew, Rodolph 
Pius, in whose possession it remained till 1544. At soi 
time between 1544 and 1564 it disappeared, leaving 
trace. 

The greater part of A was translated into Latin in 12 
by William of Moerbeke at the Papal Court at Viterbo. Tl 
translation, in William’s own hand, exists at Rome (C< 
Ottobon. lat. 1850, Heiberg’s B), and is one of our prii 
sources, for, although the translation was hastily done a 
the translator sometimes misunderstood the Greek, he follcv^ 
its wording so closely that his version is, for purposes 
collation, as good as a Greek manuscript. William used al 
for his translation, another manuscript from the same libri 
which contained works not included in A. This manuscr 
was a collection of works on mechanics and optics ; Willi 
translated from it the two Books On Floati^ig Bodies, and 
also contained the Plane Equilibi'iums and the Quadrat'* 
of the Parabola, for which books William used both mai 
scripts. 

The four most important extant Greek manuscripts (exc 
C, the Constantinople manuscript discovered in 1906) w 
copied from A. The earliest is E, the Venice manusci 
(Marcianus 305), which was written between the years 1 
and 1472. The next is D, the Florence manuscript (Laur< 
XXVIII. 4), which was copied in 1491 for Angelo Polizii 
permission having been obtained with some difficulty in c 
sequence of the jealousy with which Valla guarded his treas^ 
The other two are G (Paris. 2360) copied from A after it : 
passed to Albertus Pius, and H (Paris. 2361) copied in 1 
by Christopherus Auverus for Georges d’Armagnac, Bis 
of Rodez. These four manuscripts, with the translatioi 


Liiuugn lu aues iiui; seeiii tu nave ueiun^eu tu inni. 

Regiomontanus made a copy of this translation about 1468 
and revised it with the help of E (the Venice manuscript of 
the Greek text) and a copy of the same translation belonging 
to Cardinal Bessarion, as well as another ‘old copy' which 
seems to have been B. 

The editio princeps was published at Basel (apud Herva- 
mm) by Thomas Gechauff Venatorius in 1544. The Greek 
text was based on a Niirnberg MS. (Norimberg. Cent. V, 
app. 12) which was copied in the sixteenth century from A 
but with interpolations derived from B; the Latin transla- 
tion was Regiomontanus's revision of Jacobus Cremonensis 
(Norimb. Cent. V, 15). 

A translation by F. Commandinus published at Venice in 
1558 contained the Measurement of a Clrclej On Spirals, the 
Quadrature of the Parabola, On Conoids and Spheroids, and 
the Sander echoner. Tliis translation was based- on the Basel 
edition, but Commandinus also consulted E and other Greek 
manuscripts. 

Torelli's edition (Oxford, 1792) also followed the editio 
princeps in the main, but Torelli also collated E. The book 
was brought out after Torelli's death by Abram Robertson, 
who also collated five more manuscripts, including D, G 
and H. The collation, however, was not well done, and the 
edition was not properly corrected when in the press. 

The second edition of Heiberg's text of all the works of 
Archimedes with Eutocius's commentaries, Latin translation, 
apparatus criticus, &c., is now available (1910-15) and, of 
course, supersedes the first edition (1880-1) and all others. 
It naturally includes The Method, the fragment of the Stoma- 
chion, and so much of the Greek text of the two Books On 
Floating Bodies as could be restored from the newly dis- 
covered Constantinople manuscript.^ 

Contents of The Method. 

Our description of the extant works of Archimedes 
may suitably begin with The Method (the full title is On 

^ Tlie Wo7'ks of Archimedes, edited in modern notation by the present 
writer in 1897, was based on Heiberg’s first edition, and the Supplement 
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Mechanical Theorems, Method (communicated) t 
Premising certain propositions in mechanics 
from the Plane Equilibriums^ and a lemm 
Prop. 1 of 0J^ Conoids and Spheroids, Archim^ 
\m mechanical method the following results. 
segment of a section of a right-angled cone (p 
the triangle with the same base and height ( 
right cylinder circumscribing a sphere or a sph< 
tion and with axis equal to the diameter or axi 
of the sphere or spheroid is times the sphe 
resp^tively (Props. 2, 3). Props. 4, 7, 8, 1 1 find 
any s^ment cut off, by a plane at right angl 
from any right-angled conoid (paraboloid ( 
sphere, spheroid, and obtuse-angled conoid (h 
terms of the cone which has the same base as tt 


equal height. In Props. 5, 6, 9, 10 Archimedes u 
to find the centre of gravity of a segment of i 
revolution, a sphere, and a spheroid respeo 
12-15 and Prop. 16 are concerned with the cu 


special solid figures. (1) Suppose a prism with 
to have a cylinder inscribed in it, the circula; 
cylinder ben^ circles inscribed in the squai 
the bases of the prism, and suppose a plane d 
side of one base of the prism and through tl 
drde in the opposite base which is parall 
This plane cuts off a solid bounded by t 
by prt of the curved surface of the cylinder ( 
hkM a hoof cut off by a plane); and Props. 12- 
ito viJume is one-sixth of the volume of the pri 
ft cylinder insmbed in a cube, so that the 
M the cylinder are circles inscribed in two op 
^ cute, and suppo^ another cylinder simil 

The 

hke that of Prop. 12. Prop 16 nrc 

»,id i, t 

^•erves m him . 


ouilu. ciiuivjocu uy wucicctw uiic vuiuuit; ujl uui v JL iiiiceti. 

solids (spheres, spheroids, &c.) is generally only expressible in 
terms of other curvilinear solids (cones and cylinders). In 
accordance with his dictum that the results obtained by the 
mechanical method are merely indicated, but not actually 
proved, unless confirmed by the rigorous methods of pure 
geometry, Archimedes proved the facts about the two last- 
named solids by the orthodox method of exhaustion as 
regularly used by him in his- other geometrical treatises ; the 
proofs, partly lost, were given in Props. 15 and 16. 

We will first illustrate the method by giving the argument 
of Prop. 1 about the area of a parabolic segment. 

Let ABC be the segment, BD its diameter, OF the tangent 
at C. Let P be any point on the segment, and let AKF, 



A 


OPiVATbe drawn parallel to BD, Join CB and produce it to 
meet MO in N and FA in K, and let KH be made equal to 
KO. 

Now, by a proposition ‘ proved in a lemma ’ (cf. Quadrature 
of the Parabola, Prop. 5) 

ifO:OP= CA :A0 
= GK:KN 
^HK:KN, 

Also, by the property of the .parabola, EB = BD, so that 
MN ^ NO FK KA, 

It follows that, if HG be regarded as the bar of a balance, 
a line TG equal to PO and placed with its middle point at H 
balances, about K, the straight line MO placed where it is, 
i. e. with its middle point at N, 

Similarly with all lines, as MO, PO, in the triangle GFA 
and the segment GBA respectively. 

And there are the same number of these lines. Therefore 


triangle GFA placed where it is. 

But the centre of gravity of the triangle 
where GW - 2 WK [and the whole triangle m 
acting at W], 

Therefore (segment ABC ) : AGFA = WK :1 

= 1 : 3 , 


so that (segment ABG) =^^ACFA 

^^AABC. 

It will be observed that Archimedes takes tl 
the triangle to be made up of parallel lines in 
t(^ther. In reality they are made up of inde 
strips, but the width (dx, as we might say) I 
for the elements of the triangle and segmer 
divides out. , And of course the weight of ei 
both is proportional to the area. Archimede 
mentioning moments, in effect assumes that t 
moments of each particle of a figure, acting 
equal to the moment of the whole figure appli< 
at its <^ntre of gravity. 

We will now take the case of any segment 
of revolution, because that will cover several 
Archimedes as particular cases. 

The ellipse with axes AA\ BB' is a sectio; 
plane of the paper in a spheroid with axis AA\ 
to find the volume of any right segment ADC ' 
in tenm of the right cone with the same base a 
Let DC be the diameter of the circular base < 
Join AB, AKj and produce them to meet the b 
li» ellip^ in K , K\ and DG produced in F, 
C««ive a cylinder described with axis A 2 
Gitle m KK as diameter, and cones describe 
mm mih^ the circles on EF, DG as diamet 
m A be any point on AG, and let MOPC, 

^wn timmgh F parallel to BB' or DG ag 
%ure. 

fttxiBce A' A to ff 80 that HA = AA'. 
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Now HA-.AN= A'A:AN 

= KA-.AQ 
= MN-.NQ 
= Mm'.MN.NQ. 

It is now necessary to prove that MN .NQ = NP^ + NQ^. 



K A' K' 


By the property of the ellipse, 

AN. NA'-.NP'^ = {^AA'f : 

= AN^-.NQ^-, 

therefore iVQ^ . jfpa _ ^ : AN . NA' 

= NQ'^-.NQ.QM, 

whence NP^ = MQ . QN. 

Add NQ^ to each side, and we have 

NP^ + NQ^ = MN.NQ. 







angles w A A in the cylinder, the spheroid and the co 
respectively. 

Therefore, if HA A' be a lever, and the sections 
spheroid and cone be both placed with their centres of 
at H, these sections placed at H balance; about A, th( 
MM' of the cylinder where it is. 

Treating all the corresponding sections of the seg 
the spheroid, the cone and the cylinder in the sar 
we find that the cylinder with axis AG, where it is, I 
about A, the cone AEF and the segment ADG togethe 
both are placed with their centres of gravity at . 
if IF be the centre of gravity of the cylinder, i.e. th€ 
point of AG, 

HA = (cylinder, axis AG) : (cone -d^i^+segmt. 

If we call y the .volume of the cone AEF, and >5 ths 
segment of the spheroid, we have 


A A 

(cylinder) : (V+.S) = 3 V. : {V+S), 
while HA :AW=^ AA'i^AG. 

Therefore AA':^AG= 3V. :(V + S), 

and (V+S) = §V.~, 

A Cr 


whence 

II 

q:) k 

1 

Again, let 

V' be the volume of the cone ADG. 

Then 

V:V'=EQ^:DG^ 


= ^,.AG‘^:DG^ 

But 

DG^ :AG.GA' = BB '^ : AA'K 

Therefore 

V:V'=^AG^:AO.GA' 


= AG:GA'. 
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It follows that - l) 

_ %AA'-AG 
~ • A'G 

^AA'-+A'0 
“ ^ • A'G 

which is the result stated by Archimedes in Prop. 8. 

The result is the same for the segment of a sphere. The 
proof, of course slightly simpler, is given in Prop. 7. 

In the particular case where the segment is half the sphere 
or spheroid, the relation becomes 

= 2 V', (Props. 2, 3) 

and it follows that the volume of the whole sphere or spheroid 
is 4F', where V' is the volume of the cone ABB' ] i.e. the 
volume of the sphere or spheroid is two-thirds of that of the 
circumscribing cylinder. 

In order now to find the centre of gravity of the segment 
of a spheroid, we must have the segment acting where it is, 
not at H. 

Therefore formula (1) above will not serve. But we found 
that MN.NQ^ {NP^ + NQ^)> 

whence MN ^ : {NP^ + NQ^) = ; 

therefore HA : AN = {NP^ + NQ ^) : NQ^, 

(This is separately proved by Archimedes for the sphere 
in Prop. 9.) 

From this we derive, as usual, that the cone AEF and the 
segment ADC both acting where they are balance a volume 
equal to the cone AEF placed with its centre of gravity at H, 

Now the centre of gravity of the cone AEF is on the line 
A ff at a distance |A(? from A, Let X be the required centre 
of gravity of the segment. Then, taking moments about A, 


whence 


= (4AA'^3AG):{6AA'-4:. 
AX:XG = (4:AA'~3AG):(2AA'-A 
= {AG-i^4:A'G):(AG + 2A'G 

which is the result obtained by Archimedes in Prop, 
sphere and in Prop. 10 for the spheroid. 

In the case of the hemi-spheroid or hemisphere 
AX :XG becomes 5 : 3, a result obtained for the hem 
Prop. 6. 

The cases of the paraboloid of revolution (Props, 
fche hyperboloid of revolution (Prop. 11) follow the sai 
and it is unnecessary to reproduce them. 

For the cases of the two solids dealt with at the e 
treatise the reader must be referred to the propositi 
selves. Incidentally, in Prop. 13, Archimedes finds 
of gravity of the half of a cylinder cut by a plani 
the axis, or, in other words, the centre of gravity < 
circle. 

We will now take the other treatises in the ordei 
they appear in the editions. 

On the Sphere and Cylinder, I, II. 

The main results obtained in Book I are shortly 
a prefatory letter to Dositheus. Archimedes tell 
they are new, and that he is now publishing the; 
first time, in order that mathematicians may be a 
amine the proofs and judge of their value. The i 
(1) that the surface of a sphere is four times that ( 
circle of the sphere, (2) that the surface of any seg 
sphere is equal to a circle the radius of which is eq 
straight line drawn from the vertex of the segment 
on the circumference of the base, (3) that the vo 
cylinder circumscribing a sphere and with height eq 
diameter of the sphere is f of the volume of t] 
(4) that the surface of the circumscribing cylinder 
its bases is also -| of the surface of the sphere. It 
of note that, while the first and third of these pi 
appear in the lK>ok in this order (Props. 33 and ; 
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‘ from the theorem that a sphere is four times as great as the 
cone with a great circle of the sphere as base and with height 
equal to the radius of the sphere I conceived tlie notion that 
the surface of any sphere is four times as great as a great 
circle in it ; for, judging from the fact that any circle is equal 
to a triangle with l)ase equal to the circumference and height 
equal to the radius of the circle, I apprehended that, in like 
manner, any sphere is equal to a cone with base equal to the 
surface of the sphere and height equal to the radius 

Book I begins with definitions (of ‘ concave in the same 
direction ’ as applied to curves or l:)roken lines and surfaces, of 
a ' solid sector ' and a ‘ solid rhombus ’) followed by five 
Assumptions, all of importance. Of all lines vjJiich have the 
same extremities the straight line is the least, and, if there are 
two curved or bent lines in a plane having the same extremi- 
ties and concave in the same direction, Init one is wholly 
included by, or partly included by and partly common with, 
the other, then that which is included is the lesser of the two. 
Similarly with plane surfaces and surfaces concave in the 
same direction. Lastly, Assumption 5 is the famous ‘.Axiom 
of Archimedes which however was, according to Archimedes 
himself, used by earlier geometers (Eudoxus in particular), to 
the effect that Of unequal magnitudes the greater exceeds 
the less hy such a magnitude as, lohen added to itself, can he 
made to exceed any assigned magnitude of the same kind ; 
the axiom is of course practically equivalent to Eucl. V, Def. 4, 
and is closely connected with the theorem of Eucl. X. 1. 

As, in applying the method of exhaustion, Archimedes uses 
both circumscribed and inscribed figures with a view to com- 
qmessing them into coalescence with the curvilinear figure to 
be measured, he has to begin with propositions showing that, 
given two unequal magnitudes, then, however near the ratio 
of the greater to the less is to 1, it is possible to find two 
straight lines such that the greater is to the less in a still less 
ratio ( > 1), and to circumscribe and inscribe similar polygons to 
a circle or sector such that the perimeter or the area of the 
circumscribed polygon is to that of the inner in a ratio less 
than the given ratio (Props. 2-6): also, just as Euclid proves 
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left which are together less than any assigned area, Arc 
has to supplement this (Prop. 6) by proving that, if we 
the number of the sides of a circumscribed regular 
sufficiently, we can make the excess of the area of the 
over that of the circle less than any given area. Arc 
then addresses himself to the problems of finding the si 
any right cone or cylinder, problems finally solved in I 
(the cylinder) and 14 (the cone). Circumscribing and 
ing regular polygons to the bases of the cone and cyli 
erects pyramids and prisms respectively on the poly 
bases and circumscribed or inscribed to the cone and < 
respectively. In Props. 7 and 8 he finds the surface 
pyramids inscribed and circumscribed to the cone, 
Props. 9 and 10 he proves that the surfaces of the i: 
and circumscribed pyramids respectively (excluding t 
are less and greater than the surface of the cone (e^ 
the base). Props. 11 and 12 prove the same thing 
prisms inscribed and circumscribed to the cylinder, anc 
Props, 13 and 14 prove, by the method of exhaustion, 
surface of the cone or cylinder (excluding the bases) 
to the circle the radius of which is a mean prop 
between the ‘side’ (i.e. generator) of the cone or cylin 
the radius or diameter of the base (i.e. is eqi;ial to tti 
case of the cone and 2Trrs in the case of the cylindei 
f is the radius of the base and s a generator). As Arc 
here applies the method of exhaustion for the first i 
will illustrate by the case of the cone (Prop. 14). 

Let A l>e the base of the cone, 0 a straight line equ 



m.lm% p a line equal to a generator of the cone, E 
pnjportKml to C, A and B a circle with radius equal 


For, if S is not equal to 5, it must be either greater or less. 

I. Suppose B < S. 

Circumscribe a regular polygon about B, and inscribe a similar 
polygon in it, such that the former has to the latter a ratio less 
than S : B (Prop, 5 ). Describe about A a similar polygon and 
set up from it a pyramid circumscribing the cone. 

Then (polygon about A) : (polygon about B) 

=^C:D 

= (polygon about -d) : (surface of pyramid). 

Therefore (surface of pyramid) = (polygon about J5). 

But (polygon about B) : (polygon in B) < S:B; 

therefore (surface of pyramid) : (polygon in B). < S:B. 

But this is impossible, since (surface of pyramid) > >S, while 
(polygon in jB) < B; 
therefore B is not less than S. 

II. Suppose B > S. 

Circumscribe and inscribe similar regular polygons to B 
such that the former has to the latter a ratio < B:S, Inscribe 
in a similar polygon, and erect on A the inscribed pyramid. 

Tlien (polygon in J.) : (polygon in B) = 

= C:D 

> (polygon in A): (surface of pyramid). 

(The latter inference is clear, because the ratio of C:D is 
greater than the ratio of the perpendiculars from the centre of 
A and from the vertex of the pyramid respectively on any 
side of the polygon in ; in other words, if < a < f tt, 
sinoc > sinjS.) 

Therefore (surface of pyramid) > (polygon in B). 

But (polygon about B) : (polygon in B) < B : S, 
whence (a fortiori) 

(polygon about B) : (surface of pyramid) < B :S, 
which is impossible, for (polygon about B) > B, while (surface 
of pyramid) < B. 
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Therefore B is not greater than S. 

Hence being neither greater nor less than B, is equal to 

Archimedes next addresses himself to the problem of findi 
the smiace and volume of a sphere or a segment thereof, 1 
has to interpolate some propositions about ‘ solid rhom 
(figures made up of two right cones, unequal or equal, w 
bases coincident and vertices in opposite directions) the nec 
sity of which will shortly appear. 

Taking a great circle of the sphere or a segment of it, 
inscribes a regular polygon of an even number of sides bisec 




by the diameter AA\ and approximates to the surface i 
volume of the sphere or segment by making the poly, 
revolve about AA' and measuring the surface and volume 
solid so inscribed (Props. 21-7). He then does the same for 
a circumscribed solid (Props. 28-32). Construct the inscri 
polygons as shown in the above figures. Joining BB\ CC\ 
CB\ DC ' ... we see that BB', CC ' ... are all parallel, and so 
ABACS', 

Therefore, by similar triangles, BF: FA = A' B : BA, an 
BF:FA =B'F:FK 
= CG:6K 



(Fig. 1) {BB' + GG'+... + EE'):AA' = A'B:BA, (Prop. 21) 
(Fig. 2) {BE + CC' + . . . + iPP') :AM=A'B:BA. (Prop. 2 2) 

When we make the polygon revolve about AA\ the surface 
of the inscribed figure so obtained is made up of the surfaces 
of cones and frusta of cones; Prop. 14 has proved that the 
surface of the cone ABB^ is what we should write tt . AB . BF, 
and Prop. 16 has proved that the surface of the frustum 
BGC'E is TT. jB(7(PP+C'(t). It follows that, since AB ^ 
BG = . . . , the surface of the inscribed solid is 

TT . AB {^BR + 1 {BE + GC') + ...}, 
that is, TT . AB {BE + CC' + . . . + EW) (Fig. 1), (Prop. 24) 
or IT, AB {BE + CG' + . . . + |PP') (Fig. 2). (Prop. 35) 

Hence, from above, the surface of the inscribed solid is 
TT . EB . AA' or tt . A'B . AM, and is therefore less than 
TT . AA''^ (Prop. 25) or tt . A' A . AM, that is, tt . -dP^ (Prop. 37). 

Similar propositions with regard to surfaces formed by the 
revolution about AA' of regular circumscribed solids prove 
that their surfaces are greater than tt.AA'^^ and tt.AP'^ 
respectively (Props. 28-30 and Props. 39-40). The case of the 
segment is more complicated because the circumscribed poly- 
gon with its sides parallel to AB, BG ... DP circumscribes 
the sector POP', Consequently, if the segment is less than a 
semicircle, as GAG', the base of the circumscribed polygon 
{cc') is on the side of GG' towards A, and therefore the circum- 
scribed polygon leaves over a small strip of the inscribed. This 
complication is dealt with in Props. 39-40. Having then 
arrived at circumscribed and inscribed figures with surfaces 
greater and less than tt. AA'^ and tt. AP*^ respectively, and 
having proved (Props. 32, 41) that the surfaces of the circum- 
scribed and inscribed figures are to one another in the duplicate 
ratio of their sides, Archimedes proceeds to prove formally, by 
the method of exhaustion, that the surfaces of the sphere and 
segment are equal to these circles respectively (Props. 33 and 
42); tt.AA'^ is of course equal to four times the great circle 
of the sphere. The segment is, for convenience, taken to be 
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less than a hemisphere, and Prop. 43 proves that the 
formula applies also to a segment greater than a hemisp! 

As regards the volumes different considerations invc 
' solid rhombi ’ come in. For convenience Archimedes 
in the case of the whole sphere, an inscribed polygon 
sides (Fig. 1). It is easily seen that the solid figure f( 
by its revolution is made up of the following : first, the 
rhombus formed by the revolution of the quadrilateral A 
(the volume of this is shown to be equal to the cone witl 
equal to the surface of the cone ABB' and height equal 
the perpendicular from 0 on AB, Prop. 18); secondl; 
extinguisher-shaped figure formed by the revolution ( 
triangle BOO about A A' (this figure is equal to the difft 
between two solid rhombi formed by the revolution of 1 
and TCOC' respectively about AA', where T is the po: 
intersection of CB, C'B' produced with A' A producec 
.this difference is proved to be equal to a cone with base 
to the surface of the frustum of a cone described by RC 
revolution and height equal to p the perpendicular from 
BC, Prop. 20) ; and so on; finally, the figure formed I 
revolution of the triangle COD about A A' is the diff< 
between a cone and a solid rhombus, which is proved eq 
a cone with base equal to the surface of the frustum of j 
described by CD in its revolution and height p (Prc 
Consequently, by addition, the volume of the whole sc 
revolution is equal to the cone with base equal to its 
surface and height p*(Prop. 26). But the whole of the s 
of the solid is less than 4 rrr and p<T\ therefore the v 
of the inscribed solid is less than four times the con< 
base Trr^ and height r (Prop. 27). 

It is then proved in a similar way that the revolut 
the similar circumscribed polygon ‘of 471 sides gives i 
the volume of which is greater than four times the sam 
(Props. 28-31 Cor.). Lastly, the volumes of the circums 
and inscribed figures are to one another in the triplicate r 


same chain of argument (Props. 38, 40 Con*., 41 and 42), proves 
(Prop. 44) that the volume of the sector of the sphere bounded 
by the surface of the segment is equal to a cone with base 
equal to the surface of the segment and height equal to the 
radius, i. e. the cone with base tt . and height r (Fig. 2). 

It is noteworthy that the proportions obtained in Props. 21, 
22 (see p. 39 above) can be expressed in trigonometrical form. 
If 4-71 is the number of the sides of the polygon inscribed in 
the circle, and 2n the number of the sides of the polygon 
inscribed in the segment, and if the angle AOP is denoted 
by a, the trigonometrical equivalents of the proportions are 
respectively 

' (1) Sin— +sin— +...+sin(27i~l) — = cot — ; 

^ ' 2n 2n ^ ^ 2n 47i 

(2) 2|sin“ +sin — + ... +sin ('ll— 1) +sina 

= (1 —cos a) cot-^ • 

^ '271 

Thus tlie two proportions give in effect a summation of the 
series 

sin 6 + sin 2 0 + . . . + sin (ri. — 1) 

both generally where tiO is equal to any angle oc less than tt 
and in the particular case where 7i is even and 6 tt / n. 
Props. 24 and 35 prove that the areas of the circles equal to 
the surfaces of the solids of revolution described by the 
polygons inscribed in the sphere and segment are the above 

series multiplied by 47r9'*sin — and . 2 sin — respectively 

TT CX 

and are therefore 47rr^cos — and Trr^ . 2 cos — (1 — coscx) 

4 yi 2n^ ' 

respectively. Archimedes’s results for the surfaces of the 

sphere and segment, 47rr“ and 27rr2(l — cosa), are the 

limiting values of these expressions when n is indefinitely 

increased and when therefore cos — and cos ^ become 

4'yi 271 

TT 

unity. And the two series multiplied by 47rr‘^sin— and 
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Trr^ . 2 sin ^ respectively are (when n is indefinitely i: 
precisely what we should represent by the integrals 

47rr^.|j' sin^d^, or 47rr2, 

and 27rr^(l — cosa). 

Book II contains six problems and three theorems, 
theorems Prop, 2 completes the investigation of the v 
any segment of a sphere, Prop, 44 of Book I hav 
brought us to the volume of the corresponding se 
ABBf be a segment of a sphere cut off by a plane 
angles to AA\ we learnt in I. 44 that the volume of t 



OBAF is equal to the cone with base equal to the 
of the segment and height equal to the radius, i,e, . 
where r is the radius. The volume of the segment is h 

Archimedes wishes to express this as a cone with I 

mme m ftat of the segment. Let AM, the height of i 

men^ ss A 

Now AB^:BM^ = A'A:A'M=2r:{2r-h). 

^erefore 

l2r—'h ' 


ui LUC (juiic. 


HM:AM^ {PA' + A'M):A'M, (1) 

and similarly the cone equal to the segment A'BB' has the 
height H'M^ where 

H'M: A'M = {OA + AM ) : AM. (2) 

His proof is, of course, not in the above form but purely 
geometrical. 

This proposition leads to the most important proposition in 
the Book, Prop. 4, which solves the problem To cut a givey l 
sphere by a plane in such a %vay that the volumes of the 
segments are to one another in a given ratio. 

Cubic equation arising out of II. 4. 

If m:n be the given ratio of the cones which are equal to 
the segments and the heights of which are A, h\ we have 



and, if we eliminate h' by means of the relation h-\'N =■ 2r, 
we easily obtain the following cubic equation in /t, 

K-^-Zh‘^r+ = 

m + n 

Archimedes in effect reduces the problem to this equation, 
which, however, he treats as a particular case of the more 
general problem corresponding to the equation 

(r 4-/^,) : 6 = c^: (2r— 

where 6 is a given length and any given area, 
or x^{a — x) = bc^, where x = 2r--h and 3r = a. 

Archimedes obtains his cubic equation with one unknown 
by means of a geometrical elimination of If, H' from the 

rrf) 

equation HM = — . H'M, where HM, H'M have the values 
n 

determined by tlie proportions (1) and (2) above , after which 
the one variable point M repiaining corresponds to the one 
unknown of the cubic equation. His method is, first, to find 
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values for each of the ratios A'W : H'M and H'H: A H whic 
are ahke independent of H, H' and then, secondly, to equa 
the ratio compounded of these two to the known value of tl 

(a) We have, from (2), 

A'E : H'M = OA : (OA + AM), i 

(/3) From (1) and (2), separando, 

AH:AM= OA'iA'M, < 

A'H':A'M:=OA:AM. ' 

Equating the values of the ratio A'M : AM given by (4). ( 
we have OA ' : AH := A'H' : OA 

= OH'iOH, 

whence HH' : OH' = OH' : A'H', (since OA = 0. 

or HH'.A'H' ^Om, 

so that HH' : A'H' = OH'^ : A'H'^. 

But, by (5), OA': A'H' = AM: A'M, 
and, ccmiponendo, OH' : A'H' = A A' : A'M. 

By substitution in (6), 

HH':A'H' :=:zAA'^:A'M\ 

Compounding with (3), we obtain 

HH' : H'M = (A A'2 :A'M^) . (OA : OA + AM). 

[The algebraical equivalent of this is 

4r^ 

n {2r —h)^ (r + hf 

4r^ 


which reduces to 


m 
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E so that AD iDE = HH' :H'M or (m + 7h):n. We have 
then OA = AD and OA + Aif = MD, so that (8) reduces to 

AD :DE^ (A A'2 : A'M^) , {AD : MD), 
or MDiDE ^ AA'^iA'MK 

Now, says Archimedes, D is given, since AD == OA, Also, 
AD : DE being a given ratio, DE is given. Hence the pro- 
blem reduces itself to that of dividing A^D into two parts at 
M such that 

MD : (a given length) = (a given area) : 

That is, the generalized equation is of the form 
{a — x) = 6c ^ as above. 

(i) Archimedes's own solution of the cubic. 

Archimedes adds that, 'if the problem is propounded in this 
general form, it requires a StopccrfjLos [i.e. it is necessary to 
investigate the limits of possibility], but if the conditions are 
added which exist in the present case [i.e. in the actual 
problem of Prop. 4], it does not require a SLopLcrjio^' (in other 
words, a solution is alwa^^s possible). He then promises to 
give ' at the end ’ an analysis and synthesis of both problems 
[i.e. the ScopLo-po? and the problem itself]. The promised 
solutions do not appear in the treatise as we have it, but 
Eutocius gives solutions taken from ' an old book ' which he 
managed to discover after laborious search, and which, since it 
was partly written in Archimedes's favourite Doric, he with 
fair reason assumed to contain the missing addendum by 
Archimedes. 

In the Archimedean fragment preserved by Eutocius the 
above equation, (a — x) = 6c^, is solved by means of the inter- 
section of a parabola and a rectangular hyperbola, the equations 
of which may be written thus 

=. —y, (a— ic) y =z ab. 



omer nana oc^ < ii is provea tnaT) tnere are i 

solutions. In the particular case arising in Prop. 4 it 
that the condition for a real solution is satisfied, 

TTh 

expression corresponding to bc^ is 

TTi 

necessary that — ^ 4r^ should be not . greater than 

4r^ which is obviously the case. 

(ii) Solution of the cubic by Dionysodorus. 

It is convenient to add here that Eutocius gives, in 
to the solution by Archimedes, two other solution 
problem. One, by Dionysodorus, solves the cubic eqi 
the less general form in which it is required for Arcl 
proposition. This form, obtained from (8) above, by 
A'M = Xy is 

4 : 03^ = (3 r — .7*) : r, 

and the solution is obtained by drawing the para 



the rectangular hyperbola which we should represei 
equations 

^^r(3r-a:) = 2 /* and = xy, 

referred to A' A and the perpendicular to it through j 
of aj, y r^peetively. 

FA equal to OA, and draw the perp 
AM of such a length that 

FA : AM = CE : ED = (m -f 'yi) : tt/.) 


Diodes proceeded in a' different manner, satisfying, by 
a geometrical construction, not the derivative cubic equation, 
but the three simultaneous relations which hold in Archi- 
medes’s proposition, namely 

HM:irM=zm:n\ 

HA: h =r:A'[, 
jrA': hf = 7'. :h\ 

with the slight generalizatioii tliat he sul)stitutes for r in 
these equations another length a. 



The problem is, given a straight line AA\ a ratio m : n, and 
another straight line AK (= <x), to divide A A' at a point M 
and at the same time to find two points JT, W on A A' 
produced such that the above relations (with a in place 
of r) hold. 

The analysis leading to the construction is very ingenious. 
Place AK (= a) at right angles to AA\ and draw A'K' equal 
and parallel to it. 

Suppose the problem solved, and the points if, if, all 
found. 

Join KM, produce it, and complete the rectangle KGEK'. 
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Draw QMN through M parallel to AK. Produci 
meet KG produced in F. 

By similar triangles, 

FA: AM = K'A':A'M, ov FA :h = a:k 
whence FA = AH (k, suppose). 

Similarly A'E = A'H' (//, suppose). 

Again, by similar triangles, 

(FA + AM): (A'K' -\-A'M) = AM :A'M 

= {AK + AM):{EA'- 

or (k + h) : (ct + lb') = (Of + h): (k' + h'), 

i. e. (k + A) (Ic + h') = (a + k)(a + h'). 

Now, by hypothesis, 

m:n= {k + h):{k' + h') 

= (k + h){k' + h'):ik' + hj 

= (a + h) (a + h') : (k' + h'f [by (1 )]. 

Measure AR, A'R' on. AA' produced both ways c( 
Draw RP, R'P' at right angles to RR' as shown in t 
Measure along MN the length MV equal to MA' o 
draw PP' through V, A' to meet RP, R'P'. 

Then Q V= k' + h', P'V=V2(a + h'), 

PV= V2(a + h), 

whence PV. P'V = 2 (a + h) (a + h') ; 

and, from (2) above, 

2 m : w = 2 (a + h) (a + h') : (k' + h')'^ 

= pv.P'v-.qv^ 

Tlieroforo Q is on an ellipse in which PP' is a diatri 
OV i.s an ordinate to it. 
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How this ingenious analysis was suggested it is not possible 
to say. It is the equivalent of reducing the four unknowns 
li, h\ k, h' to two, by putting h = N = r—x and kf = y, 

and then reducing the given relations to two equations in x, y, 
which are coordinates of a point in relation to Ox^ Oy as axes, 
where 0 is the middle point of AA\ and Ox lies along 0A\ 
while Oy is perpendicular to it. 

Our original relations (p. 47) give 


y = k' = 


ah' 

h 


T — X 


a 5 

T + X 


, ah 


r + x 
a 3 

T — X 


and 


m __ h-\-'k 
n k' + k' 


We have at once, from the first two equations. 

Icy =1 a v y 

wlience (r + a;)?/ = a{T — x), 

and {x + r) (y + a) = 2 to, 

which is the rectangular hyperbola (4) above. 

7 7 (7’ -H ir) 

m __ h’^k _ \ r—x/ 

n ‘ 


Again, 




whence we obtain a cubic equation in x, 


TYlf 

{r + xY {T-^a--x) = ™ {r—xY (r + (X + x), 


which gives 


m 

n 


(r-xy^ = (^ + 


y a , y-^r — x r + a + a; 

But = - — , whence = ^ ’ 

T—X r + a; r—x r + a; 

and the equation becomes 
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To return to Archimedes. Book II of our treal 
further problems : To find a sphere equal to a gi 
cylinder (Prop. 1), solved by reduction to the fin 
mean proportionals; to cut a sphere by a pla 
segments having their surfaces in a given rat 
which is easy (by means of I. 42, 43) ; given two 
sph(n'(^,s, to find a tliird segment of a sphere si: 
of the given segments and having its surface eqi 
ih(‘ otlun* (Prop. 6) ; the same problem with volun 
for surface (Prop. 5), which is ^i-gain reduced t< 
of two m(‘an proportionals from a given sphe 
a st‘gnu‘nt having a given ^atio to the cone w 
bas(^ and (M|ua.l luviglit (Prop. 7). The Book c( 
two intcu'esting tluH)rems. If a sphere be cut b; 
t.wn segnuuitus, the greater of which has its surfi 
and its volnm(^ (Mpial to F, while S\ 7' are th 
volume of the lesser, then 7 : 7 '<S 2 :S ^2 ^ 
(Prop. H) : and, of all segments of spheres whi 
surfaces ecjual, the. hemisphere is the greate 
(Ih'op. 


Mciisuroment of a Circle. 

Thi' liixik on Ui(‘. Measurement of a Circle Cl 
pro|)onlt ions <iuly, jind is not in its original foi 
(aii tli>- Irt-atiso. On thr. tiphere and Cylinder 
ticnlly nil Iracf. ol' the. Doric dialect in whi 
wroti' ; it. may 1«‘ only a fragment of a larger 
thr.M- j.roiiosl'tions which sirrvive prove (1) tl 
H circle i.s c([nal to that of a right-angled tr; 
the jifrpcndi<'ular is cipial t(» the radius, and 
clrcumfcn-ncc, of the circle., (2) that the area 
the sipiare on its diamete.r as 11 to 14 (the t 
jMtsitiun is, however, unsatisfactory, and it ca 
placed hv Archimedes helon; Prop. 3, on wh 
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sides continually doubled, beginning from a square, (b) by 
circumscribing a similar set of regular polygons beginning 
from a square, it being shown that, if the number of the 
sides of these polygons be continually doubled, more than half 
of the portion of the polygon outside the circle will be taken 
away each time, so that we shall ultimately arrive at a circum- 
scribed polygon greater than the circle by a space less than 
any assigned area. 

Prop. 3, containing the arithmetical approximation to tt, is 
the most interesting. The method amounts to calculating 
approximately the perimeter of two regular polygons of 96 
sides, one of which is circumscribed, and the other inscribed, 
to the circle; and the calculation starts from a greater and 
a lesser limit to the value of V" 3, which Archimedes assuipes 
without remark as known, namely 

265 ^ ,/q ^ 1351 
< V < -ygs-. 

How did Archimedes arrive at these particular approxi- 
mations? No puzzle has exercised more fascination upon 
writers interested in the history of mathematics. De Lagny, 
Mollweide, Buzengeiger, Hauber, Zeuthen, P. Tannery, Heiler- 
mann, Hultsch, Hunrath, Wertheim, Bobynin : these are the 
names of some of the authors of different conjectures. The 
simplest supposition is certainly that of Hunrath and Hultsch, 
who suggested that the formula used was 

a±~>v"(«^±6)>a±^> 

where is the nearest square number above or below a‘^±b, 
as the case may be. The use of the first part of this formula 
by Heron, who made a number of such approximations, is 
proved by a passage in his Metrica where a rule equivalent 
to this is applied to \/720 ; the second part of the formula is 
used by the Arabian Alkarkhi (eleventh century) who drew 
from Greek sources, and one approximation in Heron may be 
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and Zeuthen) is that the successive solutions ii 
the equations 

=1 i 
— = — 2) 

may have been found in a similar way to i 
equations x^--2y^— ±1 given by Theon of S 
the Pythagoreans. The rest of the suggestions an 
most part to the use of the method of contini 
more or less disguised. 

Applying the above formula, we easily find 

2 — ^ !> -v/S >’2-“'^, 

or > v^3 > I". 

Next, clearing of fractions, we consider 5 as 
niation to \/3 . 3^ or a/27, and wo have 

^ 3a/ 3 5-f- , 

whence xt ^ ^ tt* 

Clearing of fractions again, and taking 26 as 
mationto a/3. 15‘^ or ^675, we have 

26 — ^ 1 5 a/ 3 > 26 — t^Xj 

which reduces to 

13 5 1 ./o -^26 5 

> V > x-S"?’ 

Archimedes first takes the case of the eircumscril 
Let GA be the tangent at A to a circular arc wii 
Make the angle AOG equal to one-third of a 
Bisect the angle AOG by OD, the angle AOD 
angle AOA^by OF, and the angle AOjF’by OQ, [ 
to AH, making AH equal to AG, The angle 6 
ccmal to the anirlo FOA wliich is wVth of a riir 
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And, since OD bisects tlie angle CO A, 

CO:OA^CD:DA, 

so that {CO + OA ) : OA = CA:DA, 

or {CO + OA) :CA = OA : AD. 

Hence , OA:AD> 571 : 153, by (1) and (2). 



And + AD ^) : AD'^ 

> (5712 + 153 *^): 153 ‘^ 

> 349450 : 23409. 

Tlierefore, says Archimedes, 

OD:DA > 591-1 : 153. 

Next, just as we have found the limit of 0D:AD 
from OG : GA and the limit of OA : AO, we find the limits 
of OA : AE and OE ; AE from the limits of OD : DA and 
OA : AD, and so on. This gives ultimatelj’' the limit of 
OAiAG. 

Dealing with the inscribed polygon, Archimedes gets a 
similar series of approximations. ABC being a semicircle, the 
anirle BAG is made equal to one-third of a riirht anirle. Then, 
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Now the triangles ADB, BJ)d, AGd are similar ; 
therefore AD : DB = BD : Dd = AC : Gd 

= AB : Bd, since AD bisects Z BAC 
= {AB-{-AG):{Bd + Gd) 

= {AB + AC)-.BG. 

But AO: CB < 1351 : 780, 

while BA : BG = 2:1 = 1560 : 780. 

Therefore AD : DB < 2911 : 780. 



Hence AW:BD'^< (2911- + 780“) : 780“ 

< 9082321:608400, 

and, says Archimedes, 

AB -.BD < 3013|:780. 

Next, just as a limit is found for AD : DB and AB : 
from AB : BG and the limit of AG : CB, so we find limits 
AE : EB and AB : BE from the limits of AB : BD and AD : 
and so on, and finally we obtain the limit of AB : BG. 

We have therefore in both cases two series of terms 
Uj ... and i,,, Z»j, ... b^, for which the rule of formatic 

= ^0 + ^ 0 . “2 = “1 + &1, .... 

where 6,^ = -/ + c% \ = -/(a./ + c“) . . . ; 

and in the first case 
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h.e series of values found by Archimedes are shown in the 
►wing table : 


h 

.306 

[^(571^+ 153=2)] 
>591^ 

/{(1162|)2 + 1532}] 
>1172| 

/{(2334i)‘^4-153^}] 
> 2339^ 


e 

n 

a 

b 

c 

153 

0 

1351 

1560 

780 

153 

1 

2911 

< -s/(29ir'‘ + 78d'^) 

780 




< 3013^ ^ 


153 

2 

f5924-H 

780) * 


1 

|l823 

< V (18232 + 240^) 

0 

(M 


1 


< 1838t®t 


153 

3 

3661x®t 

240 1 



1007 

'< -y (10072 + 662) 

66 




. < 1009| 


153 

4 

2016| ' 

< ■/{ (201 6^)2 + 662} gg 




< 2017^ 



bearing in mind that in the first case the final ratio 
is the ratio OA : A (? = 2 OA : GH^ and in the second case 
Snal ratio 64 : c is the ratio AB : BGy while OH in the first 
:e and BO m the second are the sides of regular polygons 
3 sides circumscribed and inscribed respectively, we have 

ly 

96 x 153 ^ 96x66 

“4673| YoTfi ' 

rchimedes simply infers from this that 

3^ >7r > 3fJ. 


5 a matter of fact 


96x 153 


and - — - 


4672^ 


4^3|’ 

also to be observed that 3^^ = 3 + ^ —3 and it may 


> been arrived at by a method equivalent to developing 
6336 

'raction x— -r in the form of a continued fraction. 


2017|: 


o K r»Ti 




‘f.a'srf. a.a 'ixrp* l^Qxra if. f.V»o> xrolnaa 


ana ijnen Liiau uu . uxi > oyi|-:ioo. iiu L-na pumta 

* and t in the table Archimedes simplifies the ratio 
ttg*. c before calculating 63 respectively, by multiply 
term in the first case by and in the second cas 
He gives no explanation of the exact figure take: 
approximation to the square ' root in each case, oi 
method by which he obtained it. We may, however 
that the method amounted to the use of the formul 
= + 2 a 6 + 6 ^, much as our method of extracting tl 

root also depends upon it. 

We have already seen (voL i, p. 232) that, accc 
Heron, Archimedes made a still closer approximatic 
value of IT. 


On Conoids and Spheroids. 

The main problems attacked in this treatise are, 
medes's manner, stated in his preface addressed to I 
which also sets out the premisses with regard to 
figures in question. These premisses consist of defini 
obvious inferences from them. The figures are ( 1 ) \ 
angled conoid (paraboloid of revolution), ( 2 ) the ohtu 
conoid (hyperboloid of revolution), and (3) the 
(a) the oblong, described by the revolution of an elli' 
its ‘greater diameter’ (major axis), (b) flat, des( 
the revolution of an ellipse about its ‘ lesser diamete 
axis). Other definitions are those of the vertex and a; 
figures or segments thereof, the vertex of a segm( 
the point of contact of the tangent plane to the so 

is parallel to the base of the segment. The centr 

recognized in the case of the spheroid; what corre 

the centre in the case of the hyperboloid is the ‘ 

the enveloping cone’ (described by the revolution 
Archimedes calls the ‘ nearest lines to the sectic 
obtuse-angled cone’, i.e. the asymptotes of the h; 
and the line between this point and the vertex of t 
boloid or segment is called, not the axis or diameter 
line) ‘adjacent to the axis’. The axis of the segr 
the case of the paraboloid the line through the vert 
segment parallel to the axis of the paraboloid, in 


the segment and produced, and in the case of the spheroids the 
line joining the points of contact of the two tangent planes 
parallel to the base of the segment. Definitions are added of 
a ‘ segment of a cone ' (the figure cut off towards the vertex by 
an elliptical, not circular, section of the cone) and a ‘ frustum 
of a cylinder’ (cut ofi'by two parallel elliptical sections). 

Props. 1 to 18 with a Lemma at the beginning are preliminary 
to the main subject of the treatise. The Lemma and Props. 1, 2 
are general propositions needed afterwards. They include 
propositions in summation, 

2 {a + 2(x + 3a+ ... +7ia} > > 2{a + 2a+ ...4■(•7^ — l)a} 

(Lemma) 

(this is clear from = ^n{n-^\)a ) ; 

(71 + 1) (7ia)^ + a(a + 2a-i-3a-l- ... +na) 

= 3{a^-f-(2a)^+(3a)2+ ... ^{naY} ; 

(Lemma to Prop. 2) 

whence (Cor.) 

3 {a^ + (2a)^ + (3a)^+ ... + (710,)^} > n{naY 

> Z[a^+{2af + ... + (^laf } ; 

lastly. Prop. 2 gives limits for the sum of n terms of the 
series + a.2x + (2 ir)^ a . 3 a? + (3 aj)^, . . . , in the form of 
inequalities of ratios, thus : 

71 { a . Tia; + {nxY } : 2)^”'“"'^ { a . 7’a; + (7*aj)‘‘^ } 

> (a + Tia;) : {\a + ^nx) 

> n{a •nx-{-{nxY} ra? + (ra;)^}. 

Prop. 3 proves that, if QQ' be a chord of a parabola bisected 
at Fby the diameter PV, then, if PF be of constant length, 
the areas of the triangle PQQ' and of the segment PQQ' are 
also constant, whatever be the direction of QQ'\ to prove it 
Archimedes assumes a proposition ' proved in the conics ’ and 
by no means easy, namely that, if QD be perpendicular to PF, 
and if p, p^ be the parameters corresponding to the ordinates 
parallel to and the principal ordinates respectively, then 

qv^-.Qi^ = p-.p,. 

Props. 4-6 deal with the area of an ellipse, which is, in the 
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ON CONOIDS AND SPHEROIDS 59 

le section which is the base of the segment, and which 
drcle or an ellipse according as the said base is or is not 
ght angles to the axis ; the plane of the paper cuts the 
in a diameter of the circle or an axis of the ellipse as 

ase may be. 



segment is an ellipse in wliicn Jtsts is an axis, ana its p 
at right angles to the plane of the paper, which passes t 
the axis of the solid and cuts it in a parabola, a hyperl 
an ellipse respectively. The axis of the segment is cut 
number of equal parts in each case, and planes are 
through each point of section parallel to the base, cutt; 
solid in ellipses, similar to the base, in which PP', QQ\ < 
axes. Describing frusta of cylinders with axis AI) and ] 
through these elliptical sections respectively, we dn 
circumscribed and inscribed solids consisting of these 
It is evident that, beginning from A, the first inscribed f: 
is equal to the first circumscribed frustum, the second 
second, and so on, but there is one more circumscribed f] 
than inscribed, and the difference between the cireum 
and inscribed solids is equal to the last frustum of whii 
is the base, and ND is the axis. Since ND can be ir 
small as we please, the difference between the circum 
and inscribed solids can be made less than any assigns 
whatever. Hence we have the requirements for applyi 
method of exhaustion. 

Consider now separately the cases of the parabolo 
hyperboloid and the spheroid. 

I. The paraboloid (Props. 20-22). 

The frustum the base of which is the ellipse in which 
an axis is proportional to PP'^ or PiV^‘^, i.e. proportic 
AK Suppose that the axis AD (= c) is divided into 
parts. Archimedes compares eacli frustum in the in 
and circumscribed figure with the frustum of the whole c; 
BF cut oft* by the same planes. Thus 

(first frustum in BF) : (first frustum in inscribed figi 
= BD^:PN^ 

= AD:AN 
= BD:TK 

Similarly 

(second frustum in BF) : (second in inscribed figur 
=:HN:SM, 

and so on. The last frustum in the cylinder BF has r 


XU XXX UXX\^ XJLXVJ\-^XX^^\-#Vi. ilgVXXV-^^ CUXXVI. YV V/ OXXV/IXXVA YViXU\-/ 

the ratio as (BD : zero). 

Archimedes concludes, by means of a lemma in proportions 
forming Prop. 1, that 

(frustum BF) : (inscribed figure) 

= (BD + HN+..,):{m^SM+,..+XO) 

= n^k :(lc-\-2k+Zk+ — I k)j 

where XO = k, so that BD = nk. 

In like manner, he concludes that 

(frustum BF) : (circumscribed figure) 

~ 7h"‘ k i (Jc -i-2Aj-f‘3A/4“ ... + ^k). 

But, l)y the Lemma preceding Prop. 1, 

/b 4* 2 /o -}- 3 /u + . . . 4" — ^k <1 Ti" k <c. /b + 2 /c + 3 /b 4“ . . . 4" Tik^ 
wlicnce 

(frustum BF) : (inscr. fig.) > 2 > (frustum BF) : (circumscr. fig.). 

Tills indicates the desired result, which is then confirmed by 
the method of exhaustion, namely that . 

(frustum BF) = 2 (segment of paraboloid), 

or, if V be the volume of the ' segment of a cone with vertex 
A and base the same as that of the segment, 

(volume of segment) = fF. 

Archimedes, it will be seen, proves in effect that, if k be 
indefinitely diminished, and n indefinitely increased, while nk 
remains equal to c, then 

limit of /c {&+ 2/c+ 3/b4" ... 4- (')^-- !)/<;} = 
that is, in our notation, 

ra 

xclx = 

Jo 

Prop. 23 proves that the volume is constant for a given 
length of axis AB, whether the segment is cut off by a plane 
perpendicular or not perpendicular to the axis, and Prop. 24 
shows that the volumes of two segments are as the squares on 
their axes. 
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II. In the case of the hyperboloid (Props. 25, 26) let th 
AB be divided into n parts, each of length A, and let Ai 
Then the ratio of the volume of the frustum of a cylinc 
the ellipse of which any double ordinate QQ' is an axis * 
volume of the corresponding portion of the whole frustu: 
takes a different form ; for, if AM = rA, we have 

(frustum in BF ) : (frustum on base QQ^) 

= BB ^ : QM^ 

= AB.A'D:AM.A'M 

= {a . nh-\-{nhf‘} : {a . rA + (rA)^}. 

By means of this relation Archimedes proves that 

(frustum BF ) : (inscribed figure) 

= •ib{a,nh + {rh)'^] : .rA + (ri 

and 

(frustum BF ) : (circumscribed figure) 

= n{a .nh-\-{nh)'^] [a .rh + { 

But, by Prop. 2, 

7i/{a.7iA + (7iA)^} : { a . rA + (rA)^ } > (a + ^iA) : (|a + ^ 

> n{a.nh + {nh)^] : •Th + { 

From these relations it is inferred that 
(frustum BF ) : (volume of segment) = (a + nh ) : (fa + -I 
or (volume of segment) : (volume of cone ABB') 

= (AD + 3CA):(AD + : 

and this is confirmed by the method of exhaustion. 

The result obtained by Archimedes is equivalent to pr 
that, if A be indefinitely diminished while r, is indefi 
increased but Wi remains always equal to 6, then 

limit of n{ab + l ^) / (a + i^)/(f a + |6), 


hSf^ =- ah {h+ 2h + ... +nk) + h {h^ + {2h)^-\- ... +(?i/i)^}. 

The limit of this latter expression is what we should write 

(ax + x^) dx = (^a + 1 b), 

-0 

and Archimedes's procedure is the equivalent of this integration. 

III. In the case of the spheroid (Props. 29, 30) we take 
a segment less than half the spheroid. 

As in the case of the hyperboloid, 

(frustum in BF) : (frustum on base QQ') 

= JSi)2 : QM^ 

^AD.A'D:AM,A'M‘ 

but, in order to reduce the summation to the same as that in 
Prop. 2, Archimedes expresses AM . A'M in a different form 
equivalent to the following. 

Let AD (=6) be divided into >1 equal parts of length h, 
and suppose that AA' = a, CD = ^c. 

Then AD . A'D = — 

and AM . AM = (^c + rk)^ (DM = rh) 

== A D . A'D — { c , rh + (rhy } 

^rB + b^-^{c.rh^(rhy}. 

Thus in this case we have 
(frustum BF) : (inscribed figure) 

= n (cb + &2) : [n (cb + &-) rh -f (rh)- } ] 

and 

(frustum BF) : (circumscribed figure) 

= n (cb + b^) : [n (cb + b"^) — 2^^"^ { c .rh+ (rhf } ]. 
And, since h == nh, we have, by means of Prop. 2, 
n (cb + b‘^) : \n (cb +• b^) —■ '2 ^ { c . rA. + ('f'hy}'] 

> (c + b ) : {c + 6-~(^c + ^/>)} 

> n(Gb’\-W ) : + .rh + (rh)^]]. 
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The conclusion, confirmed as usual by the method of 
haustion, is that 

(frustum BF) : (segment of spheroid) = (c + 6) : { c + 6 - (^c + i 

= (c + &):(^c + |6), 

whence (volume of segment) : (volume of cone ABB') 

= (fc4-26):(c + 6) 

= (3(7A — AjD) :(2(7A~AZ)), since CA = ^c + 

As a particular case (Props. 27, 28), half the spheroi* 
double of the corresponding cone. 

Props. 31, 32, concluding the treatise, deduce the siiu 
formula for the volume of the greater segment, namely, in 
figure, 

(greater segmt.) : (cone or segmt.of cone witli same base and a 
= (CA + 4i)):Ai). 

On Spirals. 

The treatise On Spirals begins with a preface addressee 
Dositheus in which Archimedes mentions the death of Co 
as a grievous loss to mathematics, and then summarizes 
main results of the treatises On the Sphere and Cylinder 
On Conoids and Spheroids, observing that the last two ] 
positions of Book II of the former treatise took the p 
of two which, as originally enunciated to Dositheus, v 
wrong; lastly, he states the main results of the trea 
On Spirals, premising the definition of a spiral which if 
follows : 

' If a straight line one extremity of which remains fixed 
made to revolve at a uniform rate in a plane until it retr 
to the position from which it started, and if, at the same t 
as the straight line is revolving, a point move at a unife 
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given a circle with centre 0, a tangent to it at and c, the 



circumference of any circle whatever, it is possible to draw 
a straight line OFF meeting the circle in P and the tangent 
in F such that 

FP : OP < (arc AP) : c, 

Archimedes takes D a straight line greater than c, draws 
OH parallel to the tangent at A and then says ' let PH be 
placed equal to D verging {vevovcra) towards A \ This is the 
usual phraseology of the type of problem known as u€v<n^ 
where a straight line of given length has to be placed between 
two lines or curves in such a position that, if produced, it 
passes through a given point (this is the meaning of verging). 
Each of the propositions 5-9 depends on a v^vctls of this kind, 



which Archimedes assumes as ‘ possible ’ without showing how 
it is effected. Except in the case of Prop. 5, the theoretical 
solution cannot be effected by means of the straight line and 
circle; it depends in general on the solution of an equation 
of the fourth degree, which can be solved by means of the 
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points of intersection of a certain rectangula 
.and a certain parabola. It is quite possible, h( 
such problems were in practice often solved by i 
method, namely by placing a ruler, by trial, in th 
the required line ; for it is only necessary to pis 
so that it passes through the given point and 
round that point as a pivot till the intercept be 
given length. In Props. 6-9 we have a circle w 
a chord AB less than the diameter in it, OM the f 
from 0 on AB, BT the tangent at B, OT the 
through 0 parallel to AB ; D\Ei^ any ratio le{ 
as the case may be, than the ratio BM : MO. 
(Fig. 2) show that it is possible to draw a straij 



meeting AB in F and the circle in P such that Pj 
(OP meeting AB in the case where D:E<1 
meeting AB produced when D :E > BM : MO). 
(Fig. 3 ) it is proved that it is possible to draw a 
OFF meeting AB in P, the circle in P and the tai 
0, such that FP : BG=^D : E (OF meeting AB itsc 
where D:E<;BM:M0, and meeting AB proc 
case where D:E > BM : MO ) . 

We will illustrate by the consti'uctions in 
as it is these propositions which are actually 
Prop. 7 . li D :E is any ratio > BM : MO, it is req 
to draw. 0P'F\ meeting the circle in P' and AB 
F' so that 


> UB : Bl\ by similar triangles. 

Take a straight line P'H' (less than BT) such that D : E 
= OB : P'H\ and place P'H' between the circle and OT 
^ verging towards B ' (construction assumed). 

Then F'P ' ; P'B = OP ' : P'H' 

= OB : P'H' 

= D:E, 

Prop. 8, If jD : E is any given ratio < BM : ilfO, it is required 
to draw OFPG meeting in the circle in P, and the 
tangent at B to the circle in G so that 

FP :BG=^ D: E. 



If OT is parallel to A B and meets the tangent at B in P, 
BM : MO = OB : B'Ty by similar triangles, 
whence D : E < OB : BT. 

Produce 'TB to C7, making BO of such length that 
D:E:=OB:BC, 

so that BG > BT. 

Describe a circle through the three points 0, P, 0 and let OB 
produced meet this circle in K. 

‘ Then, since BG > BT, and OK is perpendicular to (7P, it is 
possible to place QG [between the circle PiC(7 and PC] equal to 
BK and verging towards 0 ' (construction assumed). 


KJjjJTKjr 18 uiie Buxtiigiib liiie rc^uiicu. 

For GG.GT= OG . GQ == OG , BK. 

But OF: OG = BT: GT, by parallels, 

whence OF.GT^OG.BT. 

Therefore CG . GT : OF . GT = OG . BK : OG . BI 
whence CG : OF = BK : BT 

= BG:OB 
= BG:OR 

Therefore OP: OF =: BC :]CG, 

and hence PF : OP = BG : BG, 

or PF:BG=OB:BG = D:E. 

Pappus objects to Archimedes's use of the 1 / ever 19 as 
Prop. 8, 9 in these words : 

'it seems to be a grave error into which geome 
whenever any one discovers the solution of a plane 
by means of conics or linear (higher) curves, or i 
solves it by means of a foreign kind, as is the case e.g 
the problem in the fifth Book of the Conics of A 
relating to the parabola, and (2) when Archimedes as 
his wonk on the spiral a veveris of a " solid " charac 
reference to a circle ; for it is possible without callir 
aid of anything solid to find the proof of the theorem 
Archimedes, that is, to prove that the circumferenc 
circle arrived at in the first revolution is equal to the 
line drawn at right angles to the initial line to meet th( 
to the spiral (i.e. the subtangent)/ 

There is, however, this excuse for Archimedes, that 
assumes that the problem can be solved and does no 
the actual solution. Pappus ^ himself gives a solutic 
particular veveri^ by means of conics. Apollonius w 
Books of V ever € 19 , and it is quite possible that by Arcl 
time there may already have been a collection of such 
to which tacit reference was permissible. 

Prop. 10 repeats the result of the Lemma to Prop. 

^ Pappus, iv, pp. 298-302. 


summation, namely that 
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(n-l) (na)^: {a2 4-(2a)2 + (3a)'^4- ... + (7^~- l)(x)^} 

> {naf : {na , a + -^(na — aY} 

> (72.-1) (na)^: {{2a)^+ (Sa)'^ ... 

The same proposition is also true if the terms of the series 
are (a + 6)^ (a+2h)^ ... (a + 7i— l6)-, and it is assumed in 
the more general form in Props. 25, 26. 

Archimedes now introduces his Definitions, of the spiral 
itself, the origin, the initial line, the first distance (= the 
radius vector at the end of one revolution), the second distance 
(= the equal length added to the radius vector during the 
second complete revolution), and so on ; the area (the area 
bounded by the spiral described in the first revolution and 
the ' first distance ’), the second area (that bounded by the spiral 
described in the second revolution and the ‘ second distance '), 
and so on ; the first circle (the circle with the ‘ first distance ’ 
as radius), the seco^id circle (the circle with radius equal to the 
sum of the ' first’ and 'second distances’, or twice the first 
distance), and so on. 

Props. 12, 14, 15 give the fundamental property of the 
spiral connecting the length of the radius vector with the angle 
through which the initial line has revolved from its original 
position, and corresponding to the equation in polar coordinates 
r :=z ad* As Archimedes does not speak of angles greater 
than TT, or 27r, he has, in the case of points on any turn after 
the first, to use multiples of the circumference 
of a circle as well as arcs of it. He uses the 
'first circle’ for this purpose. Thus, if P, Q 
are two points on the first turn, 

OPiOQz^ (arc AKF^) : (arc AKQ ') ; 

if P, Q are points on the nth turn of the 
spiral, and c is the circumference of the first circle, 

0P:6Q = {(n-l)c + (ircAKP'] : + arc AKQ'}. 

Prop. 13 proves tliat, if a straight line touches tlie spix'al, it 
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at. Jr toucn tne spiral at anotner point men, 
the angle POQ by OL meeting PQ in L and the 
0P + 0Q = 2 0ii by the property of the spin 
the property of the triangle (assumed, but ea 
OP + OQ > 2 0Ly so that OL < OR, and some j 
lies within the spiral. Hence PQ cuts the spir 
contrary to the hypothesis. 

Props. 16, 17 prove that the angle made by 
at a point with the radius vector to that point is o 
‘ forward ’ side, and acute on the ‘ backward ’ side, ( 
vector. 

Props. 18-20 give the fundamental propositioi 
tangent, that is to say, they give the length of th( 
at any point P (the distance between 0 and the pc 
section of the tangent with the perpendicular fro 
Archimedes always deals first with the first tui 
with any subsequent turn, and with each complete 
parts or points of any particular turn. Thus he 
tangents in this order, (1) the tangent at A the enc 
turn, (2) the tangent at the end of the second anc 
quent turn, (3) the tangent at any intermediate 
first or any subsequent turn. We will take as 
the case of the tangent at any intermediate point J 
turn (Prop. 20). 

If OA be the initial line, P any point on the fi 
the tangent at P and OT perpendicular to OP, thi 
proved that, if ASP be the circle through P wi 
meeting PT in S, then 

(subtangent OT) = (arc ASP), 

I. If possible, let OT be greater than the arc ASP 

Measure off 0?7 such that 0?7 > arc ASP but < 

Then the ratio PO :0U is greater than the ra 
i.e. greater than the ratio of ^PS to the perpendic 
on PS, 

Therefore (Prop. 7) we can draw a straight line C 
TP produced in P, and the circle in Q, such that 


FQ:PQ = P0:0U, 


Then we have, alternarido, since PO = QO, 

FQ-.QO = P.Q:OU 

< (arc PQ) : (arc ASP), by hypothesis and a fortiori. 
Componertdo, FO-.QO < (arc ASQ) : (arc ASP) 

< OQ':OP. 

But QO = ,0P; therefore FO < OQ'; which is impossible. 
Therefore OT is not greater than the arc ASP. 



11. Next suppose, if possible, that OT < arc ASP. 

Measure OV along OTsuch that OF is greater than OTbut 
less than the arc ASP. 

Then the ratio PO : OF is less than the ratio PO : 02', i.e. 
than the ratio of ^PS to the perpendicular from 0 on PS; 
therefore it is possible (Prop. 8) to draw a straight line OF'RO 
meeting PS, the circle PSA, and the tangent to the circle at P 
in F', R, 0 respectively, and such that 


F'R ; GP = P0:0V. 


Then, since PO = RO, we have, alter nando, 
F'RiRO^GPiOV 

> (arc PR ) : (arc ASP), a fortiori, 
whence F'O : RO < (are ASR) : (arc ASP) 

< OR': OP, 

so that F'O < OR'; which is impossible. 

Therefore OT is not less than the arc ASP. 1 
proved not greater than the same arc. Therefore 

Or=(arcA>SP). 

As particular cases (separately proved by Arch 
P be the extremity of the first turn and the cir 
of the first circle, the subtangent = ; if P be the 

of the second turn and the circumference of t 
circle’, the subtangent =• 2 and generally, if 
circumference of the oith circle (the circle with 
vector to the extremity of the 'n.th turn as radius 
tangent to the tangent at the extremity of the nth t 
If P is a point on the nth turn, not the extremi 
circle with 0 as centre and OP as radius cuts the 
in K, while p is the circumference of the circl 
tangent to the tangent at P = (n— l)p + arc ATP 
‘ forward ’).^ 

The remainder of the book (Props. 21-8) is 
finding the areas of portions of the spiral and 
turns cut off by the initial line or any two rad 
We will illustrate by the general case (Prop. 1 
OB, 0(7, two bounding radii vectores, including 
of the spiral. With centre 0 and radius 0(7 descr: 
Divide the angle BOG into any number of equa 
radii of this circle. The spiral meets these radi 
P,Q such that the radii vectores OB, OP, 0( 

^ On the whole course of Archimedes’s proof of the prc 
subtangent, see note in the Appendix. 


scribed to the spiral and consisting of the sum of small sectors 
of circles, and an inscribed figure of the same kind. As the 
first sector in the circumscribed figure is equal to the second 
sector in the inscribed, it is easily seen that the areas of the 
circumscribed and inscribed figures differ by the difference 
between the sectors OzG and OBp^ ; therefore, by increasing 
the number of divisions of the angle BOG, we can make the 



difference between the areas of the circumscribed and in- 
scribed figures as small as we please ; we have, therefore, the 
elements necessary for the application of the method of 
exhaustion. 

If there are n radii OB, OP ...OG, there are (n— 1) parts of 
the angle BOG. Since the angles of all the small sectors are 
equal, the sectors are as the S(j[uare on their radii. 

Thus (whole sector 0¥G) : (circumscribed figure) 

= (71^ 1)0<72 : (0P2 + ... + 0G^% 
and (whole sector Ob^G) : (inscribed figure) 

= (r^ ~ 1 ) OG^ : (OB^ + 0P« + + . . . + 0^'^) . 


76 terms; xnereiore ^ci. rrop. ii ana uor.;, 

{n ~ 1 ) 0(72 . (op. + 00^) 

< 00 ^ : { 00 . 05 + 1 ( 00 ^ 0 ^) 2 } 

< 1)002: (052 + 0P2. 

Compressing the circumscribed and inscribed fij 
in the usual way, Archimedes proves by exhaust 

(sector OyC ) : (area of spiral 050) 

= 002:{00.05 + |(00~ 

If OB = 6, 00= c, and (c — 6) = {n — l)h, 
result is the equivalent of saying that, when h d 
n increases indefinitely, while c—6 remains consi 

limit of A { ^ ^ ^ j ^ 2 /i)2 + . . . + (6 + 

= (c-6) {c6 + | 

that is, with our notation, 

x^dx = |(c‘2 — 

h 

In particular, the area included by the first 
initial line is bounded by the radii vectores 
the area, therefore, is to the circle with radius 2 7 
to ( 27 ra) 2 , that is to say, it is | of the circle 
This is separately proved in Prop. 24 by mean 
and Corr. 1, 2. 

The area of the ring added while the radius ve 
the second turn is the area bounded by the radii 
and 47 ra, and is to the circle with radius 47 rc 
of {Tgr^ + Krg— ^ 1 ) 2 } to where = 277 a a 
the ratio is 7 : 12 (Prop. 25). 

If be the area of the first turn of the spir^ 
the initial line, the area of the ring added 
complete turn, R^ that of the ring added by tl 
and so on, then (Prop. 27) 

R^ = 2R^, it, = 32?,, lt,= 4it„...it„ = 
Also Jtjt= 6ltj. 


F the portion cut off between the arc BG of the spiral, the 
radius OG and the arc intercepted between OB and OG of 
the circle with centre 0 and radius OB, it is proved that 

E:F^ {05 + 1(0(7^05)}: {05 + 1(0(7 (Prop. 28). 


On Plane Equilibriums, I, II. 

In this treatise we have tlie fundamental principles of 
mechanics established by the methods of geometry in its 
strictest sense. There were doubtless earlier treatises on 
mechanics, but it may be assumed that none of them had 
been worked out with such geometrical rigour. Archimedes 
begins with seven Postulates including the following prin- 
ciples. Equal weights at equal distances balance ; if unequal 
weights operate at equal distances, the larger weighs down 
the smaller. If when equal weights arc in equilibrium some- 
thing be added to, or subtracted from, one of them, equilibrium 
is not maintained but the weight whicli is increased or is not 
diminished prevails. Wlien equal and similar plane figures 
coincide if applied to one another, their centres of gravity 
similarly coincide; and in figures which are unequal but 
similar the centres of gravity will be ‘similarly situated'. 
In any figure the contour of which is concave in one and the 
same direction the centre of gravity must be within the figure. 
Simple propositions (1-5) follow, deduced l)y reductio ad 
absiirdum; these lead to the fundamental tlieorem, proved 
first for commensurable and then by reductio ad almurdum 
for incommensurable magnitudes, that Tivo magnitudes, 
whether commenmrahle or incommensurahle, balance at dis- 
tances reciprocally proportional to the magnitudes (Props. 
6, 7). Prop. 8 shows how to find the centre of gravity of 
a part of a magnitude wlien the centres of gravity of tlu^ 
otlier part and of the whohi magnitude are given. Archimedt^s 
then addresses himself to the main problems of Book I, nam(‘ly 
to find the centres of gravity of (1) a parallelogram (Props. 
9, 10), (2) a triangle (Props. 13, 14), and (3) a parallel- 
trapezium (Prop. 15), and here we have an illustration of tlu‘ 
extraordinary rigour which he retpiires in his geometrical 


II au tne lines Lnat can oe arawn in a ngure pa 
(and including) one side have their middle points in a 
line, the centre of gravity must lie somewhere on that 
line ; he is not content to regard the figure as made • 
infinity of such parallel lines; pure geometry reali 
the parallelogram is made up of elementary paralle 
indefinitely narrow if you please, but still parallelogr 
the triangle of elementary trapezia, not straight 
that to assume directly that the centre of gravity li( 
straight line bisecting the parallelograms would i 
a petitio principvi Accordingly the result, no do 
covered in the informal way, is clinched by a proof by 
ad ahmrdum in each case. In the case of the paral 
ABCB (Prop. 9), if the centre of gravity is not on the 
line EF bisecting two opposite sides, let it be at H 
HK parallel to AD, Then it is possible by bisecting 
then bisecting the halves, and so on, ultimately 
a length less than KH. Let this be done, and thr< 



points of division of AD draw parallels to AB or D( 
a number of equal and similar parallelograms as in t' 
The centre of gravity of each of these parallelo 
similarly situated with regard to it. Hence we have 
of equal magnitudes with their centres of gravity 
distances along a straight line. Therefore the ( 
gravity of the whole is on the line joining the centres c 
of the two middle parallelograms (Prop. 5, Cor. 2). 
is impossible, because H is outside those parall 
TSierefore the centre of gravity cannot but lie on EF 
Similarly the centre of gravity lies on the stra 
bi^cting the other opposite sides AB, CD ; therefore 
inta^on of this line with EF, i.e. at the 
ml^r^etioii of the diagonals. 


must lie on AD, 

. For, if not, let it be at and draw HI parallel to BG. 

Then, if we bisect DC, then bisect the halves, and so on, 
we shall arrive at a length DE less than IH. Divide BG into 
lengths equal to DE, draw parallels to DA through the points 
of division, and complete the small parallelograms as shown in 
the figure. 

The centres of gravity of the whole parallelograms SN, TP, 
FQ lie on AD (Prop. 9) : therefore the centre of gravity of the 


A 



figure formed by them all lies on AD ; let it bo 0, Join OH, 
and produce it to meet in V the parallel through C to AD, 
Now it is easy to see that, if n be the number of parts into 
which DG, AG are divided respectively, 

(sum of small As MLB ... A RN, NUP ...) : (A ABC) 

= : AG- 

= 1 : n ; 

wlience 

(sum of small As) : (sum of paralh^logi'arns) == 1 : ('a — 1). 

Therefore the centre of gi'avity of the figures mad(^ up of all 
the small triangles is at a point X on Oil product^l sucjli that 

XH=:{n^l)OH, 

But VH: HO < GE : ED or (n - 1) : 1 ; tlierefore XH > F//. 

It follows that the centre of gravity of all the small 
triangles taken together lies at X notwithstanding that all 
the triangles lie on OTie side of the |)arallel to AD dra.wn 
through X : which is impossible. 
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Hence the centre of gravity of the whole triangle car 
but lie on AD, 

It lies, similarly, on either of the other two medians 
that it is at the intersection of any two medians (Prop. 14 

Archimedes gives alternative proofs of a direct chara( 
both for the parallelogram and the triangle, depending on 
postulate that the centres of gravity of similar figures 
‘similarly situated’ in regard to them (Prop. 10 for 
parallelogram, Props. 11, 12 and part 2 of Prop. 13 for 
triangle). 

The geometry of Prop. 15 deducing the centre of gravit; 
a trapezium is also interesting. It is proved that, if A D, 
are the parallel sides {AD being the smaller), and EF is 
straight line joining their middle points, the centre of gra^ 
is at a point G on EF such that 

GE:GF=: {2BC + AD):{2AD + BC). 

Book II of the treatise is entirely devoted to finding 
centres of gravity of a parabolic segment (Props. 1-8) 
of a portion of it cut off by a parallel to the base (Props. 9, 
Prop. 1 (really a particular case of I. 6, 7) proves that, if F 



tiil6 COUioti Ui JLW ucfsurvtjs uu ue set uuu. 

Archimedes uses a series of figures inscribed to the segment, 
as he says, 'in the recognized manner’ {yvo^pifim). The rule 
is as follows. Inscribe in the segment the triangle ABB' with 
the same base and height; the vertex A is then the point 
of contact of the tangent parallel to BB\ Do the same with 
the remaining segments cut ofi* by AB, AB\ then with the 
segments remaining, and so on. If BRQPAP^Q'RB' is such 
a figure, the diameters through Q, Q', P, P\ iJ, R' bisect the 
straight lines AB, AB\ AQ, AQ'j QB, QP' respectively, and 
BB' is divided by the diameters into parts which are all 
equal. It is easy to prove also that PP\ QQ\ RR' are all 
parallel to BB', and that AL : LM : MN : NO = 1 : 3 : 5 : 7, the 
same relation holding if the number of sides of the polygon 
is increased; i.e. the segments of AO are always in the ratio 
of the successive odd numl)crs (Lemmas to Prop. 2). The 
centre of gravity of tlie inscribed figure lies on AO (Prop. 2). 
If there be two parabolic segments, and two figures inscribed 
in them ' in tlie recognized manner ’ with an equal number of 
sides, the centres of gravity divide the respective axes in the 
same proportion, for the ratio depends on the same ratio of odd 
numbers 1 : 3 : 5 : 7 . . . (Prop. 3). The centre of gravity of the 
parabolic segment itself lies on the diameter AO (this is proved 
in Prop. 4 by reducMo ad absurdum in exactly the same way 
as for the triangle in I. 13). It is next proved (Prop. 6) that 
the centre of gravity of the segment is nearer to the vertex A 
than the, centre of gravity of the inscribed figure is; but that 
it is possible to inscribe in the segment in the recognized 
manner a figure such that the distance between the centres of 
gravity of the segment and of the inscribed figure is less than 
any assigned length, for we have only to increase the number 
of sides sufficiently (Prop. 6). Incidentally, it is observed in 
Prop. 4 that, if in any segment the triangle with the same 
base and equal heiglit is inscril)ed, the triangle is greater than 
half the segment, whence it follows that, each time we increase 
the number of sides in the inscribed figure, we take away 
more than half of the segments remaining over ; and in Prop. 5 
that corresponding segments on opposite sides of the axis, e.g. 
QRB, Q'R'B' have tlieir axes equal and therefore are equal in 



their centres oi gravity divide their diameters 
ratio (Archimedes enunciates this of similar se| 
but it is true of any two segments and is requirec 
segments in Prop. 8). Prop. 8 now finds the cent] 
of any segment by using the last propositior 
geometrical equivalent of the solution of a simple 
the ratio (m, say) oi AG to AO, where G is t 
gravity of the segment. 

Since the segment z=: the sum of 

ments AQB, AQ'B'=^ ^{AABW). 

Further, if QD, are the diameters of the 
QDy Q'D' are equal, and, sine 
of gravity H, H' of the seg: 
QD, Q'D^ proportionally, HI 
to QQ\ and the centre of g] 
two segments together is at 
where HH' meets AO. 

Now AO = 4AF (Lemm 
2), and QZ) = |AO-AF: 
H divides QD in the same 
divides AO (Prop. 7) ; there 

VK^QH^m.QD^ 

Taking moments about A of the segment, tjie ti 
and the sum of the small segments, we have (div 
A V and A ABB') 

1(1 +m) + §. 4 = 4m, 

or 15m = 9, 

and m = f . 

That is, A(? = |AO, or = 3:2. 

The final proposition (10) finds the centre of gr 
portion of a parabola cut oflf between two parallel 
BB'. If PP' is the shorter of the chords and t 
bisecting PjP, BH meets them in N, 0 respecti 
medes proves that, if NO be divided into five ec 
which Zfikf is the middle one {L being nearer to i' 



jTJr ciliu Jju 1..11V1UCO jj±rjL xii ouv;ii cu w ijby tnfciLi 

LG : GM = BO ^ . {2PN^ BO ) : PN^ .(2 50 + PN), 

The geometrical proof is somewhat difficult, and uses a very 
remarkable Lemma which forms Prop. 9. If a, 6, c, d, x, y are 
straight lines satisfying the conditions 

a h c . j _ \ 

1 = 

d ^ X 

a — d'^^{a — cy \ 

2a + 46 + 6c + 3cZ _ y 
5a+ 106 + 10c + 5cZ a — c 

then must x + y = ; 

The proof is entirely geometrical, but amounts of course to 
the elimination of three quantities 6, c, d from the above four 
equations. 

The Sand-reckoner {Psammites or Aremrius). 

1 have already described in a previous chapter the retnark- 
able system, explained in this treatise and in a lost work, 
!A.px(x>t, Principles, addressed to Zeuxippus, for expressing very 
large numbers which were beyond the range of tlie ordinary 
Greek arithmetical notation. Archimedes showed that his 
system would enable any number to be expressed up to that 
which in our notation would require 80,000 million million 
ciphers and then proceeded to prove that this system more 
than sufficed to express the number of grains of sand which 
it would take to fill the universe, on a reasonable view (as it 
seemed to him) of the size to be attributed to tlie universe. 
Interesting as the book is for the course of the argument l)y 
which Archimedes establishes this, it is, in addition, a docu- 
ment of the first importance historically. It is heni that W(‘. 
learn that Aristarchus i)ut forward the Copernican theory of 
the universe, with the sun in the centre and the planets 
including the earth revolving round it, and that Aristarchus 
further discovered the angular diameter of the sun to be Y'|oth 
of the circle of the zodiac or half a degree. Since Archimedes, 
in order to calculate a safe figure (not too siiiall) For the size 
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of the universe, has to make certain assumptions as to t 
sizes and distances of the sun and moon and their relati 
to the size of the universe, he takes the opportunity 
quoting earlier views. Some have tried, he says, to pro 
that the perimeter of the earth is about 300,000 stades; 
order to be quite safe he will take it to be about ten tin 
this, or 3,000,000 stades, and not greater. The diameter 
the earth, like most earlier astronomers, he takes to 
greater than that of the moon but less than that of the si 
Eudoxus, he says, declared the diameter of the sun to be ni 
times that of the moon, Phidias, his own father, twelve tim 
while Aristarchus tried to prove that it is greater than 18 I 
less than 20 times the diameter of the moon; he will again 
on the safe side and fake it to be 30 times, but not more. T 
position is rather more difficult as regards the ratio of t 
distance of the sun to the size of the imiverse. Here he sen 
upon a dictum of Aristarchus that the sphere of the fix 
stars is so great that the circle in which he supposes the eai 
to revolve (round the sun) ‘bears such a proportion to t 
distance of the fixed stars as the centre of the sphere bears 
its surface If this is taken in a strictly mathematical sen 
it means that the sphere of the fixed stars is infinite in si 
which would not suit Archimedes’s purpose ; to get anotl 
meaning out of it he presses the point that Aristarchu 
words cannot be taken quite literally because the centre, bei 
without magnitude, cannot be in any ratio to any other ma 
nitude ; hence he suggests that a reasonable interpretation 
the statement would be to suppose that, if we conceive 
sphere with radius equal to the distance between the ceni 
of the sun and the centre of the earth, then 

(diam. of earth) : fdiam. of said sphere) 

= (diam. of said sphere) : (diam. of sphere of fixed stars 

This is, of course, an arbitrary interpretation ; Aristarcl; 
presumably meant no such thing, but merely that the size 
the earth is negligible in comparison with that of the sph< 


witn tne circumierenctj ui uiitj uircie uescrioea oy iis centre. 
Aristarchus had made the apparent diameter of the sun -^l^th 
of the said circumference ; Ai'chimedes will prove that the 
said circumference cannot contain as many as 1,000 sun’s 
diameters, or that the diameter of the sun is greater than the 
side of a regular chiliagon inscribed in the circle. First he 
made an experiment of his own to determine the apparent 
diameter of the sun. With a small cylinder or disc in a plane 
at right angles to a long straight stick and moveable along it, 
he observed the sun at the moment when it cleared the 
horizon in rising, moving the disc till it just covered and just 
failed to cover the sun as he looked along the straight stick. 
He thus found the angular diameter to lie between and 

where JJ is a right angle. But as, under his assump- 
tions, the size of the earth is not negligible in comparison with 
the sun’s circle, he had to allow for parallax and find limits 
for the angle subtended by the sun at the centre of the earth. 
This he does by a geometrical argument very much in the 
manner of Aristarchus. 



Let the circles with centres 0, C represent sections of the sun 
and earth respectively, E the position of the observer observing 
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two tangents EP, EQ to the circle with centre 0, ai 
O' let GF, OG he drawn touching the same circle. Wit] 
G and radius GO describe a circle : this will represent t 
of the centre of the sun round the earth. Let this circ 
the tangents from C in A, B, and join AB meeting CO 
Archimedes’s observation has shown that 

^ PEQ > Pi 

and he proceeds to prove that is less than the s; 
regular polygon of 656 sides inscribed in the circl 
but greater than the side of an inscribed regular pol 
1,000 sides, in other words, that 

^^R>LFCG > 

The first relation is obvious, for, since GO > EO, 

L PEQ > Z FGG. 

Next, the peid meter of any polygon inscribed in tl 
AOB is less than 4^ GO (i.e. times the diameter) ; 

Therefore AB < • -Y- GO or 

and, a fortiori, AB < GO, 

Now, the triangles GAM, GOF being equal in all i 
AM=iOF, so that AB = 20F=^ (diameter of sun) > Gj 
since the diameter of the sun is greater than that of th 

therefore GH+OK < ^^GO, and HK > r%%C0. 
And GO > GFy while HK < EQ, so that EQ > 
We can now compare the angles OGF, OEQ ; 

tan OCFl 
^ tan OEQ] 



> ct fortiori. 
Doubling the angles, we have 
IFGG>^^%,IPEQ 

> since I PEQ > 
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polygon of 1,000 sides, inscribed in the circle AOB, 

The perimeter of the chiliagon, as of any regular polygon 
with more sides than six, inscribed in the circle AOB is greater 
than 3 times the diameter of the sun’s orbit, but is less than 

1.000 times the diameter of the sun, and a fortiori less than 

30.000 times the diameter of the earth; 

therefore (diameter of sun’s orbit) < 10,000 (diam. of earth) 

< 10,000,000,000 stades. 
But (diam. of earth) : (diam. of sun’s orbit) 

= (diam. of sun’s orbit) : (diam. of universe) ; 
therefore the universe, or the sphere of the fixed stars, is less 
than 10,000^ times the sphere in which the sun’s orbit is a 
great circle. 

Archimedes takes a quantity of sand not greater than 
a poppy-seed and assumes that it contains not more than 10,000 
grains ; the diameter of a poppy-seed he takes to be not less 
than ^V^h of a finger-breadth; thus a sphere of diameter 
1 finger-breadth is not greater than 64,000 poppy-seeds and 
therefore contains not more than 640,000,000 grains of sand 
(‘6 units of second order + 40,000,000 units oi first order') 
and a fortiori not more than 1,000,000,000 (‘10 units of 
second order of numbers ’). Gradually increasing the diameter 
of the sphere by multiplying it each time by 100 (making the 
sphere 1,000,000 times larger each time) and substituting for 

10.000 finger-breadths a stadium (< 10,000 finger-breadths), 
he finds the number of grains of sand in a sphere of diameter 
10,000,000,000 stadia to be less than ‘ 1,000 units of seventh 
order of numbers ’ or lO'^b i^^id the number in a sphere 10,000^^ 
times this siz:e to be less than ‘ 10,000,000 units of the eighth 
order of numbers’ or 10^'^ 

The Quadrature of the Parabola. 

In the preface, addressed to Dositheus after the death of 
Conon, Archimedes claims originality for the solution of the 
problem of finding the area of a segment of a parabola cut off' 
by any chord, which he says he first discovered by means of 
mechanics and then confirmed by meauvS of geometry, using 
the lemma that, if there are two unequal areas (or magnitudes 

1533.2 Q. 
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generally), then however small the excess of the grea 
the lesser, it can by being continually added to itself I 
to exceed the greater ; in other words, he confirmed the 
by the method of exhaustion. One solution by m 
mechanics is, as we have seen, given in The Meth 
present treatise contains a solution by means of m< 
confirmed by the method of exhaustion (Props. 1-: 
then gives an entirely independent solution by means 
geometry, also confirmed by exhaustion (Props. 18 - 24 ) 

I. The mechanical solution depends upon two propc 
the parabola proved in Props. 4 , 5 . If Qq be the base 



the vertex, of a parabolic segment, P is the point of 
of the tangent parallel to Qq, the diameter PV thr< 
bisects Qq in F, and, if VP produced meets the tange 
in T, then TP = PF. These properties, along with the 
mental property that QF^ varies as PF, Archimedes 
prove that, if EO be any parallel to TV meeting 
(produced, if necessary), the curve, and Qq in E, . 
respectively, then 

QV:VO = OF:FR, 

and QOiOq =:ER: RO. (Pro] 

Now suppose a parabolic segment QR^q so placed in 
to a horizontal straight line QA through Q that the d 
bisecting Qq is at right angles to QA, i.e. vertical, anc 
tane^ent at O mAAf fViA ^ r? 


A 



Now Archimedes has proved in a series of propositions 
(6-13) that, if a trapezium such as O-^E^E.^0^ is suspended 
from and an ai'ea P suspended at A balances O^Ej^E^O^^ 

so suspended, it will take a greater area than P suspended at 
A to balance the same trapezium suvspended fi'om 
a less area than P to balance tlie same trapezium suspended 
from . A similar proposition holds with regard to a triangle 
such as suspended where it is and suspended at Q and 

respectively. 

Suppose (Props. 14, 15) the triangle QqE suspended where 
it is from OQ, and suppose that the trapezium EO^, suspended 
where it is, is balanced by an area suspended at A, the 
trapezium E^O.^, suspended where it is, is balanced by 1\ 
suspended at A, and so on, and finally the triangle E^O^Q, 
suspended where it is, is balanced by suspended at A ; 
then ij + “h • * • “h balances the whole triangle, so that 

since the whole triangle may be regarded as suspended from 
the point on OQ vertically above its centre of gravity. 

Now AO : on, = QOiOII, 

= Qg-qOj 

= E,0^:0iR„ by Prop. 5, 

= (trapezium EO,) : (trapezium JPO^), 



the trapezium suspended at Hy And jTj bais 
where it is. 


Therefore {FO,) > P^. 

Similarly so on. 

Again AO : OH^ = 0^ : 0-^R^ 

= (trapezium E^O^ : (trapezium 1 
that is, (P 1 O 2 ) at A will balance {E.^0^ suspends 
while Pg at A balances {E^O^ suspended where it is, 
whence > P^O^. 

Therefore > I\> (-^i^^), 

{F^O^ > F^ > R^O.^, and so on 
and finally, aE„0^Q > > AiJ„0„Q. 

By addition, 

(P1O2) + (^2^3) + ••• +(AP 7 jt)^Q) < + . .. -f 

therefore, a fortiori^ 

(-^1^2) + (^2^3) + ••• + AP^O^Q < + i^4' . .. +-^. 

< (P0,) + (P,02)+... + A 

That is to say, we have an inscribed figure eon 
trapezia and a triangle which is less, and a circ 
figure composed in the same way which is greater, t 

+ ... +- 2 ^+ 1 , i.e. ^AEqQ, 

It is therefore inferred, and proved by the metl 
hauation, that the segment itself is equal to ^AEqQ 

In order to enable the method to be applied, it 
to be proved that, by increasing the number of p£ 
sufficiently, the difference between the circumsci 
inscribed figures can be made as small as we pie; 
can be seen thus. We have first to show that all th 
qF, into which qE is divided are equal. 

We have E^0^:0^R^ = QO :0H^ = 
or OjPj = —.P, Oi, whence also O^S = — — 


or 


OA = - 7 -,- 

^ ^ n + 1 


,0,E,. 


It follows that O^S = SR^, and so on. 

Consequently O^R^y O^R^,., are divided into 1, 2, 3 ... 

equal parts respectively by the lines from Q meeting qE, 

It follows that the difference between the circumscribed and 
inscribed figures is equal to the triangle FqQ, which can be 
made as small as we please by increasing the number of 
divisions in Qq, i. e. in qE. 

Since the area of the segment is equal to ^AEqQ, and it is 
easily proved (Prop. 17) that AEqQ =z 4: (triangle with same 
base and equal height with segment), it follows that the area 
of the segment = | times the latter triangle. 

It is easy to see that this solution is essentially the same as 
that given in The Method (see pp^ 29-30, above), only in a more 
orthodox form (geometrically speaking). For there Archi- 
medes took the sum of all the straight lines, as O^jR^, , 

as making up the segment notwithstanding that there are an 
infinite number of them and straight lines have no breadth. 
Here he takes inscribed and circumscribed trapezia propor- 
tional to the straight lines and having finite breadth, and then 
compresses the figures together into the segment itself by 
increasing indefinitely the number of trapezia in each figure, 
i.e. diminishing their breadth indefinitely. 

The procedure is equivalent to an integration, thus : 

If X denote the area of the triangle FqQ, we have, if n be 
the number of parts in Qq, 


(circumscribed figure) 

= sum of As QqF, QR^F^, QR^^^^ 
= sum of A^QqF, QO^R-^, QO^S, ... 

■ 2)2 












“4 


= . z (z* + 2^ + . . . + 


Similarly, we find that 

(inscribed figure) = . X {X^ + 2^X^+ ... + in-lfX^}. 
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Taking the limit, we have, if A denote the area o 
triangle £q Q, so that A = nX, 

area of segment = X'^dX 

A 

= u- 

IL The purely geometrical method simply exhausU 
parabolic segment by inscribing successive figures ‘ir 
recognized manner’ (see p. 79, above). For this pu 
it is necessary to find, in terms of the triangle with the 
base and height, the area added tc 
inscribed figure by doubling the numb 
sides other than the base of the segmen 
I M Let QPg be tlie triangle inscribed ' ii 

recognized manner’, P being the poii 
y/y y contact of the tangent parallel to Qq 
diameter bisecting Qq. If Q1 
P X m bisected in M, m, and Pilf, rm be d 

\ parallel to PF meeting the curve in 

the latter points are vertices of the 
figure inscribed ‘in the recognized mar 
g for PF, ry are diameters bisecting P( 

respectively. 

Now QV^ = 4PF^ so that PF= 4Plf, or PAr= 3 
But Fi¥= |PF= 2P1F, so that TM^ 2PF. 

Therefore A PEQ = | A PQM = i A PQ F. 

Similarly 

APr^ = JAPFg; whence {APRQ + APrq)^ ^PQq. (Prof 

In like manner it can be proved that the next add 
to the inscribed figure adds J of the sum of AsPPQ, 
and so on. 

Therefore the area of the inscribed figure 

— : / 1 -L ^ 4- 4. I A 


more than halt the segment. And so on (Prop. 20). 

We now have to sum n terms of the above geometrical 
series. Archimedes enunciates the problem in the form, Given 
a series of areas A,B,C,D Z.oi which A is the greatest, and 
each is equal to four times the next in order, then (Prop. 23) 

A + B + 0+.,.-^Z+^Z = §A, 

The algebraical equivalent of this is of course 


1 + i + (i)^ + . . . + (i)--^ = I - § (If-i = 


1 1 


To find the area of the segment, Archimedes, instead of 
taking the limit, as we should, uses the method of reduetio ad 
ahsurdum. 


Suppose -K' = f . AFQq, 

(1) If possible, let the area of the segment be greater than K. 

We then inscribe a figure ‘in the recognized manner’ such 
that the segment exceeds it by an area less than the excess of 
the segment over K. Therefore the inscribed figure must be 
greater than A, which is impossible since 

A’-hB-\-G-\-,»,-^Z-<c.^Ay 
where A = APQq (Prop. 23). 

(2) If possible, let the area of the segment be less than K, 

If then APQq A, B = JA, G = ^B, and so on, until we 
arrive at an area X less than the excess of K over the area of 
the segment, we have 


A+5 + G+ ... +X + JZ = |A = A. 

Thus A exceeds A + B + G+ ... + Abyan area less than X, 
and exceeds the segment by an area greater than X. 

It follows that A+B + G+ ... +X> (the segment); which 
is impossible (Pi*op. 22). 

Therefore the area of the segment, being neither greater nor 
less than A, is equal to A or ^APQq. 


On Floating Bodies, I, II. 

In Book I of this treatise Archimedes lays down the funda- 
mental principles of the science of hydrostatics. These are 



92 


ARCHIMEDES 


deduced from Postulates which are only two in number, 
first which begins Book I is this : 

' let it be assumed that a fluid is of such a nature that, o 
parts of it which lie evenly and are continuous, that whi 
. pressed the less is driven along by that which is pressec 
more ; and each of its parts is pressed by the fluid whi 
perpendicularly above it except when the fluid is shut i 
anything and pressed by something else ’ ; 

the second, placed after Prop. 7 , says 

‘ let it be assumed that, of bodies which are bprne upwar 
a fluid, each is borne upwards along the perpendicular di 
through its centre of gravity \ 

Prop. 1 is a preliminary proposition about a sphere, 
then Archimedes plunges in medias res with the the< 
(Prop. 2) that ^ the surface of any fluid at rest is a spher 
centre of which is the same as that of the earth \ and ir 
whole of Book I the surface of the fluid is always show 
the diagrams as spherical. The method of proof is simil 
what we should expect in a modern elementary textbook 
main propositions established being the following. A 
which, size for size, is of equal weight with a fluid will, i 
down into the fluid, sink till it is just covered but not I 
(Prop. 3 ) ; a solid lighter than a fluid will, if let down in 
be only partly immersed, in fact just so far that the w( 
of the solid is equal to the weight of the fluid displ 
(Props. 4 , 5 ), and, if it is forcibly immersed, it will be di 
upwards by a force equal to the difference between its w( 
and the weight of the fluid displaced (Prop. 6). 

The important proposition follows (Prop. 7 ) that a 
heavier than a fluid will, if placed in it, sink to the botto 
the fluid, and the solid will, when weighed in the flui 
lighter than its true weight by the weight of the 
displaced. 


uruw II. 

Let W be the weight of the crown, and the weights of 
the gold and silver in it respectively, so that W=w^-\-w^- 

(1) Take a weight W of pure gold and weigh it in the fluid. 
The apparent loss of weight is then equal to the weight of the 
fluid displaced ; this is ascertained by weighing. Let it be F^. 

It follows that the weight of the fluid displaced by a weight 

of gold is ^ . F^. 

(2) Take a weight W of silver, and perform the same 
operation. Let the weight of the fluid displaced be F^. 
Then the weight of the fluid displaced by a weight of 

silver is ^ • 

(3) Lastly weigh the crown. itself in the fluid, and let jP be 
loss of weight or the weight of the fluid displaced. 


We have then 
that is, 


rr , ^^2 JP rp 


whence 


^ 0 ^ F ^ + '^^ 2^2 ('^^1 + '^ 2 ) 

.F 


Vh — 


Wo 


F^F, 


''2 

According to the author of the poem de ponderibus et men- 
suris (written probably about a.d. 500) Archimedes actually 
used a method of this kind. We first take, says our authority, 
two equal weights of gold and silver respectively and weigh 
them against each other when both are immersed in water ; 
this gives the relation between their weights in water, and 
therefore between their losses of weight in water. Next we 
take the mixture of gold and silver and an equal weight of 
silver, and weigh them against each other' in water in the 
same way. 

Nevertheless I do not think it probable that this was the 
way in which the solution of the problem was discovered. As 
we are told that Archimedes discovered it in his bath, and 
that he noticed that, if the bath was full when he entered it, 
so much water overflowed as was displaced by his body, he is 
more likely to have discovered the solution by the alternative 



successively the volumes or huid displaced by three e 
weights, (1) the crown, (2) an equal weight of gold, (3 
equal weight of silver respectively. Suppose, as before, 
the weight of the crown is W and that it contains wei 
'lOj and w., of gold and silver respectively. Then 

(1) the crown displaces a certain volume of the fluid, F, si 

(2) the weight W of gold displaces a volume F^, say, of 
fluid ; 

VO 

therefore a weight of gold displaces a volume T 
the fluid ; 

(3) the weight W of silver displaces F^, say, of the fl 
therefore a weight of silver displaces 

It follows that F = ^ • ^ • Fg, 

whence we derive (since W ^ w^) 

^^;,“-■F~F/ 

the latter ratio being obviously equal to that obtained bj 
other method. 

The last propositions (8 and 9) of Book I deal with the 
of any segment of a sphere lighter than a fluid and imme 
in it in such a way that either (1) the curved surface is dc 
wards and the base is entirely outside the fluid, or (2) 
curved surface is upwards and the base is entirely submei 
and it is proved that in either case the segment is in st 
equilibrium when the axis is vertical. This is expressed 
and in the corresponding propositions of Book II by sa; 
that, 'if the figure be forced into such a position that the 
of the segment touches the fluid (at one point), the figure 
not remain inclined but will return to the upright positio: 

Book II, which investigates fully the conditions of stab 
of a right segment of a paraboloid of revolution floatin 
a fluid for different values of the specific gravity and diffe 
ratios between the axis or height of the segment and 

^ De architectural ix. 3. 
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Prop. 1 is preliminary, to the effect that, if a solid lighter than 
a fluid be at rest in it, the weight of the solid will be to that 
of the same volume of the fluid as the immersed portion of 
the solid is to the whole. The results of the propositions 
about the segment of a paraboloid may be thus summarized. 
Let h be the axis or height of the segment, p the principal 
parameter of the generating parabola, s the ratio of the 
specific gravity of the solid to that of the fluid (s always < 1). 
The segment is supposed to be always placed so that its base 
is either entirely above, or entirely below, the surface of the 
fluid, and what Archimedes proves in each case is that, if 
the segment is so placed with its axis inclined to the vertical 
at any angle, it will not rest there but will return to the 
position of stability. 

I. If h is not greater than ^p, the position of stability is with 
the axis vertical, whether the curved surface is downwards or 
upwards (Props. 2, 3). 

II. If h is greater than then, in order that the position of 

stability may be with the axis vertical, s* must be not less 
than (h — %pY/T^^ if the curved surface is downwards, and not 
greater than — (A — f if the curved surface is 

upwards (Props. 4, 5). 

III. If h>%p, but h/^p <15/4, the segment, if placed with 
one point of the base touching the surface, will never remain 
there whether the curved surface be downwards or upwards 
(Props. 6, 7). (The segment will move in the direction of 
bringing the axis nearer to the vertical position.) 

IV. If h>^p, but /4 /-|p< 15/4, and if 8 is less than 

(h—^pf/li^ in the case where the curved surface is down- 
wards, but greater than — in the case '^v'here 

the curved surface is upwards, then the position of stability is 
one in which the axis is not vertical but inclined to the surface 
of the fluid at a certain angle (Props. 8, 9), (The angle is drawn 
in an au35;iliary figure. The construction for it in Prop. 8 is 
equivalent to the solution of the following equation in 6, 


ip — fc) — f p, 



V. Prop. 10 investigates the positions of stability in 
where A/|jt)>15/4, the base is entirely above the sur 
8 has values lying between five pairs of ratios res] 
Only in the case where s is not less than — 
position of stability that in which the axis is vertica' 
BAB^ is a section of the paraboloid through the j 
C is a point on AM such that AG = 2 CM, is a poii 
such that AM : OK = 15:4. CO is measured along 
that GO = ^p, and R is a point on AM such that MI 
A^ is the point in which the perpendicular to AM 
meets AB^ and A^ is the middle point of AB. BA^ 1 
are parabolic segments on A^M^, A^M^ (parallel to AJh 



and similar to the original segment. (The parabol 
is proved to pass through G by using the above 
AM : GK =15:4 and applying Prop. 4 of the Quad 
the Farahold) The perpendicular to AM from 0 n 
parabola BA^B^, in two points Pg, 
through these points parallel to AM meet the otl 
bolas inP^, Qj and P 3 , respectively. P^T and 
tangents to the original parabola meeting the axis 
duced in T, U. Then 

(i) if 6 * is not less than AR^iAM^ or {h — ^pY :h^, 
stable equilibrium when AM is vertical ; 


only, but in a position with the base entirely out of the fluid 
and the axis making wdth the surface an angle greater 
than U ; 

(iiia) if s = there is stable equilibrium with one 

point of the base touching the surface and AM inclined to it 
at an angle equal to ?7 ; 

(iiib) if s = : AM"^, there is stable equilibrium with one 

point of the base touching the surface and with AM inclined 
to it at an angle equal to T ; 

(iv) if s>P^P^ : AM‘^ but <Q^Q^:AM‘^, there will be stable 
equilibrium in a position in which the base is more submerged ; 

(v) if s<P^P.^ AM"^, there will be stable equilibrium with 
the base entirely out of the fluid and with the axis AM 
inclined to the surface at an angle less than T. 

It remains to mention the traditions regarding other in- 
vestigations by Archimedes which have reached us in Greek 
or through the Arabic. 

(a) The Cattle-Problem. 

This is a difficult problem in indeterminate analysis. It is 
required to find the number of bulls and cows of each of four 
colours, or to find 8 unknown quantities. The first part of 
the problem connects the unknowns by seven simple equations ; 
and the second part adds two more conditions to which the 
unknowns must be subject. If Tf, tv be the numbers of white 
bulls and cows respectively and {X, x), (F, y), (Z, z) represent 
the numbers of the other three colours, we have first the 
following equations : 


F=(| + i)Z + F, 

(a) 

X = {k + ^)Z+Y, 

m 

Z = {k + \)W+Y, 

(y) 

w = (Ir + i) (-^ + ^)> 

(S) 

CO = (Z +z), 

(^) 

z^{k+k){Y+yl 

iC) 

y = 

iv) 
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Secondly, it is required that 

TT+X = a square, {6) 

F+^ = a triangular number. (i) 

There is an ambiguity in the text which makes it just pos 
that TT+X need only be the product of two whole nun 
instead of a square as in (0). Jul. Fr. Wurm solved the pro 
in the simpler form to which this change reduces it. 
complete problem is discussed and partly solved by Amth 
The general solution of the first seven equations is 

TF= 2.3.7.53 .4657U = 10366482'72;, 

X= 2.32.89. 4657?i = 746051471, 

7=3^.11.465771 = 4149387n, 

22.5.79.465771 = 735806071, 

2^.3.5.7.23.37371= 720636071, 

05=2.32.17.1599171 = 489324671, 

7/ = 32.13.4648971 = 543921371, 

2;= 22.3.5.7,11.76l7i= 351582071. 

It is not difficult to find such a value of n that W-^X 
square number; it is n = 3 . 11 . 29 . 4:657 = 445674 
where ^ is any integer. We then have to make I 
a triangular number, i.e. a number of the form ^q(q 
This reduces itself to the solution of the ‘ Pellian ' equatio: 

i2-4729494u2 = 1, 

which leads to prodigious figures ; one of the eight unkr 
quantities alone would have more than 206,500 digits! 

()8) Oti semi-regular polyhedra. 

In addition, Archimedes investigated polyhedra of a cei 

rnu:„ ^ TJ 9 . rpT 


designate a polyhedron contained by m regular polygons 
of a sides, 7i regular polygons of /? sides, &c., by (m^, 
the thirteen Archimedean polyhedra, which we will denote by 
are as follows : 

Figure with 8 faces: = (43, 4 g). 

Figures with 14 faces: = (83, 6J, P3 = (64, 8g), 

P4 = (83, 63). 

Figures with 26 faces: P^ = (8^, 18 j, Pg = (12^, 8g, 63). 

Figures with 32 faces: P^ = (2O3, 125), Pg = (125, 20 g), 

P9 = (203, 12,g). 

Figure with 38 faces: Piq= ( 32 ^, 

Figures with 62 faces: Pji = (203, 3O4, 12g), 

P32=(304,20g,12j. 

Figure with 92 faces: Pi3=(803, 12g). 

Kepler^ showed how these figures can be obtained. A 
method of obtaining some of them is indicated in a fragment 
of a scholium to the Vatican MS. of Pappus. If a solid 
angle of one of the regular solids be cut off‘ symmetrically by 
a plane, i.e. in such a way that the plane cuts off the same 
length from each of the edges meeting at the angle, the 
section is a regular polygon which is a triangle, square or 
pentagon according as the solid angle is formed of three, four, 
or five plane angles. If certain equal portions be so cut off 
from all the solid angles respectively, they will leave regular 
polygons inscribed in the faces of the solid; this happens 
(A) when the cutting planes bisect the sides of the faces and 
so leave in each face a polygon of the same kind, and (B) when 
the cutting planes cut off a smaller portion from each angle in 
such a way that a regular polygon is left in each face which 
has double the number of sides (as when we make, say, an 
octagon out of a square by cutting off the necessary portions. 


' Kepler, Harmonice mundi in Opera (1864), v, pp. 123-6. 
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symmetrically, from the corners). We have seen that 
ing to Heron, two of the semi-regular solids had alrei 
discovered by Plato, and this would doubtless be his 
The methods (A) and (B) applied to the five reguh 
give the following out of the 13 semi-regular soli 
obtain (1) from the tetrahedron, by cutting of 
so as to leave hexagons in the faces ; (2) from the cul 
leaving squares, and P4 by leaving octagons, in th 
(3) from the octahedron, P^ by leaving triangles, ar 
leaving hexagons, in the faces ; ( 4 ) from the icos 
by leaving triangles, and by leaving hexagons 
faces; (5) from the dodecahedron, P, by leaving pe 
and P3 by leaving decagons in the faces. 

Of the remaining six, four are obtained by cuttin 
the edges symmetrically and equally by planes parall 
edges, and then cutting off angles. Take first tl 
(1) Cut off from each four parallel edges portions whi 
an octagon as the section of the figure perpendicula 
edges ; then cut off equilateral triangles from the 
(see Fig. 1) ; this gives P^ containing 8 equilateral 1 
and 18 squares. (Pg is also obtained by bisecting 
edges of ij and cutting off corners.) (2) Cut off f 
edges of the cube a smaller portion so as to leave 
face a square such that the octagon described in it 
side equal to the breadth of the section in which eacb 
cut ; then cut off hexagons from each angle (see Fig. 



proauces ana rigs. 6, -a lor Lne case oi Lne icosa- 

hedron). 



Fig. 3. Fig. 4. 


The two remaining solids ij3 cannot be so simply pro- 
duced. They are represented in Figs. 5, 6, which I have 



Fig. 5. Fig. 6. 


taken from Kepler is the snub cube in which each 
solid angle is formed by the angles of four equilateral triangles 
and one square; is the snub dodecahedron, each solid 
angle of which is formed by the angles of four equilateral 
triangles and one regular pentagon. 

We are indebted to Arabian tradition for 

(y) The Liber Assumptorum. 

Of the theorems contained in this collection many are 
so elegant as to afford a presumption that they may really 
be due to Archimedes- In three of them the figure appears 
which was called apjS 77X09, a shoemaker’s knife, consisting of 
three semicircles with a common diameter as shown in the 
annexed figure. If N be tlie point at which the diameters 

H 


1633.2 
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of the two smaller semicircles adjoin, and AP be 
right angles to AB meeting the external semicircle 
area of the ap^rjXo^ (included between the three sei 
arcs) is equal to the circle on PiY as diameter (Pro 
Prop. 5 it is shown that, if a circle be described in 
between the arcs AP, A A and the straight line PA 



all three, and if a circle be similarly described in 
between the arcs PP, AP and the straight line PA 
all three, the two circles are equal. If one circle be 
in the ap^rjXo 9 touching all three semicircles, Prop, 
that, if the ratio of A A to AP be given, we car 
relation between the diameter of the circle inscrib' 
dpl37}Xo9 and the straight line AP ; the proof is for 
cular case A A = fPA, and shows that the diamet 
inscribed circle = 

Prop. 8 is of interest in connexion with tlie pi 



trisecting any ande. If AP be any chord of a ci 
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Lastly, we may mention the elegant theorem about the 
area of the Salinon (presumably "salt-cellar’) in Prop. 14 . 
ACB is a semicircle on AB as diameter, AD, EB are equal 
lengths measured from A and B on AB. Semicircles are 
drawn with AD, EB as diameters on the side towards G, and 


c 



a semicircle with DE as diameter is drawn on the other side of 
AB, OF is the perpendicular to AB through 0, the centre 
of the semicircles AGB, DFE. Then is the area bounded by 
all the semicircles (the Salinon) equal to the circle on OF 
as diameter. 

' The Arabians, through whom the Book of Lemmas has 
reached us, attributed to Archimedes other works (1) on the 
Circle, ( 2 ) on the Heptagon in a Circle, ( 3 ) on Circles touch- 
ing one another, ( 4 ) on Parallel Lines, ( 5 ) on Triangles, ( 6 ) on 
the properties of right-angled triangles, ( 7 ) a book of Data, 
(8) De clepsydris: statements which we are not in a position 
to check. But the author of a book on the finding of chords 
in a circle,^ Abu’l Raihto Muh. al-Biruni, quotes some alterna- 
tive proofs as coming from the first of these works. 

(5) Formula for area of triangle. 

More important, however, is the mention in this same work 
of Archimedes as the discoverer of two propositions hitherto 
attributed to Heron, the first being the problem of finding 

■f-.ViA nf* ji. f.rmnorlA wliAn fhft flirlA.Q a.va criven. and 


JLU V 


fctJjpiUJJJ-ia/UC iJJLCtUC iUX JIXUXN 0 WX Vy^iCiXXCi. 

that Archimedes dedicated The Method, and the Gattl 
purports, by its heading, to have been sent throu^ 
the mathematicians of Alexandria. It is evident 
preface to The Method that Archimedes thought hig 
mathematical ability. He was, indeed, recognized b 
temporaries as a man of great distinction in all b; 
knowledge, though in each subject he just fell sh< 
highest place. On the latter ground he was called 
another nickname applied to him, Pentathlos, has 
implication, representing as it does an all-round at 
was not the first runner or wrestler but took the se 
in these contests as well as in others. He was ^ 
younger than Archimedes ; the date of his birth wa; 
284 B.c. or thereabouts. He was a pupil of the p 
Ariston of Clhos, the grammarian Lysanias of 
the poet Callimachus ; he is said also to have been 
Zeno the Stoic, and he may have come under the ir 
Arcesilaus at Athens, where he spent a consider 
Invited, when about 40 years of age, ^by Ptolemy 
to be tutor to his son (Philopator), he became lil 
Alexandria ; his obligation to Ptolemy he recogni 2 
column which he erected with a graceful epigram in 
it. This is the epigram, with which we are already i 
(vol. i, p. 260), relating to the solutions, discovered i 
of the problem of the duplication of the cube, and 
ing his own method by means of an appliance called / 
itself represented in bronze on the column. 

Eratosthenes wrote a book with the title TlXaroc 
whether it was a sort of commentary on the T 
Plato, or a dialogue in which the principal part was 
Plato, it evidently dealt with the fundamental 
mathematics in connexion with Plato’s philosophy 
naturally one of the important sources of Theon of 
work on the mathematical matters which it was ne( 
the student of Plato to know ; and Theon cites 
twice by name. It seems to have begun with t' 
problem of Delos, telling the story quoted by Theo 
god required, as a means of stopping a plague, tlia 
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there, which was cubical in form, should be doubled in size. 
The book evidently contained a disquisition on 2 >'^oportion 
(di^aXoyia); a quotation by Theon on this subject shows that 
Eratosthenes incidentally dealt with the fundamental defini- 
tions of geometry and arithmetic. The principles of music 
were discussed in the same work. 

We have already described Eratosthenes’s solution of the 
problem of Delos, and his contribution to the theory of arith- 
metic by means of his sieve (koctklj/op) for; finding successive 
prime numbers. 

He wrote also an independent work On means. This was in 
two Books, and was important enough to be mentioned by 
Pappus along with works by Euclid, Aristaeus and Apol- 
lonius as forming part of the Treasury of Analysis^ ; this 
proves that it was a systematic geometrical treatise. Another 
passage of Pappus speaks of certain loci which Eratosthenes 
called ‘ loci with reference to means ’ {tottol irpo^ yeororTqras) ^ ; 
these were presumably discussed in the treatise in question. 
What kind of loci these were is quite uncertain ; Pappus (if it 
is not an interpolator who speaks) merely says that these loci 
‘ belong to the aforesaid classes of loci but as the classes are 
numerous (including ' plane ‘ solid ‘ linear ‘ loci on surfaces 
&c.), we are none the wiser. Tannery conjectured that they 
were loci of points such that their distances from three fixed 
straight lines furnished a ‘mddi^t^’, i.e. loci (straight lines 
and conics) which we should represent in trilinear coordinates 
by such equations as 2y = a? + 2 r, y‘^:=^xz, y{x + z)=-2xz, 
x{x — y) = z{y—z), x{x~y) = y{y — ^)> the first three equations 
representing the arithmetic, geometric and harmonic means, 
while the last two represent the ‘ subcontraries ’ to the 
harmonic and geometric means respectively. Zeuthen has 
a different conjecture.^ He points out that, if QQ' be the 
polar of a given point 0 with reference to a conic, and CPOP' 
be drawn through C meeting QQ' in 0 and the conic in P, P', 
then GO is the harmonic mean to CP, OP ' ; the locus of 0 for 
all transversals GPP' is then the straifrht line 00'. If A. G 
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geometric mean between CP, GP\ the loci oi A, G respect 
are conics. Zenthen therefore suggests that these loci 
the corresponding loci of the points on GPP' at a disi 
from G equal to the subcontraries of the geometric 
harmonic means between CP and GP' are the ‘loci 
reference to means ’ of Eratosthenes ; the latter two loc; 
‘linear’, i.e. higher curves than conics. Needless to ss^y 
have no confirmation of this conjecture. 

Eratostheneses measurement of the Earth, 

But the most famous scientific achievement of Eratostl: 
was his measurement of the eart];i. Archimedes mentior 
we have seen, that some had tried to prove that the cin 
ference of the earth is about 300,000 stades. This 
evidently the measurement based on observations mad 
Lysimachia (on the Hellespont) and Syene. It was obse 
that, while both these places were on one meridian, the 
of Draco was in the zenith at Lysimachia, and Cancer ir 
zenith at Syene ; the arc of the meridian separating the 
in the heavens was taken to be 1 /l5th of the complete ci 
The distance between the two t( 
was estimated at 20,000 stades, 
accordingly the whole circumfereiii 
the earth was reckoned at 30( 
stades. Eratosthenes improved on 
He observed (1) that at Syene 
noon, at the summer solstice, 
sun cast no shadow from an upi 
gnomon (this was confirmed by 
observation that a well dug at 
same place was entirely lighted u 
the same time), while (2) at the same moment the gnomon f 
upright at Alexandria (taken to be on the same meridian ^ 
Syene) cast a shadow corresponding to an angle between 
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a, or 1 / 50th of four right angles. Now the distance from 8 
to A was known by measurement to be 5,000 stades ; it 
followed that the circumference of the earth was 250,000 
stades. This is the figure given by Cleomedes, but Theon of 
Smyrna and Strabo both give it as 252,000 stades. The 
reason of the disci'epancy is not known ; it is possible that 
Eratosthenes corrected 250,000 to 252,000 for some reason, 
perhaps in order to get a figure divisible by 60 and, inci- 
dentally, a round number (700) of stades for one degree. If 
Pliny is right in saying that Eratosthenes made 40 stades 
equal to the Egyptian <rxoLj/o 9 , then, taking the (rxoTi '09 at 
12,000 Royal cubits of 0-525 metres, we get 300 such cubits, 
or 157-5 metres, i.e. 516-73 feet, as the length of the stade. 
On this basis 252,000 stades works out to 24,662 miles, and 
the diameter of the earth to about 7,850 miles, only 50 miles 
shorter than the true polar diameter, a surprisingly close 
approximation, however much it owes to happy accidents 
in the calculation. 

We learn from Heron’s Dioptra that the measurement of 
the earth by Eratosthenes was given in a separate work On 
the Measurement of the Earth. According to Galen ^ this work 
dealt generally with astronomical or mathematical geographj^, 
treating of ‘ the size of the equator, the distance of the tropic 
and polar circles, the extent of the polar zone, the size and 
distance of the sun and moon, total and partial eclipses of 
these heavenly bodies, changes in the length of the day 
according to the different latitudes and seasons’. Several 
details are preserved elsewhere of results obtained by 
Eratosthenes, which were doubtless contained in this work. 
He is supposed to have estimated the distance between the 
tropic circles or twice the obliquity of the ecliptic at 11/ 83rds 
of a complete circle or 47° 42' 39"; but from Ptolemy’s 
language on this subject it is not clear that this estimate was 
not Ptolemy’s own. What Ptolemy says is that he himself 
found the distance between the tropic circles to lie always 
between 47° 40' and 47° 45', ‘from which we obtain about 
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ll/83rds of 360° It is consistent with Ptolemy’s lang 
to suppose that Eratosthenes adhered to the value oi 
obliquity of the ecliptic discovered before Euclid’s 
namely 24°, and Hipparchus does, in his extant Commer^ 
on the Phaenomena of Aratus and Eudoxus, say thai 
summer tropic is " very nearly 24° north of the equator 

The Doxographi state that Eratosthenes estimated 
distance of the moon from the earth at 780,000 stades 
the distance of the sun from the earth at 804,000,000 si 
(the versions of Stobaeus and Joannes Lydus admit 4,08( 
as an alternative for the latter figure, but this obvic 
cannot be right). Macrobius^ says that Eratosthenes i 
the ‘measure’ of the sun to be 27 times that of the e 
It is not certain whether measure means ‘solid conteni 
‘ diameter ’ in this ease ; the other figures on record mak^ 
former more probable, in which case the diameter of the 
would be three times that of the earth. Macrobius also 
us that Eratosthenes’s estimates of the distances of the 
and moon were obtained by means of lunar eclipses. 

Another observation by Eratosthenes, namely that at S 
(which is under the summer tropic) and throughout a c 
round it with a radius of 300 stades the upright gnc 
throws no shadow at noon, was afterwards made use o 
Posidonius in his calculation of the size of the sun. Assu] 
that the circle in which the sun apparently moves round 
earth is 10,000 times the size of a circular section of the t 
through its centre, and combining with this hypothesis 
datum just mentioned, Posidonius arrived at 3,000,000 si 
as the diameter of the sun. 

Eratosthenes wrote a poem called Hermes containing a 
deal of descriptive astronomy; only fragments of this 
survived. The work Catasterismi (literally ‘ placings ar 
the stars ’) which is extant can hardly be genuine in the 
in which it has reached us ; it goes back, however, to a ger 
work by Eratosthenes which apparently bore the same m 
alternatively it is alluded to as KardXoyot or by the gei 

^ Ptolemy, Syntaxis, i. 12, pp. 67. 22-68. 6. 

^ Macrobius, In Somn. Scip, i. 20. 9. 
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word *A(rrpopo/xLa (Suidas), which latter word is perhaps* a mis- 
take for AcrrpoOecTLa corresponding to the title 'Ao-TpoOeatai 
^cpSicoi/ found in the manuscripts. The work as we have it 
contains the story, mythological and descriptive, of the con- 
stellations, &c., under forty-four heads; there is little or 
nothing belonging to astronomy proper. 

Eratosthenes is also famous as the first to attempt a scientific 
chronology beginning from the siege of Troy; this was the 
subject of his XpovoypacpLaL, with which must be connected 
the separate 'OXvpLTriovLKaL in several books. Clement of 
Alexandria gives a short resumS of the main results of the 
former work, and both works were largely used by Apollo- 
dorus. Another lost work was on the Octaeteris (or eight- 
years' period), which is twice mentioned, by Geminus and 
Achilles; from the latter we learn that Eratosthenes re- 
garded the work on the same subject attributed to Eudoxus 
as not genuine. His Geograpkica in three books is mainly 
known to us through Suidas's criticism of it. It began with 
a history of geography down to his own time ; Eratosthenes 
then proceeded to mathematical geography, the spherical form 
of the earth, the negligibility in comparison with this of the 
unevennesses caused by mountains and valleys, the changes of 
features due to floods, earthquakes and the like. It would 
appear from Theon of Smyrna's allusions that Eratosthenes 
estimated the height of the highest mountain to be 10 stades 
or about 1 / 8000th part of the diameter of the earth. 



XIV 

CONIC SECTIONS. APOLLONIUS OF PER 

A. HISTORY OF CONICS UP TO APOLLONIUS 

Discovery of the conic sections by Menaechi 

We have seen that Menaechmus solved the problem 
two mean proportionals (and therefore the duplicai 
the cube) by means of conic sections, and that he is c 
with the discovery of the three curves ; for the epig] 
Eratosthenes speaks of ‘ the triads of Menaechmus v 
of course only two conics, the parabola and the recta 
hyperbola, actually appear in Menaechmus’s solutions 
question arises, how did Menaechmus come to think of < 
ing curves by cutting a cone ? On this we have no in 
tion whatever. Democritus had indeed spoken of a sec 
a cone parallel and very near to the base, which of 
would be a circle, since the cone would certainly be th 
circular cone. But it is probable enough that the at 
of the Greeks, whose observation nothing escaped, wc 
attracted to the shape of a section of a cone or a cylin 
a plane obliquely inclined to the axis when it occurre( 
often would, in real life ; the case where the solid v 
right through, which would show an ellipse, would p 
ably be noticed first, and some attempt would be m 
investigate the nature and geometrical measure of the ( 
tion of the figure in relation to the circular sections 

^ . 4.1. n j. : i. x. 


as well as a cone is acLuajiy maae uy Jiuciia in nis jr/tat^iou- 
mena : ‘ if says Euclid, ‘ a cone or a cylinder be cut by 
a plane not parallel to the base, the resulting section is a 
section of an acute-angled cone which is similar to a dvpeos^ 
(shield).’ After this would doubtless follow the question 
what sort of curves they are which are produced if we 
cut a cone by a plane which does not cut through the 
cone completely, but is either parallel or not parallel to 
a generator of the cone, whether these curves have the 
same property with the ellipse and with one another, and, 
if not, what exactly are their fundamental properties respec- 
tively. 

As it is, however, we are only told how the first writers on 
conics obtained them in actual practice. We learn on the 
authority of Geminus ^ that the ancients defined a cone as the 
surface described by the revolution of a right-angled triangle 
about one of the sides containing the right angle, and that 
they knew no cones other than right cones. Of these they 
distinguished three kinds ; according as the vertical angle of 
the cone was less than, equal to, or greater than a right angle, 
they called the cone acute-angled, right-angled, or obtuse- 
angled, and from each of these kinds of cone they produced 
one and only one of the three sections, the section being 
always made perpendicular to one of the generating lines of 
the cone ; the curves were, on this basis, called ' section of an 
acute-angled cone ’ ( = an ellipse), ^ section of a right-angled 
cone’ (= a parabola), and ‘section of an obtuse-angled cone ’ 
(= a hyperbola) respectively. These names were still used 
by Euclid and Archimedes. 

Menaechmus s probable procedure, 

Menaechmus’s constructions for his curves would presum- 
ably be the simplest and the most direct that would show the 
desired properties, and for the parabola nothing could be 
simpler than a section of a right-angled cone by a plane at right 
angles to one of its generators. Let OBG (Fig. 1) represent 


^ Eutocius, Comm, on Conics qf Apollonius. 


tb bfcjuuiuu bill uu^ IX jolut ^^ptjrpeiiaiuuiax uu 

right angles to the plane of the paper. 


o 



Fig. 1. 

If P is any point on the curve, and jPJV' perper 
AG, let JBGhe drawn through JV perpendicular to i 
the cone. Then P is on the circular section of the ' 
BC as diameter. 

Draw AD parallel to BC, and DF, CG parallel tc 
ing AL produced in F, G, Then AD, A F are hot 
by OL. 

If now PN = y, AN = x, 

PN^ = BN. NO. 

But B, Ay G, G are concyclic, so that 
BN.NC= AN.NG 
= AN.AF 


= AN.2AL. 

Therefore = AN. 2AL 

= 2AL . X, 

and 2 AL is the ^ parameter ’ of the principal ordina 
In the case of the hyperbola Menaechmus had to 
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cular hyperbola which we call rectangular or equilateral, 
ilso to obtain its property with reference to its asymp- 
, a considerable advance on what was necessary in the 
Df the parabola. Two methods of obtaining the particular 
rbola were possible, namely (1) to obtain the hyperbola 
ig from the section of any obtuse-angled cone by a plane 
ght angles to a generator, and then to show how a 
ngular hyperbola can be obtained as a particular case 
nding the vertical angle which the cone must have to 
a rectangular hyperbola when cut in the particular way, 
) to obtain the rectangular hyperbola direct by cutting 
ler kind of cone by a section not necessarily perpen- 
ar to a generator. 

Taking the first method, we draw (Fig. 2) a cone with its 
cal angle BOC obtuse. Imagine a section perpendicular 
e plane of the paper and passing through AG which is 
mdicular to OB. Let GA produced meet CO produced in 
ind complete the same construction as in the case of 
)arabola. 


a' 
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But, by similar triangles, 

m:AF= NG:AD 
= A'N-.AA'. 

A F 

Hence Pm = AN .A'N 

= ^-^,.AN.A'N, 

which is the property of the hyperbola, AA' bein^ 
call the transverse axis, and 2 AL the parameter of th( 
ordinates. 

Now, in order that the hyperbola may be rectai 
must have 2AL:AA' equal to 1. The problem thei 
is: given a straight line AA\ and AL along A' A 
equal to ^AA\to find a cone such that L is on its 
the section through AL perpendicular to the generat( 
jd is a rectangular hyperbola with A' A as transverse 
other words, we have to find a point 0 on the sti 
through A perpendicular to A A' such that OL \ 
angle which is the supplement of the angle AX) A, 

This is the case if A'O : OA = A'L : LA = 3:1; 

therefore 0 is on the circle which is the locus of 
such that their distances from the two fixed poi 
are in the ratio 3:1. This circle is the circle 
diameter, where A^K : KA = AXj: LA = 3:1. ] 

circle, and 0 is' then determined as the point in 
drawn perpendicular to AA^ intersects the circle. 

It is to be observed, however, that this dedu 
particular from a more general case is not usua 
Greek mathematics ; on the contrary, the particul 
led to the more general. Notwithstanding, therefoi 
orthodox method of producing conic sections is sa 
been by cutting the genex'ator of each cone perpe 
I am inclined to think that Menaechmus would g 
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For, let the right-angled cone HOK (Fig. 3) be cut by a 


plane through A^AN parallel 
to the axis OM and cutting the 
sides of the axial triangle HOK 
in A\ A, N respectively. Let 
P be the point on the curve 
for which PN is the principal 
ordinate. Draw OG parallel 
to HK. We have at once 

PK^^HN.KK 



Fig. 3. 


= CK^-CA\ since MK =: OM, and MK == OC = CA. 
This is the property of the rectangular hyperbola having A' A 
as axis. To obtain a particular rectangular hyperbola with 
axis of given length we have only to choose the cutting plane 
so that the intercept A' A may have the given length. 

But Menaechmus had to prove the asymptote-property of 
his rectangular hyperbola. As he can hardly be supposed to 
have got as far as Apollonius in investigating the relations of 
the hyperbola to its asymptotes, it is probably safe to assume 
that he obtained the particular property in the simplest way, 
i. e. directly from the property of the curve in relation to 
its axes. 




at rignt angles) ana jl i-ne aAis ui. a u 

P any point on the curve, PN the principal ordinj 
PK, PK' perpendicular to the asymptotes respectiv 
PN produced meet the asymptotes in R, R\ 

Now, by the axial property, 

( 74 ^ = CN^-PN^ 

= RN^-PN^ 

= RP.PR^ 

= 2PK.PK\ since IPRK is half a right 
therefore PK . PK' = 

Works by Aristaeus and Euclid. 

If Menaechmus was really the discoverer of the tl 
sections at a date which we must put at about 360 or 
the subject must have been developed very rapidly, f 
end of the century there were two considerable a 
conics in existence, works which, as we learn from 
were considered worthy of a place, alongside the i 
Apollonius, in the Treasury of Analysis. Euclid i 
about 300 B.C., or perhaps 10 or 20 years earlier 
Conics in four books was preceded by a work of . 
which was still extant in the time of Pappus, who de 
as ^ five books of Solid Loci connected (or continuous 
with the conics Speaking of the relation of Euclic 
in four books to this work, Pappus says (if the p 
genuine) that Euclid gave credit to Aristaeus for 
coveries in conics and did not attempt to anticipat 
wish to construct anew the same system. In p 
Euclid, when dealing with what Apollonius calls t' 
and four-line locus, ‘wrote so much about the locu 
possible by means of the conics of Aristaeus; without 
completeness for his demonstrations’.^ We gather fi 
remarks that Euclid’s Conics was a compilation and r 
ment of the geometry of the conics so far as knov 


^ Pappus, vii, p. 678. 4. 
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whereas the work of Aristaeus was more specialized and 
original. 


‘Solid loci' cvnd ‘solid problems'. 

)lid loci ' are of course simply conics, but the use of the 
' Solid loci ’ instead of ' conics ' seems to indicate that 
^ork was in the main devoted to conics regarded as loci. 
3 have seen, ^ solid loci ’ which are conics are distinguished 
' plane loci on the one hand, which are straight lines 
circles, and from ‘ linear loci ’ on the other, which are 
iS higher than conics. There is some doubt .as to the 
*eason why the term ' solid loci ’ was applied to the conic 
►ns. We are told that ‘plane ' loci are so called because 
are generated in a plane (but so are some of the higher 
ss, such as the quadratrix and the spiral of Archimedes), 
hat ‘ solid loci ' derived their name from the fact that 
arise as sections of solid figures (but so do some higher 
IS, e.g. the spiric curves which are sections of the anreipa 
’6). But some light is thrown on the subject by the corre- 
ling distinction which Pappus draws between ‘ plane 
[ ’ and ‘ linear ’ 'prohlems. 

se problems', he says, ‘which can be solved by means 
straight line and a circumference of a circle may pro- 
be called plane ; for the lines by means of which such 
ems are solved have their origin in a plane. Those, 
ver, which are solved by using for their discovery one or 
of the sections of the cone have been called solid ; for 
construction requires the use of surfaces of solid figures, 
ly those of cones. There I'emains a third kind of pro- 
, that which is called linear ; for other lines (curves) 
es those mentioned are assumed for the construction, the 
1 of which is more complicated and less natural, as they 
generated from more irregular surfaces and intricate 
ments.' ^ 

e true significance of the word ‘plane' as applied to 
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areas, manipulation of simple equations between an 
particular, the application of areas ; in other wc 
problems were those which, if expressed algebraical 
on equations of a degree not higher than tl 
Problems, however, soon arose which did not yield 
methods. One of the first was that of the duplicai 
cube, which was a problem of geometry in three din 
solid geometry. Consequently, when it was founc 
problem could be solved by means of conics, an* 
higher curves were necessary, it would be natural t 
them as ‘ solid ’ loci, especially as they were in faci 
from sections of a solid figure, the cone. The propr 
term would be only confirmed when it was found tl 
the duplication of the cube depended on the solutioi 
cubic equation, other problems such as the trisec 
angle, or the cutting of a sphere into two segmen 
a given ratio to one another, led to an equatioi 
volumes in one form or another, i. e. a mixed cubi* 
and that this equation, which was also a solid prol 
likewise be solved by means of conics. 


Aristaeus’s Solid Loci, 

The Solid Loci of Aristaeus, then, presumably 
loci which proved to be conic sections. In particuh 
have discussed, however imperfectly, the locus with 
three or four lines the synthesis of which Apolloniui 
he found inadequately worked out in Euclid’s Co 
theorems relating to this locus are enunciated by 
this way : 

‘ If three straight lines be given in position and fro 
the same point straight lines be drawn to meet 
straight lines at given angles, and if the ratio of th* 
contained by two of the straight lines so drawn to 
on the remainmor one be o-iven. then the nnint wi 
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same way the point will lie on a conic section given in 
-ion/ ^ 


le reason why Apollonius referred in this connexion to 
id and not to Aristaeus was probably that it was Euclid’s 
: that was on the same lines as his own. 
very large proportion of the standard properties of conics 
't of being stated in the form of locus-theorems; if a 
in property holds with regard to a certain point, then 
point lies on a conic section. But it may be assumed 
Aristaeus’ s work was not merely a collection of the 
lary propositions transformed in this way ; it would deal 
new locus-theorems not implied in the fundamental 
itions and properties of the conics, such as those just 
ioned, the theorems of the three- and four-line locus. 
)ne (to us) ordinary property, the focus-directrix property, 
as it seems to me, in all probability included. 


Focus-directrix property known to Euclid. 

is remarkable that the directrix does not appear at all in 
lonius’s great treatise on conics. The focal properties of 
central conics are given by Apollonius, but the foci are 
ned in a different way, without any reference to the 
trix; the focus of the parabola does not appear at all. 
may perhaps conclude that neither did Euclid’s Gonics 
bin the focus-directrix property ; for, according to Pappus, 
lonius based his first four books on Euclid’s four books, 
5 filling them out and adding to them. Yet Pappus gives 
proposition as a lemma to Euclid’s Surface-Loci, from 
h we cannot but infer that it was assumed in that 
ise without proof. If, then, Euclid did not take it from 
wn Conics, what more likely than that it was contained 
dstaeus’s Solid Loci ? 

ppus’s enunciation of the theorem is to the effect that the 
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Proof from, Fappus. 

The proof in the ease where the given ratio is different 
unity is shortly as follows. 

Let S be the fixed point, SX the perpendicular from 
the fixed line. Let P be any point on the locus and 


p 



K AN SK' 


“a' 


A' 


X 




perpendicular to SX, so that SP is to NX in the 
ratio (e); 

thus e® = (PN^ + 8N ^} : NXK 

Take K on SX such that 

e^ = SN^:NK^-, 

then, if K' be another point on SN, produced if nece 
such that NK = NK', . 

6=^ ; 1 = {PN 2 + SN ^) : NX^ = : NK^ 

= PN ^ : (NX^-NK^) 

= PN^ : XK . XK'. 

The positions ' of N, K, K' change with the position 
If J., J.' be the points on which N falls when K, K' co: 
with X respectively, we have 

SA-.AX^ SN: NK = e : 1 = SN:NK'= SA' : A'X 
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Similarly it can be shown that 

(1 ^e):e = XK':A'N. 

By multiplication, XK . XK'.AN. A'N = (1 - e ^) : e* ; 
and it follows from above, ex aequali, that 
pm: AN . A'N ^ {I 

which is the property of a central conic. 

When e < I, A and A' lie on the same side of X, while 
N lies on AA\ and the conic is an ellipse ; when e > I, A and 
A' lie on opposite sides of X, while N lies on A' A produced, 
and the conic is a hyperbola. 

The case where e = 1 and the curve is a parabola is easy 
and need not be reproduced here. 

The treatise would doubtless contain other loci of types 
similar to that which, as Pappus says, was used for the 
trisection of an angle : I refer to the proposition already 
quoted (vol. i, p. 243) that, if A, B are the base angles of 
a triangle with vertex P, and Z P = 2 Z J., the locus of P 
is a hyperbola with eccentricity 2. 

Propositions included in Euclid's Conics. 

That Euclid’s Conics covered much of the same ground as 
the first three Books of Apollonius is clear from the language 
of Apollonius himself. Confirmation is forthcoming in the 
quotations by Archimedes of propositions (1) ‘proved in 
the elements of conics’, or (2) assumed without remark as 
already known. The former class include the fundamental 
ordinate properties of the conics in the following forms : 

(1) for the ellipse, 

PN^ : AN. A'N = P'N'^ : AN'. A'N' = BO^ : AG^ ; 

(2) for the hyperbola, 

PN^ : AN. A'N = P'N'^ : AN ' . A'N ' ; 



aiigitis conuainea oy ine segmenijs oi tne uiiuiuo xcojjcui 
are to one another as the squares of the parallel tangents 
the by no means easy proposition that, if in a parabol 
diameter through P bisects the chord QQ' in V, and ^ 
drawn perpendicular to PF, then 

QV^iQD^ = p:20a^ 

where is the parameter of the principal ordinates anc 
the parameter of the ordinates to the diameter PF.. 

Conic sections in Archimedes. 

But we must equally regard Euclid’s Conics as the s 
from which Archimedes took most of the other ord 
properties of conies which he assumes without proof. E 
summarizing these it will be convenient to refer to A 
medes’s terminology. We have seen that the axes c 
eUipse are not called axes but diameters, greater and L 
the axis of a parabola is likewise its diameter and the 
diameters are ‘lines parallel to the diameter’, althouj 
a segment of a parabola the diameter bisecting the bi 
the ‘ diameter ’ of the segment. The two ‘ diameters ’ ( 
of an ellipse are conjugate. In the case of the hyperbol 
‘ diameter ’ (axis) is the portion of it within the (single-br 
hyperbola ; the centre i^ not called the ‘ centre but the 
in which the ‘ nearest lines to the section of an obtuse-a 
cone' (the asymptotes) meet; the half of the axis {G. 
‘ the line adjacent to the axis ’ (of the hyperboloid of revol 
obtained by making the hyperbola revolve about its ‘ diami 
and A' A is double, of this line. Similarly CP is th( 
‘adjacent to the axis’ of a segment of the hyperboloid 
P'P double of this line. It is clear that Archimedes di 
yet treat the two branches of a hyperbola as formin] 
curve ; this was reserved for Apollonius. 

The main properties of conics assumed by Archimec 
addition to those above mentioned may be summarized t 

Central Conics. 

1. The property of the ordinates to any diameter PP', 
QF2:PF.P'F= Q'V'^iPV'.P^V'. 
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In the case of the hyperbola Archimedes does not give 
any expression for the constant ratios PN‘^iAN.A'N and 
QV'^:PV ,P'V respectively, whence we conclude that he had 
no conception of diameters or radii of a hyperbola not meeting 
the curve. 

2. The straight line drawn from the centre of an ellipse, or 
the point of intersection of the asymptotes of a hyperbola, 
through the point of contact of any tangent, bisects all chords 
parallel to the tangent. 

3. In the ellipse the tangents at the extremities of either of two 
conjugate diameters are both parallel to the other diameter. 

4. If in a hyperbola the tangent at P meets the transverse 
axis in T, and PN is the principal ordinate, AN > AT. (It 
is not easy to see how this could be proved except by means 
of the general property that, if PP' be any diameter of 
a hyperbola, QV the ordinate to it from Q, and QT the tangent 
at Q meeting P'P in T, then TP iTP'^PV: P'F.) 

5. If a cone, right or oblique, be cut by a plane meeting all 
the generators, the section is either a circle or an ellipse. 

6. If a line between the asymptotes meets a hyperbola and 
is bisected at the point of concourse, it will touch the 
hyperbola. 

7. If X, y are straight lines drawn, in fixed directions respec- 
tively, from a point on a hyperbola to meet the asymptotes, 
the rectangle xy is constant. 

8. If PN be the principal ordinate of P, a point on an ellipse, 
and if NP be produced to meet the auxiliary circle in p, the 
YSitio pN : PN is constant. 

9. The criteria of similarity of conics and segments of 
conics are assumed in practically the same form as Apollonius 
gives them. 

The Parabola. 

1 . The fundamental properties appear in the alternative forms 



2. Parallel chords are bisected by one straight line par^ 
the axis, which passes through the point of contact 
tangent parallel to the chords. 

3. If the tangent at Q meet the diameter PF in P, and 
the ordinate to the diameter, PF = PT. 

By the aid of this proposition a tangent to the parabi 
be drawn (a) at a point on it, (6) parallel to a given cl: 

4. Another proposition assumed is equivalent to the pi 
of the subnormal, NG = 

5. If QQ' be a chord of a parabola perpendicular to ti 
and meeting the axis in ikf, while QVq another chord ] 
to the tangent at P meets the diameter through P in 
RHK is the principal ordinate of any point R on th^ 
meeting PF in J? and the axis in K, then PV:P1 
= MK.KA ; 'for this is proved* {On Floating Bodies, 

Where it was proved we do not know; the proof 
altogether easy.^ 

6. All parabolas are similar. 

As we have seen, Archimedes had to specialize 
parabola for the purpose of his treatises on the Quae 
of the Parabola, Conoids and Spheroids, Floating 
Book II, and Plane Equilibriums, Book II ; conseque 
had to prove for himself a number of special propositions 
have already been given in their proper places. A fev 
are assumed without proof, doubtless as being easy ded 
from the propositions which he does prove. They refer 
to similar parabolic segments so placed that their base 
one straight line and have one common extremity. 

1. If any three similar and similarly situated pj 
segments BQ^, BQ^, BQ^ lying along the same stfai^ 
as bases {BQ^ < BQ^ < BQ^), and if E be any point 
tangent at B to one of the segments, and EG a strai] 
through E parallel to the axis of one of the segme: 
meeting the segments in R^, R^, R^ respectively a 
in 0, then 

P3P2 * ^2-^1 ~ (Q2Q3 * * Q\ Q2)' 

^ See Apollonius of Perga, ed. Heath, p, liv. 
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two similar parabolic segments with bases BQ^ be 
i as in the last proposition, and if BR^R^ be any straight 
hrough B meeting the segments in R^, R^ respectively, 

BQ^:BQ^ = BR^iBR^. 

3se propositions are easily deduced from the theorem 
d in the Quadrature of the Parabola, that, if through E, 
nt on the tangent at B, a straight line ERO be drawn 
[el to the axis and meeting the curve in R and any chord 
irough B in 0, then 

ER:R0^B0:0Q. 

i the strength of these propositions Archimedes assumes 
)lution of the problem of placing, between two parabolic 
mts similar to one. another and placed as in the above 
sitions, a straight line of a given length and in a direction 
[el to the diameters of either parabola. 

slid and Archimedes no doubt adhered to the old method 
yarding the three conics as arising from sections of three 
of right circular cones (right-angled, obtuse-angled and 
-angled) by planes drawn in each case at right angles to 
erator of the cone. Yet neither Euclid nor Archimedes 
inaware that the "section of an acute-angled cone", or 
s, could be otherwise produced. Euclid actually says in 
haenomena that " if a cone or cylinder (presumably right) 
b by a plane not parallel to the base, the resulting section 
section of an acute-angled cone which is similar to 
)€6y (shield) Archimedes knew that the non-circular 
ns even of an oblique circular cone made by planes 
ig all the generators are ellipses ; for he shows us how, 
an ellipse, to draw a cone (in general oblique) of which 
a section and which has its vertex outside the plane 
e ellipse on any straight line through the centre of the 
3 in a plane at right angles to the ellipse and passing 
gh one of its axes, whether the straight line is itself 

i. 1 jLi.- - 
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for the other two conics, the hyperbola and parabola, and \ 
can scarcely avoid the inference that Archimedes was equal 
aware that the parabola and the hyperbola could be fou] 
otherwise than by the old method. 

The first, however, to base the theory of conics on t 
production of all three in the most general way from ai 
kind of . circular cone, right or oblique, was Apollonius, 
whose work we now come. 

B. APOLLONIUS OF PERGA 

Hardly anything is known of the life of Apollonius exc€ 
that he was born at Perga, in Pamphylia, that he we 
when quite, young to Alexandria, where he studied with t 
successors of Euclid and remained a long time, and tl 
he flourished (yeyoi/e) in the reign of Ptolemy Euerge 
(247-222 B.c ). Ptolemaeus Chennus mentions an astronon 
of the same name, who was famous during the reign 
Ptolemy Philopator (222-205 B.C.), and it is clear that c 
Apollonius is meant. As Apollonius dedicated the fourth a 
following Books of his Conics to King Attains I (241-197 b. 
we have a confirmation of his approximate date. He 
probably born about 262 B.c., or 25 years after Archimec 
We hear of a visit to Pergamum, where he made the acqua 
tance of Eudemus of Pergamum, to whom he dedicated 
first two Books of the Conics in the form in which they hj 
come down to us; they were the first two instalments o 
second edition of the work. 

The text of the Conics. 

The Conics of Apollonius was at once recognized as 
authoritative treatise on the subject, and later writers re 
larly cited it when quoting propositions in conics. Pap 
wrote a number of lemmas to it ; Serenus wrote a comm 
tary, as also, according to Suidas, did Hypatia. Euto( 
(fl. A.D. 500) prepared an edition of the first four Books 
wrote a commentary on them ; it is evident that he had bei 
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3 edition of Eutocius suffered interpolations which were 
hly made in the ninth century when, under the auspices 
Dn, mathematical studies were revived at Constantinople ; 

3 was at that date that the uncial manuscripts were 
3n, from which our best manuscripts, V (= Cod. Vat. gr. 
f the twelfth to thirteenth century) for the Conics, and 
= Cod. Vat. gr. 204 of the tenth century) for Eutocius, 
copied. 

ly the first four Books survive in Greek; the eighth 
is altogether lost, but the three Books V-VII exist in 
ic. It was Ahmad and al-Hasan, two sons of Muh. b. 
b. Shakir, who first contemplated translating the Conics 
Arabic. They were at first deterred by the bad state of 
manuscripts ; but afterwards Ahmad obtained in Syria 
ly of Eutocius’s edition of Books I-IV and had them 
lated by Hilal b. Abi Hilal al-Himsi (died 883/4). 
s V-VII were translated, also for Ahmad, by Thabit 
irra ( 826-901) from another manuscript. NasJraddln’s 
sion of this translation of the seven Books, made in 1248, 
presented by two copies in the Bodleian, one of the year 
(No. 943) and the other of 1626 containing Books V-VII 
(No. 885). 

Latin translation of BookvS I-IV was published by 
ernes Baptista Memus at Venice in 1537 ; but the first 
rtant edition was the translation by Commandinus 
gna, 1566), which included the lemmas of Pappus and 
commentary of Eutocius, and w^as the first attempt to 
c the . book intelligible by means of explanatory notes, 
the Greek text Commandinus used Cod. Marcianus 518 
Derhaps also Vat. gr. 205, both of which were copies of V, 
not V itself. 

e first published version of Books V-VII was a Latin 
lation by Abraham Echellensis and Giacomo Alfonso 
Hi (Florence, 1661) of a reproduction of the Books written 
3 by Abu 1 Fath al-Isfahani. 
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Latin. Gregory, however, died while the work was proceedii 
and Halley then undertook responsibility for the whole. 1 
Greek manuscripts used were two, one belonging to Sa'v 
and the other lent by D. Baynard ; their whereabouts cam 
apparently now be traced, but they were both copies of Pa: 
gr. 2356, which was copied in the sixteenth century from Pai 
gr. 2357 of the sixteenth century, itself a copy of V. For 1 
three Books in Arabic Halley used the Bodleian MS. 885, 1 
also consulted (a) a compendium of the three Books by *Abcl 
melik al-Shirazi (twelfth century), also in the Bodleian (91 
(h) Borelli’s edition, and (c) Bodl. 943 above mentioned, by met 
of which he revised and corrected his translation when co 
pleted. Halley's edition is still, so far as I know, the oi 
available source for Books V-VII, except for the beginning 
Book V (up to Prop. 7) which was edited by L. Nix (Leip^ 
1889). 

The Greek text of Books I-IV is now available, with i 
commentaries of Eutocius, the fragments of Apollonius, 
in the definitive edition of Heiberg (Teubner, 189 1-3). 

Apollonius’s own account of the Conics. 

A general account of the contents of the great work whi 
according to Geminus, earned for him the title of the ' gr 
geometer' cannot be better given than in the words of ^ 
writer himself. The prefaces to the several Books cont; 
interesting historical details, and, like the prefaces of Arc 
medes, state quite plainly and simply in what way i 
treatise differs from those of his predecessors, and how mi 
in it is claimed as original. The strictures of Pappus 
more probably his interpolator), who accuses him of bein| 
braggart and unfair towards his predecessors, are eviden 
unfounded. The prefaces are quoted by v. Wilamowi 
Moellendorff* as specimens of admirable Greek, showing h 
perfect the style of the great mathematicians could 
when they were free from the trammels of mathemati 
terminology. 
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During the time I spent with you at Pergamum 
lerved your eagerness to become acquainted with my 
in conics; I am therefore sending you the first book, 
L I have corrected, and I will forward the remaining 
when I have finished them to my satisfaction. I dare 
ou have not forgotten my telling you that I undertook 
ivestigation of this subject at the request of Naucrates 
eometer, at the time when he came to Alexandria and 
i with me, and, when I had worked it out in eight 
i, I gave them to him at once, too hurriedly, because he 
3n the point of sailing; they had therefore not been 
ughly revised, indeed I had put down everything just as 
urred to me, postponing revision till the end. Accord- 
I now publish, as opportunities serve from time to time, 
ments of the work as they are. corrected. In the mean- 
it has happened that some other persons also, among 
whom I have met, have got the first and second books 
3 they were corrected ; do not be surprised therefore if 
ome across them in a different shape, 
w of the eight books the first four form an elementary 
iuction. The first contains the modes of producing the 
sections and the opposite branches (of the hyperbola), 
he fundamental properties subsisting in them, worked 
lore fully and generally than in the writings of others, 
econd book contains the properties of the diameters and 
ses of the sections as well as the asymptotes, with other 
s generally and necessarily used for determining limits 
)ssibility {ScopLa/iioL); and what I mean by diameters 
ixes respectively you will learn from this book. The 
book contains many remarkable theorems useful for 
yntheses of solid loci and for diorismi ; the most and 
est of these theorems are new, and it was their discover}?' 
1 made me aware that Euclid did not work out the 
lesis of the locus with respect to three and four lines, but 
a chance portion of it, and that not successfully ; for it 
Lot possible for the said synthesis to be completed without 
id of the additional theorems discovered by me. The 
ti book shows in how many ways the sections of cones 
aeet one another and the circumference of a circle ; it 
ins other things in addition, none of which have been 
3sed bv earlier writers, namely the Questions in how 


tions of limits, and the last with determinate conic pi 
But of course, when all of them are published, it will 
to all who read them to form their own judgement aboi 
according to their own individual tastes. Farewell. 

The preface to Book II merely says that ApolL 
sending the second Book to Eudemus by his son Ap 
and begs Eudemus to communicate it to earnest studen 
subject, and in particular to Philonides the geomete 
Apollonius had introduced to Eudemus at Ephesus, 
no preface to Book III as we have it, although the pi 
Book IV records that it also was sent to Eudemus. 

Preface to Book IV. 

Apollonius to Attains, greeting. 

Some time ago I expounded and sent to Eudemus 
gamum the first three books of my conics which 
compiled in eight books, but, as he has passed away 
resolved to dedicate the remaining books to you be 
your earnest desire to possess my works. I am sen< 
on this occasion the fourth book. It contains a disci 
the question, in how many points at most it is pos 
sections of cones to meet one another and the circm 
of a circle, on the assumption, that they do not 
throughout, and further in how many points at 
section of a cone or the circumference of a circle can 
hyperbola with two branches, [or two double-brand 
bolas can meet one another]; and, besides these q 
the book considers a number of others of a simil 
Now the first question Conon expounded to Thrasydae 
out, liowever, showing proper mastery of the proofs 
this ground Nicoteles of Gyrene, not without reason, 
of him. The second matter has merely been ment 
Nicoteles, in connexion with his controversy witl 
as one capable of demonstration; But I have not 
demonstrated either by Nicoteles himself or by any 
The third question and the others akin to it I have r 
so much as noticed by any one. All the matters re: 
which I have not found anywhere, required for theii 
many and various novel theorems, most of which 
as a matter of fact, set out in the first three books, ’’ 
rest are contained in the present book. These thee 
of considerable use both for the syntheses of problem 
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smi. Nicoteles indeed, on account of his controversy 
Conon, will not have it that any use can be made of the 
veries of Conon for the purpose of diorismi; he is, 
ver, mistaken in this opinion, for, even if it is possible, 
3 ut using them at all, to arrive at results in regard to 
3 of possibility, yet they at all events afford a readier 
lS of observing some things, e.g. that several or so many 
ions are possible, or again that no solution is possible; 
such foreknowledge secures a satisfactory basis for in- 
^ations, while the theorems in question are again useful 
he analyses of diorismi. And, even apart from such 
Iness, they will be found worthy of acceptance for the 
of the demonstrations themselves, just as we accept 
r other things in mathematics for this reason and for 
bher. 

e prefaces to Books V- VII now to be given are repro- 
1 for Book V from the translation of L. Nix and for 
s VI, VII from that of Halley. 

Preface to Book V. 

►ollonius to Attains, greeting. 

this fifth book I have laid down propositions relating to 
mum and minimum straight lines. You must know 
my predecessors and contemporaries have only super- 
[y touched upon the investigation ‘of the shortest’ lines, 
biave only proved what straight lines touch the sections 
conversely, what properties they have in virtue of which 
are tangents. For my part, 1 have proved these pre- 
ss in the first book (without however making any use, in 
Toofs, of the doctrine of the shortest lines), inasmuch as 
shed to place them in close connexion with that part 
e subject in which I treat of the production of the three 
sections, in order to show at the same time that in each 
e three sections countless properties and necessary results 
ir, as they do with reference to the original (transverse) 
eter. The propositions in which I discuss the shortest 
I have separated into classes, and I have dealt with each 
idual case by careful demonstration; I have also con- 
d the investigation of them with the investigation of 
Teatest lines above mentioned, because I considered that 
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Preface to Book VI. 

Apollonius to Attains, greeting. 

I send you the sixth book of the conics, which einbrac 
propositions about conic sections and segments of conics eqi 
and unequal, similar and dissimilar, besides some other matt( 
left out by those who have preceded me. In particular, y 
will find in this book how, in a given right cone, a section c 
be cut which is equal to a given section, and how a right cc 
can be described similar to a given cone but such as to contg 
a given conic section. And these matters in truth I ha 
treated somewhat more fully and clearly than those who wr< 
before my time oh these subjects. Farewell. 

Preface to Book VII. 

Apollonius to Attalus, greeting. 

I send to you with this letter the seventh book on co] 
sections. In it are contained a large number of new propo 
tions concerning diameters of sections and the figures descril 
upon them ; and all these propositions have their uses in ma 
kinds of problems, especially in the determination of i 
limits of their possibility. Several examples of these oc( 
in the determinate conic problems solved and demonstrai 
by me in the eighth book, which is by way of an append 
and which I will make a point of sending to you as sc 
as possible. Farewell. 

Extent of claim to originality. 

We gather from these prefaces a very good idea of i 
plan followed by Apollonius in the arrangement of the si 
ject and of the extent to which he claims originality. Tl 
first four Books form, eis he says, an .elementary introducti 
by which he means an exposition of the elements of com 
that is, the definitions and the fundamental propositi< 
which are of the most general use and application ; the te 
‘ elements ’ is in fact used with reference to conics in exac 
the same sense as Euclid uses it to describe his great wo 
The remaining Books beginning with Book V are devoted 
more specialized investigation of particular parts of the si 
ject. It is only for a very small portion of the content of i 


ellipse, and circle with the double-branch hyperbola, and of 
two double-branch hyperbolas with one another, of the in- 
vestigations which had theretofore only taken account of the 
single-branch hyperbola. Even in Book V, the most remark- 
able of all, Apollonius does not say that normals as ‘ the shortest 
lines ’ had not been considered before, but only that they had 
been superficially touched upon, doubtless in connexion with 
propositions dealing with the tangent properties. He explains 
that he found it convenient to treat of the tangent properties, 
without any reference to normals, in the first Book in order 
to connect them with the chord properties. It is clear, there- 
fore, that in treating normals as maxima and minima, and by 
themselves, without any reference to tangents, as he does in 
Book V, he was making an innovation ; and, in view of the 
extent to which the theory o£ normals as maxima and minima 
is developed by him (in 77 propositions), there is no wonder 
that he should devote a whole Book to the subject. Apart 
from the developments in Books III, IV, V, just mentioned, 
and the numerous new propositions in Book VII with the 
problems thereon which formed the lost Book VIII, Apollonius 
only claims to have treated the whole subject more fully and 
generally than his predecessors. 

Great generality of treatment from the beginning. 

So far from being a braggart and taking undue credit to 
himself for the improvements which he made upon his prede- 
cessors, Apollonius is, if anything, too modest in his descrip- 
tion of his personal contributions to the theory of conic 
sections. For the ‘more fully and generally’ of his first 
preface scarcely conveys an idea of the extreme generality 
with which the whole subject is worked out. This character- 
istic generality appears at the very outset. 

Analysis of the Conics. 

Book I. 

Apollonius begins by describing a double oblique circular 
cone in the most general way. Given a circle and any point 
outside the plane of the circle and in general not lying on the 
1828.2 K 
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straight line through the centre of the circle perpendh 
its plane, a straight line passing through the point ai 
duced indefinitely in both directions is made to mov( 
always passing through the fixed point, so as to pass 
sively through all the points of the circle ; the straig 
thus describes a double cone which is in general obliqu 
Apollonius calls it, scalene. Then, before proceeding 
geometry of a cone, Apollonius gives a number of def 
which, though of course only required for conics, are si 
applicable to any curve. 

‘ In any curve,’ says Apollonius, ‘ I give the name dia't 
any straight line which, drawn from the curve, bisects 
straight lines drawn in the curve (chords) parallel 
straight line, and I call the extremity of the straig 
(i,e. the diameter) which is at the curve a vertex of th< 
and each of the parallel straight lines (chords) an c 
(lit. drawn ordinate- wise, rerayiiivoos KarriyOai) 
diameter.’ 

He then extends these terms to a pair of curves (the j 
reference being to the double-branch hyperbola), giv 
name transverse diameter to any straight line bisecting 
chords in both curves which are parallel to a given i 
line (this gives two vertices where the diameter m( 
curves respectively), and the name erect diameter {6j 
any straight line which bisects all straight lines 
between one curve and the other which are parallel 
straight line; the ordinates to any diameter are ag 
parallel straight lines bisected by it. Conjugate dian 
any curve or pair of curves are straight lines each oJ 
bisects chords parallel to the other. Aoces are the pa 
diameters which cut at right angles the parallel chordi 
they bisect ; and conjugate axes are related in the sai 
as conjugate diameters. Here we have practically our 
definitions, and bhere is a great advance on Archi 
terminology. 
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lentre of the circular base. After proving that all 
ns parallel to the base are also circles, and that there 
other set of circular sections subcontrary to these, he 
eds to consider sections of the cone drawn in any 
ler. Taking any triangle through the axis (the base of 
dangle being consequently a diameter of the circle which 
3 base of the cone), he is careful to make his section cut 
)ase in a straight line perpendicular to the particular 
eter* which is the base of the axial triangle. (There is 
)ss of generality in this, for, if any section is taken, 
)ut reference to any axial triangle, we have only to 
3 the particular axial triangle the base of which is that 
eter of the circular base which is 
ght angles to the straight line in 
h the section of the cone cuts the 
) Let ABG be any axial triangle, 
let any section whatever cut the 
in a straight line DE at right 
iS to BG] if then FM be the in- 
ction of the cutting plane and the 
. triangle, and if QQ' be any chord 
e section parallel to DE, Apollonius 
es that QQ' is bisected by PM. In 
: words, PM is a diameter of the section. Apollonius is 
ul to explain that, 

le cone is a right cone, the straight line in the base (DE) 
be at right angles to the common section (PM) of the 
ng plane and the triangle through the axis, but, if the 
is scalene, it will not in general be at right angles to PM, 
mil be at right angles to it only when the plane through 
ixis (i.e. the axial triangle) is at right angles to the base 
.e cone ' (I. 7). 

1 is to say, Apollonius works out the properties of the 
IS in the most general way with reference to a diameter 
h is not one of the principal diameters or axes, but in 



APOLLONIUS OF PERGA 


as particular cases of the new diameter of reference 
ree sections, the parabola, hyperbola, and ellipse art 
m the manner shown in the figures. In each case the 
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parabola parallel to AC; in the case of the hyperbola it meets 
the other half of the double cone in P'; and in the case of the 
ellipse it meets the cone itself again in P\ We draw, in 



the cases of the hyperbola and ellipse, AF parallel to PAl 
to meet BG or BC produced in F. 

Apollonius expresses the properties of the three curves by 
means of a certain straight line PL drawn at right angles 
to PM in the plane of the section. 

In the case of the parabola, PL is taken such that 

PL:PA = BC^:BA.AG; 

and in the case of the hyperbola and ellipse such that 

PL:PP^^BF.FC:AFK 

In the latter two cases we join P'L, and then draw VR 
parallel to PL to meet P'L, produced if necessary, in JK. 

If PLK be drawn through V parallel to BG and meeting 
AB, A(7in PL, K respectively, HK is the diameter of the circular 
section of the cone made by a plane parallel to the base. 

Therefore QV^ = HV , VK. 



whence 


= BC^:BA.AC 
= PL: PA, by hypothef 
= PL.PV-.Py.PA, 
QV^ = PL.PV. 


(2) In the case of the hyperbola and ellipse, 
Hy-PV= BF:FA, 
yK:P'V=FC:AF. 

Therefore QV ^- : FV. F'V =HV.VK : PV.P'V 

= BF.FC-.AF'^ 

= PL: PF', by hypothesi 
= B,V:F'V 


whence 


= py. yp.-.Fy.F'v, 

QF2 ^ py yp 


New names, ‘pamhola’, ‘ellipse’, ‘hyperhola 

with width^ial ^ 

f hyperbola the rectangle applied 
FV n to and has its width equal to the ; 

wLh t the Van reet 
ta£S by PA the rectan| 

ellipse the corresponding reetang 
(eXX«,r«) by a rectangle similar and similarly s 
he rectangle contained by PL PP^ ^ 

aon of alS td ttT“ Pythagorean a 

(wWo^wtl L A” "1 

(Saep^oX® wLe it 

ms short. ^ ’ ^ (Ihkeiyfrcs) w! 
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is called the latus rectum {opOta) or the parameter of 
'inates (nap* fjv SvvavraL at Karayofxevai reraypevcos) in 
.se. In the case of the central conics, the diameter PF^ 
transverse (rj TrXayia) or transverse diameter] while, 
lore commonly, Apollonius speaks of the diameter and 
^responding parameter together, calling the latter the 
rectum or erect side (opdia TrXevpd) and the former 
msverse side of the (elSo?) on, or applied to, the 

er. 

mental properties equivalent to Cartesian equations, 

is the parameter, and d the corresponding diameter, 
perties of the curves are the equivalent of the Cartesian 
ins, referred to the diameter and the tangent at itvS 
ity as axes (in general oblique), 

= px (the parabola), 

- px (the hyperbola and ellipse respectively). 

Apollonius expresses the fundamental property of the 
conics, like that of the parabola, as an equation 
n areas, whereas in Archimedes it appears as a 
don 

2/^ : (a^ + x^) = : a^, 

however, is equivalent to the Cartesian equation 
d to axes with the centre as origin. The latter pro- 
vith reference to the original diameter is separately 
in I. 21, to the effect that QV^ varies as PV ,P'V, as 
Y evident from the fact that QV^ :PV ,P'V = PL : PP', 
that PL : PP' is constant for any fixed diameter PP'. 
lonius has a separate proposition (I. 14) to prove that 
)Osite branches of a hyperbola have the same diameter 
lal latera recta corresponding thereto. As he was the 
treat the double-branch hyperbola fully, he generally 
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‘ If in a hyperbola, an ellipse, or the circumference of a ci 
sometimes, however, the double-branch hyperbola an 
ellipse come in one proposition, e.g. in I. 30: "If in an - 
or the opposites (i. e. the double hyperbola) a straight 1 
drawn through the centre meeting the curve on both si 
the centre, it will be bisected at the centre/ The prope 
conjugate diameters in an ellipse is proved in relat 
the original diameter of reference and its conjugate in 
where it is shown that, if DD' is the diameter conjug 
PF' (i.e. the diameter drawn ordinate- wise to PP')* j 
PP' bisects all chords parallel to DD\ so DD' bisects all 
parallel to PP^ ; also, if DU be drawn at right angles i 
and such that DU . DD' = PP'^ (or DU is a third propo] 
to DD', PP')y then the ellipse has the same property i] 
tion to DD' as diameter and DU as parameter that it 
relation to PP' as diameter and PL as the corresponding 
meter. Incidentally it appears that PL . PP' = DD'^, oi 
a third proportional to PP', DD', as indeed is obvious fr< 
property of the curve : PF. P7'= PX : PP' = DD'^ 
The next proposition, L 16, introduces the secondary dii 
of the double-branch hyperbola (i.e. the diameter conjug 
the transverse diameter of reference), which does not m( 
curve; this diameter is defined as that straight line 
through the centre parallel to the ordinates of the trar 
diameter which is bisected at the centre and is of lengtl 
to the mean proportional between the ‘ sides of the f 
i.e. the transverse diameter PP' and the corresponding 
meter PL, The cerdre is defined as the middle point 
diameter of reference, and it is proved that all other dia 
are bisected at it (I. 30). 

Props. 17-19, 22-9, 31-40 are propositions leading 
and containing the tangent properties. On lines exact 
those of EucLIII. 16 for the circle, Apollonius proves i 
a straight line is drawn through the vertex (i. e. the ext 
of the diameter of reference) parallel to the ordinates 
diameter, it will fall outside the conic, and no other st 


to the original diameter of reference ; if Q is the point of 
contact, QV the ordinate to the diameter through P, and 
if QT, the tangent at Q, meets the diameter produced in P, 
then (1) for the parabola Py = PT, and (2) for the central 
conic PP: TP'rrPF: FP'. The method of proof is to take a 
point P on the diameter produced satisfying the respective 
relations, and to prove that, if TQ be joined and produced, 
any point on TQ on either side of Q is outside the curve : the 
form of proof is by reduetio ad absurdum, and in each 
case it is again proved that no other straight line can fall 
between TQ and the curve. The fundamental property 
TPiTP' =: PViVP' for the central conic is then used to 
prove that CV. CT = OP^ and QF^ : (7F. FP = p : PP' (or 
GD^ : CP^) and the corresponding properties with reference to 
the diameter PP' conjugate to PP' and v, the points where 
DD' is met by the ordinate to it from Q and by the tangent 
at Q respectively (Props. I. 37-40). 

Transition to neiv diameter and tangent at its extremity. 

An important section of the Book follows (I. 41-50), con- 
sisting of propositions leading up to what amounts to a trans- 
formation of coordinates from the original diameter and the 
tangent at its extremity to any diameter and the tangent at 
its extremity ; what Apollonius proves is of course that, if 
any other diameter be taken, the ordinate-property of the 
conic with reference to that diameter is of the same form as it 
is with reference to the original diameter. It is evident that 
this is vital to the exposition. The propositions leading up to 
the result in I. 50 are not usually given in our text-books of 
geometrical conics, but are useful and interesting. 

Suppose that the tangent at any point Q meets the diameter 
of reference PF in P, and that the tangent at P meets the 
diameter through Q in E. Let R be any third point on 
the curve; let the ordinate RW to PF meet the diameter 
through Q in P, and let RU parallel to the tangent at Q meet 
PF in U. Then 

(1) in the parabola, the triangle RTJW == the parallelogram 
EW, and 
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(2)’ in the hyperbola or ellipse, ARUW = the difference 
between the triangles CFW and CPE. 

(1) In the parabola ARUW:^QTV = RW^ :QV^ 

= PF:PF 
= U3EW: CJEV. 

But, since TV = 2PV, OPF: 

therefore ARUW = CJEW. 

(2) The proof of the proposition with reference to the 
central conic depends on a Lemma, proved in I. 41, to the effect 
that, if PX, VY be similar parallelograms on CP, CV as bases, 
and if VZ be an equiangular parallelogram on QF as base and 
such that, if the ratio of CP to the other side of PX is m, the 
ratio of QF to the other side of VZ is m .p/ PP\ then VZ is 
equal to the difference between VY and PX. The proof of the 
Lemma by Apollonius is difficult, but the truth of it can be 
easily seen thus. 

By the property of the curve, QV^ : GV'^ GP^ = p : PP' ; 

therefore CV^ GP^ = ~ . Q VK 

P 

Now CJPX = fi . CP^/ m, where is a constant depending 
on the angle of the parallelogram. 

Similarly 

PP' 

C3VY=^ fi.GVym, and nnVZ = .-^QV^m. 

It follows that ' O FF - CJPX = CJ VZ. 

Taking now the triangles GFW, CPE and RUW in the 
ellipse or hyperbola, we see that GFW, GPE are similar, and 
RUW has one angle (at IF) equal or supplementary to the 
angles at P and F in the other two triangles, while we have 

QV^:CV.VT^p:PP\ 



therefore 


A jRCTTf = A CFW - A OPR 


The same property with reference to the diameter sec 
to GPV is proved in I. 45. 

It is interesting to note the exact significance of the p: 
thus proved for the centrarconic. The proposition, 
the foundation of Apollonius’s method of transforms 
coordinates, amounts to this. If C7P, CQ are fixec 
diameters and E a variable point, the area of the quadr 
CFRU is constant for all positions of R on the conic. £ 
now that CP, GQ are taken as axes of x and y respe 
If we draw RX parallel to GQ to meet GP and RY pai 
GP to meet GQ, the proposition asserts that (subject 
proper convention as to sign) 

ARYF+CJCXRY+ ARXU = (const). 

But since RX, RY, RF, RJJ are in fixed directions, 

APFP varies as RY^ or OGXRY as RX.Ri 
and ARXU as or y^. 

Hence, if x, y are the coordinates of R, 

ax^ + I3xy + yy^ = A, 

which is the Cartesian equation of the conic referrec 
centre as origin and any two diameters as axes. 

The properties so obtained are next used to pro^ 
if UR meets the curve again in R' and the diameter 
Q in M, then RR" is bisected at M. (I. 46-8). 

Taking (1) the case of the parabola, we have, 

ARUW=OJRW, 

and AR'UW^=Cd£!W'. 

By subtraction, (RWW'R'j = C3F'W, 
whence ARFM = AR'F'M, 

and, since the triangles are similar, RM = R'M. 

The same result is easily obtained for the central cc 

It follows that EQ produced in the case of the p 
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or GQ in the case of the central conic, bisects all chords as 
RR' parallel to the tangent at Q. Consequently EQ and CQ 
are diameters of the respective conics. 

In order to refer the conic to the new diameter and the 
corresponding ordinates, we have only to determine the para- 
meter of these ordinates and to show That the property of the 
conic with reference to the new parameter and diameter is in 
the same form as that originally found. 

The propositions I. 49, 50 do this, and show that the new 
parameter is in all the cases p\ where (if 0 is the point of 
intersection of the tangents at R and Q) 

0Q:QE^p':2QT. 

(l) In the ease of the parabola, we have TP = PF = EQ, 
whence AEOQ = A POT. 

Add to each the figure POQF'W' \ 
therefore QTW'F' = C3EW' = AR'UW\ 
whence, subtracting MUW'F' from both, we have 
AR'MF' = C3QU. 

Therefore RM . MF' =2QT. QM. 

But RM : MF^ = OQ : QP = pT 2 QT, by hypothesis ; 
therefore RM^iRM.MF' = p\QM:2QT.QM. 

And RM .MF^ = 2QT . QM, from above ; 
therefore RM^^ = p' . QM, 

which is the desired property.^ 


^ The proposition that, in the case of the parabola, if p be the para- 
meter of the ordinates to the diameter through Q, then (see the first figure 
on p. 142) 

0Q:QE = p:2QT 



(2) In the case of the central conic, we have 
ARUW' = AGF'W' - ACPK 

(Apollonius here assumes what he does not prove till ] 
namely that AOPE = ACQT. This is proved thus. 

We have CV: CT = OV^ : GP^ ; (I. 3^ 

therefore AGQV: AGQT = AGQV: AGPE, 
so that AGQT = AGPE.) 

Therefore ARUW' AGF'W' ^ A GQZ 
and it is easy to prove that in all cases 
ARMF' = QTUM, 

Therefore R'M.MF' = QM{QT+MU). 

Let QL be drawn at right angles to GQ and equal 
Join Q'i and draw MK parallel to QL to meet Q^L ; 
Draw GH parallel to Q^L to meet QL in H and MK in iV 

Now iJ'if : MF^ =zOQ:QE 

= QL : 2QT, by hypothesis, 
^QH:QT, 

But QTiMU^GQ: GM = QH:MN, 

so that {QH + MN) : ($7+ M7) = QH:QT 

= JS'Jf : MF', from abo^ 

where is the parameter of the principal ordinates and n^the 
meter of the ordinates to the diameter 
PV. 

If the tangent at the vertex A meets 
FPpmduced in E, and FT, the tangent 
atP, in 0, the proposition of Apollonius 
proves that 

0P:PE^p:2PT. 

But 0P = ^PT; 
therefore PT* = p . PE 
-=p,AN, 

QV ^ : QIP = pr 2 . gimiiaj. triangles, 

= p . AJV':jp„. AN 



Thus 
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:ollows that 

}M{QH^ MN ) : QM{QT+MU) = : RM . MR ; 

rom above, QM{QT + MU) = RM . MR ; 

Fore E'Jlf 2. = QM{QH+ MN) 

= Qilf . MK, 

1 is the desired property. 

the case of the hyperbola, the same property is true for 
pposite branch. 

3se important propositions show that the ordinate property 
i three conics is of the same form whatever diameter is 
. as the diameter of reference. It is therefore a matter 
lifFerence to which particular diameter and ordinates the 
is referred. This is stated by Apollonius in a summary 
i follows I. 50. 


First appearance of p>'^i"^cipal axes, 

3 axes appear for the first time in the propositions next 
img (I. 52-8), where Apollonius shows how to construct 
Df the conics, given in each case (1) a diameter, (2) the 
\i of the corresponding parameter, and (3) the inclination 
e ordinates to the diameter. In each case Apollonius 
bssumes the angle between the ordinates and the diameter 
a right angle ; then he reduces the case where the angle 
ique to the case where it is right by his method of trans- 
btion of coordinates; i.e. from the given diameter and 
leter he finds the axis of the conic and the length of the 
jponding parameter, and he then constructs the conic as 
^ first case where the ordinates are at right angles to the 
iter. Here then we have a case of the proof of existence 
eans of construction. The conic is in each case con- 
;ed by finding the cone of which the given conic is a 
n. The nroblem of finding the axis of a narabola and 


vvxiciiu J 


JL, oxxv/ vv xxvju xxx^x 

obtained by Apollonius, but the way in which h 
work ; and it will have been realized how entirel 
and general the method is. When the foundation h 
and the fundamental properties established, Apolloi 
to develop the rest of the subject on lines more 
those followed in our text-books. My description 
of the work can therefore for the most part be coi 
summary of the contents. 

Book II begins with a section devoted to the pr 
the asymptotes. They are constructed in II. 1 in 
Beginning, as usual, with any diameter of referenc 
corresponding parameter and inclination of ordinj 
lonius draws at P the vertex (the extremity df the 
a tangent to the hyperbola and sets off along it lengt 
on either side of P such that PL^=PP^=^p , PI 
where p is the parameter. He then proves that Gi 
duced will not -meet the curve in any finite point and 
fore asymptotes. II. 2 proves further that no sti 
through C within the angle between the asymptote 
be an asymptote- II. -3 proves that the intercept ir 
asymptotes on the tangent at any point P is bisecte( 
that the square on each half of the intercept is eqi 
fourth of the ‘ figure ' corresponding to the diamet( 
P (i.e. one-fourth of the rectangle contained by i 
side, the latus rectum or parameter correspondi 
diameter, and the diameter itself) ; this property is 
means of drawing a hyperbola when the asymptot 
point on the curve are given (II. 4). II. 5-7 are p 
about a tangent at the extremity of a diameter bei: 
to the chords bisected by it. Apollonius retur 
asymptotes in II. 8, and II. 8-14 give the othe 
properties with reference to the asymptotes (II. J 
verse of II. 3), the equality of the intercepts be 
asymptotes and the curve of any chord (II. 8), the < 
the rectangle contained by the distances between ei 
in which the chord meets the curve and the poini 
section with the asymptotes to the square on tl 
semi-diameter (II. 10), the latter property with n 
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the portions of the asymptotes which include between them 
a branch of the conjugate hyperbola (IL 11), the constancy of 
the rectangle contained by the straight lines drawn from any 
point of the curve in fixed directions to meet the asymptotes 
(equivalent to the Cartesian equation with reference to the 
asymptotes, xy = const.) (II. 12), and the fact that the curve 
and the asymptotes proceed to infinity and approach con- 
tinually nearer to one another, so that the distance separating 
them can be made smaller than any given length (II. 14). II. 1 5 
proves that the two opposite branches of a hyperbola have the 
same asymptotes and II. 16 proves for the chord connecting 
points on two branches the property of II. 8. II. 1 7 shows that 
' conjugate opposites ’ (two conjugate double-branch hyper- 
bolas) have the same asymptotes. Propositions follow about 
conjugate hyperbolas; any tangent to the conjugate hyper- 
bola will meet both branches of the original hyperbola 
and will be bisected at the point of contact (II. 19); if Q be 
any point on a hyperbola, and CE parallel to the tangent 
at Q meets the conjugate hyperbola in E, the tangent at 
E will be parallel to CQ and CQ, CE will be conjugate 
diameters (II. 20), while the tangents at Q, E will meet on one 
of the asymptotes (II. 21) ; if a chord Qq in one branch of 
a hyperbola meet the asymptotes in li, r and the conjugate 
hyperbola in Q\ q', then Q'Q .Qq' = 2CD^ (II. 23). Of the 
rest of the propositions in this part of the Book the following 
may be mentioned : if IXi, TQ' are two tangents to a conic 
and V is the middle point of QQ', TV is a diameter (II. 29, 
30, 38) ; if tQ, tQ''he tangents to opposite branches of a hyper- 
bola, RR' the chord through t parallel to QQ'^ v the middle 
point of QQ', then vR, vR' are tangents to the hyperbola 
(II. 40) ; in a conic, or a circle, or in conjugate hyperbolas, if 
two chords not passing through the centre intersect, they do not 
bisect each other (II. 26, 41, 42). II. 44-7 show how to find 
a diameter of a conic and the centre of a centi'al conic, the 
axis of a parabola and the axes of a central conic. The Book 
concludes with problems of drawing tangents to conics in 
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the last problem, proving that, if the tangent to an elli 
any point P meets the major axis in T, the angle OPT 
greater than the angle ABA\ where B is one extremity . 
minor axis. 

Book III begins with a series of propositions aboi 
equality of certain areas, propositions of the same kind a 
easily derived from, the propositions (I. 41 - 50 ) by mei 
which, as already shown, the transformation of coordin^ 
effected. We have first the proposition that, if the tar 
at any points P, Q of a conic meet in 0, and if they 
the diameters through Q, P respectively in Ey 1\ 
AOPT = AOQE (III. 1, 4 ) ; and, if P, Q be points on ad- 
branches of conjugate hyperbolas, aGPE ACQT (IL 
With the same notation, if R be any other point on the 
and if we draw RU parallel to the tangent at Q nieetix 
diameter through P in Z7 and the diameter through Q 
and RW parallel to the tangent at P meeting QP in 1 
the diameters through Q, P in P, W, then AHQF = qi 
lateral HTUR (III. 2. 6) ; this is proved at once from th 
that ARMF ^ quadrilateral QTTJM (see I. 49 , 50 , or pp. 
above) by subtracting or adding the area HRMQ on 
side. Next take any other point R\ and draw KTJ\ F^H 
in the same way as before ; it is then proved that, if PU, 
meet in I and RTJ\RW in /,the quadrilaterals F'lRF, 1 1 
are equal, and also the quadrilaterals FJR'F\ JIJ'UR (] 
7 , 9 , 10 ). The proof varies according to the actual pos 
of the points in the figures. 

In Figs. 1, 2 AHFQ = quadrilateral HTUR, 
AH'F'Q = H'TU'R\ 

By subtraction, FHH^F'= IUU'R + {IE ) ; 
whence, if IH be added or subtracted, F'lRF = JUU'R 


V 
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Adding the quadrilateral CF M T, we liave 

AH'rQ = H'TU'R\ 
and similarly aHFQ = HTUR. 

By subtraction, F'H'HF ^ H'TU' R' — HTUR, 

Adding H'lRH to each side, we have 
F'IRF^IUU'R\ 

If each of these quadrilaterals is subtracted from //, 

FJRF' = JU^UR. 

The corresponding results are proved in III. 5, li, ] 
for the case where the ordinates through RR' are dra^ 
a secondary diameter, and in III. 15 for the case where 
are on the original hyperbola and R, R' on the conj 
hyperbola. 

The importance of these propositions lies in the fact 
they are immediately used to prove the well-known the( 
about the rectangles contained by the segments of inters( 
chords and the harmonic properties of the pole and 
The former question is dealt with in III. 16-23, which 
a great variety of particular cases. We will give the 
of one case, to the effect that, if OP, OQ be two tar 
to any conic and Pr, PV be any two chords paral 
them respectively and intersecting in J, an internal or ex 
point, 

then RJ.Jr : R'J . Jr' = OP^ : OQ^ = (const.). 

We have 

RJ.Jt=RW^--^JW\ and RW^ : JW^ ARUW : Ajl 
therefore 
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Similarly : JM'^ = ARF'M' : A JFM', 

whence R'J . JF : R'M'^ = FJKF' : ARF'M'. 

But R'M'^ : OQ^ = ARF'M' lAOQE; 

therefore, ex aequali, R'J . Jr ' : OQ^ = FJR'F' : AOQE. 

It follows, since FJRF' = JU'UR, and A OPT = AOQE, 
that RJ . Jr : OP^ = RJ . Jr' : OQ^ 

or RJ . Jr : E' J . Jr' = OP^ : 0Q\ 

If we had taken chords Er^, EV/ parallel respectively to 
OQ, OP and intersecting in /, an internal or external point, 
we should have in like manner 

RI . Ir^ : RI . Jr/ = OQ^ : OPK 

As a particular case, if PP' be a diameter, and Er, EV be 
chords parallel respectively to the tangent at P and the 
diameter PP' and intersecting in J, then (as is separately 
proved) 

RI.lT:RI.Ir'=:p:PP'. 

The corresponding results are proved in the cases where certain 
of the points lie on the conjugate hyperbola. 

The six following propositions about the segments of inter- 
secting chords (III. 24-9) refer to two chords in conjugate 
hyperbolas or in an ellipse drawn parallel respectively to two 
conjugate diameters PP', DP', and the results in modern form 
are perhaps worth quoting. If Er, EV be two chords so 
drawn and intersecting in 0, then 

(a) in the conjugate hyperbolas 

EO . Or RO .Or' _ ^ 

CR - ^ 


and 


(EO^ + Or^) : (RO^ + 0/2) ^ cp2 . cp2 . 
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The general propositions containing the harmonic prope 
of the pole and polar of a conic are III. 37-40, which f 
that in any conic, if TQ, Tq be tangents, and if Qq the c 
of contact be bisected in V, then 

(1) if any straight line through T meet the conic in R\ R 
Qq in /, then (Fig. l) RT : TR' = RI : IR ; 

.H 



(2) if any straight line through Fmeet the conic in R, R 
the parallel through T to Qq in 0, then (Fig. 2) 

RO : OR = RV: VR. 


H 
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To prove (1) we have 

R'r- : : QE^= AH^F'Q :AHFQ^H'TU'W : HTUR 

(III. 2, 3, &c.). 

Also RfT ^ : TR^ = R'U '^ : UR^ = AR'WW ^ : ARUW, 
and : TR^ ^ : TW^ = ATE^TF'-: aTEF, 

so that R'T^:TR^ ^ ATH'W' ^ AR'U'W' :ATEW aRUW 
= E'TU'R'iETUR 
= E'/^ : /E^, from above. 

To prove (2) we have 

E72 : FE'*^ = E6^2. jj/j7/2 ^ aEEF: AE'E'F^ 
and also 

= EQ ^ : ^ ^hFQ : AJEE^Q = ETUR * : IFTWR', 

so that 

EF^: FE'2 = Ert/E + aECTFiEW^E' + AE'E'F' 

= ATEW-.ATE'W' 

= TW^^'.TW''^ 


= EO'^ : OE"^. 

Props. HI. 30-6 deal separately with ,the particular cases 
in which (a) the transversal is parallel to an asymptote of the 
hyperbola or (6) the chord of contact is parallel to an asymp- 
tote, i. e. where one of the tangents is an asymptote, which is 
the tangent at infinity. 

Next we have propositions about intercepts made by two 
tangents on a third; If the tangents at three points of a 
parabola form a triangle, all three tangents will be cut by the 
points of contact in the same proportion (III. 41) ; if the tan- 
gents at the extremities of a diameter EP' of a central conic 

/v» ov^TT + o vy 4- /TTT ilO\ • 
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L, L' and Jf, M' respectively, then UM, LM' are both ps 
to FQ (III. 44). 

The first of these propositions asserts that, if the tange; 
three points P, Q, P of a parabola form a triangle pgr, tl 

— gp rpP. 

From this property it is easy to deduce the Cart 
equation of a parabola referred to two fixed tangen 
coordinate axes. Taking gi2, gP as fixed coordinate ax€ 
find the locus of Q thus. Let y be the coordinates 
Then, if gp = gr = gP = Ti, qP = h we have 

Qp y 2 /i 

From these equations we derive 

x^^-hx, y^^-ky; 

also, since — = ^ 3 we have — -f ^ = 1 . 

2/1-2/ 2/1 

By substituting for x^, y-^ the values V {hx), {ky 

obtain 



The focal properties of central conics are proven 
III. 45-52 without any reference to the directrix ; the 
no mention of the focus of a parabola. The foci are c 
‘the points arising out of the application’ (ra e/c ttJs* 7 
fioXrj^ yivoyeva 0-77 /zeia), the meaning being that S, are t 
on the axis A A' such that A/S.iSA' = A^'.>S'A' = Jp^. 
or that is, in the phraseology of application of s 
a rectangle is applied to AA' as base equal to one-f( 
part of the ‘figure', and in the case of the hyperboh 
ceeding, but in the case of the ellipse falling short, 1 
square figure. The foci being thus found, it is proved 
if the tangents Ar, AV' at the extremities of the axis are 

VkTT ■i'Vk -l-rt r9r\-n4- n 4- amw -mn. "D 1 1 / Ti 
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used to prove that the focal distances of P make equal angles 
with the tangent at P (III. 48). In III. 49-52 follow the 
other ordinary properties, that, if SY be perpendicular to 
the tangent at P, the locus of F is the circle on A A' as 
diameter, that the lines from C drawn parallel to the focal 
distances to meet the tangent at P are equal to CA, and that 
the sum or difference of the focal distances of any point is 
equal to AA'. 

The last propositions of Book III are of use with reference 
to the locus with respect to three or four lines. They are as 
follows, 

1 . If PP' be a diameter of a central conic, and if PQ, P'Q 
drawn to any other point Q of the conic meet the tangents at 
P\ P in R\ R respectively, then PR . P'R = 4 CD^ (III. 53). 

2. If TQ, TQ' be two tangents to a conic, V the middle point 
of QQ\ P the point of contact of the tangent parallel to QQ\ 
and R any other point on the conic, let Qr parallel to TQ' 
meet Q'R in r, and Q'r parallel to TQ meet QR in r ; then 

Qr : QV : = (PF^ : Pr ^) . {TQ . TQ': QV% (HI. 54, 56.) 

3. If the tangents are tangents to opposite branches of a 
hyperbola and meet in t, and if P, r, t' are taken as before, 
while tq is half the chord through t parallel to QQ', then 

Qr , Q't' : QQ'^ = tQ . tQ ' : tq\ (III. 55.) 

The second of these propositions leads at once to the three- 
line locus, and from this we easily obtain the Cartesian 
equation to a conic with reference to two fixed tangents as 
axes, where the lengths of the tangents are h, k, viz. 

Book IV is on the whole dull, and need not be noticed at 
length. Props. 1-23 prove the converse of the propositions in 
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lively. Take 0 on QQ' and 0' on iJiJ' so that TQ', TR^ 
harmonically divided. The intersections of 00' produced v 
the conic give the two points of contact required. 

The remainder of the Book (IV. 24-57) deals with intersect 
conics, and the number of points in which, in particular ca 
they can intersect or touch. IV. 24 proves that no two coi 
can meet in such a way that part of one of them is comr 
to both, while the rest is not. The rest of the propositi 
can be divided into five groups, three of which can be brou 
under one general enunciation. Group I consists of parties 
cases depending on the more elementary considerations aff 
ing conics : e.g. two conics having their concavities in oj 
site directions will not meet in more than two points (IV. : 
if a conic meet one branch of a hyperbola, it will not n 
the other branch in more points than two (IV. 37); a C( 
touching one branch of a hyperbola with its concave i 
will not meet the opposite branch (IV. 39). IV. 36, 41, 42 
54 belong to this group. Group II contains propositi 
(IV. 25, 38, 43, 44, 46, 55) showing that no two co: 
(including in the term the double-branch hyperbola) 
intersect in more than four points. Group III (IV. 26, 47, 
49, 50, 56) are particular cases of the proposition that 
conics which touch at one point cannot intersect at more t 
two other points. Group IV (IV. 27, 28, 29, 40, 51, 52, 53, 
are cases of the proposition that no two conics which tc 
each other at two points can intersect at any other pc 
Group V consists of propositions about double contact, 
parabola cannot touch another parabola in more points t 
one (IV. 30); this follows from the property TP = PF. 
parabola, if 'it fall outside a hyperbola, cannot have doi 
contact with it (IV. 31); it is shown that for the hyper 
PF>PT, while for the parabola P'F = P'P; therefore 
hyperbola would fall outside the parabola, which is imposs; 
A parabola cannot have internal double contact with an ell 
or circle (IV. 32). A hyperbola cannot have double con 
with another hyperbola havinsr the same centre (IV. : 
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remarkable of the extant Books. It deals with normals 
lies regarded as maximum and minimum straight lines 
Q from particular points to the curve. Included in it are 
ies of propositions which, though worked out by the 
t geometrical methods, actually lead immediately to the 
mination of the evolute of each of the three conics ; that 
say, the Cartesian equations to the evolutes can be easily 
led from the results obtained by Apollonius. There can 
doubt that the Book is almost wholly original, and it is 
itable geometrical tour de force. 

ollonius in this Book considers various points and classes 
Ints with reference to the maximum or minimum straight 
which it is possible to draw from them to the conics, 
3 the feet of normals to the curve. He begins naturally 
points on the axis, and he takes first the point E where 
leasured along the axis from the vertex A is p being 
rincipal parameter. The first three propositions prove 
ally and for certain particular cases that, if in an ellipse 
lyperbola AM be drawn at right angles to AA^ and equal 
>, and if CM meet the ordinate PN of any point P of the 
in H, then PN^ = 2 (quadrilateral MANH) ; this is a 
a used in the proofs of later propositions, V. 5, 6, &c. 
, in V. 4, 5, 6, he proves that, if AE = f p, then AE is the 
mum straight line from E to the curve, and if P be any 
point on it, PE increases as P moves farther away from 
either side ; he proves in fact that, if PN be the ordinate 

P, 

in the case of the parabola PE^ = AE^-^AN^, 
in the case of the hyperbola or ellipse 

PE^ = AEP + AN^--^^^, 

3 of course p = BB'^/AA', and therefore {AA' ±p) / A A' 
livalent to what we call the square of the eccentricity. 

cjIro nrovftd tb^t PA' is thft straicrht linft from 
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Next Apollonius takes points G on the axis at a dist 
from A greater than and he proves that the minir 
straight line from G to the curve (i.e. the normal) is 
where P is such a point that 

(1) in the case of the parabola NG = 

(2) in the case of the central conic JUG : ON = ' -4 ; 

and, if P' is any other point on the conic, P'G increases a 
moves away from P on either side ; this is proved by si 
ing that 

(1) for the parabola P'G^ = PG^ + ; 

(2) for the central conic P'G'^ = PG^^ + 17 • 
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We have P'N'^ = p . AN' ^ 2 NG. AN'', 
and N'G‘^ = NN'^ + NG^±2NG.NN', 

according to the position of N'. 

Therefore P'G‘^ = 2NG . AN NG^ ^ NN'^ 

=^PN^- + NG^-^NN'^ 

= P(?24-WW'2; 
and the proposition is proved. 

(2) In the case of the central conic, take G on the axis such 
that AG > and measure GN towards A such that 

NG:CN=^p:AA', 

Draw the ordinate PiV through N, and also the ordinate P'N' 
from any other point P'. 

We have first to prove the lemma (V. 1, 2, 3) that, if AM be 
drawn perpendicular to A A' and equal to and if CM, 
produced if necessary, meet PN in H, then 

PN"^ = 2 (quadrilateral MANH). 

This is easy, for, if AL{=z 2AM) be the parameter, and A'L 
meet PN in P, then, by the property of the curve, 

PiV"2 ^ jy-jEj 

= AN{NH + AM) 

= 2 (quadrilateral MANH). 

Let GH, produced if necessary, meet P'N' in H'. From H 
draw HI perpendicular to P'H'. 

Now, since, by hypothesis, NG : CN = p : A A' 

= AM:AC 

= HN:Na 


NH^NG, whence also H'N'= N'G. 



= 2 ^H'N'G + 2 {AMKN') 

■ =^2{AMHG) + 2AHH'K. 

Therefore, by subtraction, 

F'Q^-PG^ = 2AHH'K 

= HI.{H'I±JK) 

= HI.(HI±IK) 

_ GA + AM 
" CA 

— 

which proves the proposition. 

If 0 be any point on PG, OP is the minimum si 
from 0 to the curve, and OP' increases as P' moves 
P on either side; this is proved in V. 12. (Since 
Z GPP' > Z GP'P ; therefore, a fortiori, Z OPP 
and 0P'> OP) 

Apollonius next proves the corresponding propos 
reference to points on the minor axis of an ellipse 
the parameter of the ordinates to the minor axis, p' = 
or GA^/GB, If now E' be so taken that 

then BE' is the maximum straight line from E' t< 
and, if P be any other point on it, E'P diminishes 
farther from B on either side, and E'B' is the 
straight line from E' to the curve. It is, in fact, • 

E'B^--E'P^ = Bti^ » ^ - p -D 7 — 5 where Bn is the at 

JdJj 

(V. 16-18). If 0 be any point on the minor axi 
BO > BE', then OB is the maximum straight lim 
the curve, &c. (V. 19). 

If gr be a point on the minor axis such that B 
Bg < ^p\ and if On be measured towards B so thi 

On:ng =■ BB' : p', 

then n is the foot of the ordinates of two points 
Pg is the maximum straight line from g to the ci 
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[)e any other point on it, P'g diminishes as P' moves 
)Y from P on either side to B or B\ and 




p'^BB' 

BB' 


or nn'^ 


OB- 


)c any point on Pg produced l)cyond the minor axis, PO 
maximum straight line from 0 to the same part of the 
for which Pg is a maximum, i.c. the semi-ellipse BPB\ 
\ 20 - 2 ). 

V. 23 it is proved that, if g is on the minor axis, and gP 
cimum straight line to the curve, and if Pg meets AA^ 
then GP is the minimum straight line from G to the 
; this is proved hy similar triangles. Only one normal 
e drawn from any one point on a conic (V. 24-6). The 
il at any point P of a conic, whether regarded as a 
lum straight line from G on the major axis or (in the 
if the ellipse) as a maximium straight line from g on the 
■ axis, is perpendicular to the tangent at P (Y. 27-30); 
leral (1) if 0 be any point within a conic, and OP be 
!iimum or a minimum straight line from 0 to the conic, 
iraight line through P perpendicular to PO touches the 
and (2) if 0' be any point on OP produced outside the 
O'P is the minimum straight line from 0' to the conic, 
^ 31-4). 


Number of normals from a point. 

now come to propositions about two or more normals 
ng at a point. If the normal at P meet the axis of 
ibola or the axis AA' of a hyperbola or ellipse in G, the 
PGA increases as P or G moves farther away from A, 
1 the case of the hyperbola the angle will always be less 
bhe complement of half the angle between the asymptotes, 
lormals at points on the same side of AA' will meet on 
Dposite side of that axis ; and two normals at points on 
ime quadrant of an ellipse as AB will meet at a point 


and others not (V. 41-3). 

If Piffj, ^ 2^2 normals at points on one side of th( 
a conic meeting in 0, and if 0 be joined to any other 
on the conic (it being further supposed in the cas€ 
ellipse that all three lines OP^, OPg, OP cut the same 
the axis), then 

(1) OP cannot be a normal to the curve ; 

(2) if OP meet the axis in K, and PO be the normal ai 
is less or greater than AK according as P does or doe! 
between P^ and P^. 

From this proposition it is proved that (1) three no] 
points on one quadrant of an ellipse cannot meet at or 
and (2) four normals at points on one semi-ellipse boui 
the major axis cannot meet at one point (V. 44-8). 

In any conic, if M be any point on the axis such t 
is not greater than fjj, and if 0 be any point on the 
ordinate through M, then no straight line drawn to ai 
on the curve on the other side of the axis from 0 and 
the axis between A and M can be a normal (V. 49, 50j 

Propositions leading immediately to the determin 
of the evolute of a conic. 

These great propositions are V. 51, 52, to the fc 
effect : 

AM measured along the axis be greater than 
the case of the ellipse less than AO), and if MO be dra 
pendicular to the axis, then a certain length {y, say 
assigned such that 

(a) if OM > 2/, no normal can be drawn through 0 wli 
the axis ; but, if OP be any straight line drawn to tl 
cutting the axis in K, NK<NG, where PN is the ^ 
and PG the normal at P ; 

{b) if OM = y, only one normal can be so drawn thr 
and, if OP be any other straight line drawn to the cr 
cutting the axis in K, NK <NG, as before ; 

(c) if 0M<y, two normals can be so drawn through C 
OP be any other straight line drawn to the curve 
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greater or less than NG according as OP is or is not inter- 
mediate between the two normals (V. 51, 52). 

The proofs are of course long and complicated. The length 
y is determined in this way : 

(1) In the case of the parabola, measure MH towards the 
vertex equal to ^p, and divide AH atiV^so that HN^ = 2N^A, 
The length y is then taken such that 

where H^N^ is the ordinate passing through ; 

(2) In the case of the hyperbola and ellipse, we have 
AM>^p, so that CA :AAI<AA^:p; therefore, if H be taken 
on AM such that CH: HM = AA' :p, H will fall between A 
and M. 

Take two mean proportionals CN^, Cl between CA and CH, 
and let PiN^ be the ordinate through N^, 

The length y is then taken such that 

y : P^N^ = {CM : MH) . {HN^ : Nfi). 

In the case (&), where OM y^ 0 i^ the point of intersection 
of consecutive normals,, i. e. 0 is the centre of curvature at the 
point P; and, by considering the coordinates of 0 with reference^ 
to two coordinate axes, we can derive the Cartesian equations 
of the evolutes. E. g. (1) in the case of the parabola let the 
coordinate axes be the axis and the tangent at the vertex. 
Then AM = x, OM = y. Let ^ = 4a ; then 

HM z=z 2a, N^H = §(03 — 2a), and AN^ =§(aj — 2a). 

But 2 / 2 : P^N,^ = N^H ^ : HM\ by hypothesis, 
or y’^'Aa. AN^ = N^H'^ : 4a‘^ ; 

therefore ay^ = ANj ^ . N^E‘^, 

= ^ (o3— 2ay*, 

27 ay^ = 4(a? — 2a)^. 

(2) In the case of the hyperbola or ellipse we naturally take 


or 


ceding propositions. 

CoTbstruction of 'normals. 

The next section of the Book (V. 55-63) relates to th 
struction of normals through various points according t( 
position within or without the conic and in relation 
axes. It is proved that one normal can be drawn throng 
internal point and through any external point which 
on the axis through the vertex A. In particular, if 0 ; 
point below the axis AA' of an ellipse, and OM is p 
dicular to AA\ then, if AM>AC, one normal can alw£ 
drawn through 0 cutting the axis between A and (7, but 
more than one such normal (V. 55-7). The points c 
curve at which the straight lines through 0 are norma 
determined as the intersections of the conic with a c 
rectangular hyperbola. The pro( 
of Apollonius is equivalent to th 
lowing analytical method. Let A 
the axis of a conic, PGO one c 
normals which passes through the 
point 0, PN the ordinate at P ; a: 
OM be drawn perpendicular to th( 
Take as axes of coordinates the axes in the central coni 
in the case of the parabola, the axis and the tangent i 
vertex. 

If then {x, y) be the coordinates of P and (ajj, y^) thos( 
we have y nq 

—Vi ~ x^—x—MG " 

Therefore (l) for the parabola 

_y _ ^ 

-Vi x^-x~lp’ 

or = 

(2) in the ellipse or hyperbola 

The intersections of these rectangulai- hyperbolas rt 
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with the conics give the points at which the normals 
Lg through 0 are normals. 

)pus criticizes the use of the rectangular hyperbola in 
;se of the parabola as an unnecessary resort to a ^ solid 
the meaning evidently is that the same points- of 
ection can be got by means of a certain circle taking 
ace of the rectangular hyperbola. We can, in fact, from 
q[uation (1) above combined with = px, obtain the 

(332 + y^) - (ajj + ^p) x-^y^y = 0. 

i Book concludes with other propositions about maxima 
ainima. In particular V. 68-71 compare the lengths of 
nts TQ, TQ\ where Q is nearer to the axis than 
, 74 compare the lengths of two normals from a point 
n which only two can be drawn and the lengths of other 
ht lines from 0 to the curve ; V. 75-7 compare the 
IS of three normals to an ellipse drawn from a point 
ow the major axis, in relation to the lengths of other 
ht lines from 0 to the curve. 

)k VI is of much less interest. The first part (VI. 1 - 27 ) 
s to equal (i.e. congruent) or similar conics and segments 
lies ; it is naturally preceded by some definitions includ- 
hose of ‘equal’ and ‘similar’ as applied to conics and 
mts of conics. Conics are said to be similar if, the same 
er of ordinates being drawn to the axis at proportional 
ices from the vertices, all the ordinates are respectively 
rtional to the corresponding abscissae. The definition of 
Lr segments is the same with diameter substituted for 
and with the additional condition that the angles 
>en the base and diameter in each are equal. Two 
olas are equal if the ordinates to a diameter in each are 
ed to the respective diameters at equal angles and the 
jponding parameters are equal; two ellipses or hyper- 
are equal if the ordinates to a diameter in each are 
Iv inch* n ft d to the resnective diameters and the diameters 
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each make equal angles with them ; all parabolas are sim 
(VI. 11, 12, 13). No conic of one of the three kinds (pf 
bolas, hyperbolas or ellipses) can be equal or similar to a c< 
of either of the other two kinds (VI. 3, 14, 15). Let Q1 
qpq' be two segments of similar conics in which QQ\ qq' 
the bases and PF, pv are the diameters bisecting them ; tl 
if PTj pt be the tangents at P, p and meet the axes at P, 
equal angles, and if PF : PT = pv : pt, the segments are sim 
and similarly situated, and conversely (VI. 17, 18). If 
ordinates be drawn to the axes of two parabolas, or the majo 
conjugate axes of two similar central conics, as PN, P'N' 
pn, p'n' respectively, such that the ratios AN: an and AN': 
are each equal to the ratio of the respective latera recta, 
segments PP', pp' will be similar ; also PP' will not be sim 
to any segment in the other conic cut off by two ordin 
other than pn, p'n', and conversely (VI. 21, 22). If any c 
be cut by two parallel planes making hyperbolic or elli 
sections, the sections will be similar but not equal (VI. 26, 

The remainder of the Book consists of problems of < 
struction; we are shown how in a given right cone to 
a parabolic, hyperbolic or elliptic section equal to a gi 
parabola, hyperbola or elhpse, subject in the case of 
hyperbola to a certain SLopLapos or condition of possibi 
(VI. 28-30) ; also how to find a right cone similar to a g: 
cone and containing a given parabola, hyperbola or ellips 
a section of it, subject again in the case of the hyperboL 
a certain ScopLorpo? (VI. 31-3). These problems recall 
somewhat similar problems in I. 51-9. 

Book VII begins with three propositions giving express 
for AP^ (= AN^ + PN^) in the same form as those for PA 
the statement of the ordinary property. In the parabola 
is measured along the axis produced (i. e. in the opposite di 
tion to AN) and of length equal to the latus rectum, and 
proved that, for any point P, AP^ = AN .NH (VII. 1). 
the case of the central conics A A' is divided at H, interr 
for the hyperbola and externally for the ellipse {AH being 
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ame is true if A A' is the minor axis of an ellipse and p 
responding parameter (VII. 2, 3). 

A A' he divided at H' eis well as H (internally for the 
'bola and externally for the ellipse) so that H is adjacent 
and H' to A^, and if A'B :AH = AH': A'H' = AA' : p, 
nes AH, A'H' (corresponding to p in the proportion) are 
. by Apollonius homologues, and he makes considerable 



)f the auxiliary points H, H' in later propositions from 
6 onwards. Meantime he proves two more propositions, 
1 , like VIL 1-3, are by way of lemmas. First, if CD be 
emi-diameter parallel to the tangent at P to a central 
, and if the tangent meet the axis AA' in T, then 

PP2 : CD^ = NT : CN (VII. 4.) 

j AE, TF at right angles to CA to meet CP, and let AE 
PT in 0. Then, if p' be the parameter of the ordinates 
we have 

^p':PT=0P:PE (I. 49, 50.) 

=zPT:PF, 


1 n 


r>/772 
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Secondly, Apollonius proves that, if PN be a pri 
ordinate in a parabola, p the principal parameter, ' 
parameter of the ordinates to the diameter through P 
p =^) + 4J.A (VII. 5); this is proved by means of the 
property as VII. 4, namely ^p' :PT = OP : PE. 

Much use is made in the remainder of the Book c 
points Q and M, where AQ is drawn parallel to the con 
diameter CD to meet the curve in Q, and M is the f 
the principal ordinate at Q ; since the diameter CP 1 
both AA' and QA, it follows that A'Q is parallel t 
Many ratios between functions of PP', DD' are expres 
terms of AM, A'M, ME, MH', AH, A'H,&.c. The firs 
positions of the Book proper (VII. 6, 7) prove, for ins 
that PP'2 : DXK2 = ME'-. ME. 

For PT^ : CD* = NT : CN = AM : A'M, by similar tris 

Also CP*:P'T^=. A'Q*:AQ*. 

Therefore, ex aequali, 

CP * : CD* = {AM : A'M) x {A'Q* : AQ*) 

= {AM : A'M) X {A'Q* : A'M. ME') 

X {A'M. ME'-. AM. ME) x {AM. MH 
= {AM -.A'M)x {AA'-. AH') x {A'M: AM) 

X {ME ' : ME) x{A'E-.AA'),\>y aid of VI] 

Therefore PE* -. DD'* = ME' ; ME. 

Next (VII. 8, 9, 10, 11) the following relations are p 
namely 

(1) ■A.A'*-.{PE+DD')*=A'E.ME'-. {ME'± V{ME.M 

(2) AA'* -. PE . DE = A'E -. V{ME . ME')^ 

(3) AA'* -. {PE* + DE*) = A'E -. ME+ ME'. 

The steps by which these results are obtained are as fc 

First, A. A'* : PE^ — a'H : ME' 

= A'E. ME' -.ME'*. 


(This is proved thus: 
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t A'Q^:A'M.MH'=AA':AH' (¥11.2,3) 

= AA'zA'H 
= A'M.AA':A'M.A'H, 

at, alternately, 

A'M. AA': A'Q^ = A'M. A'H ; A'M . MH' 

= A'H -.ME'.) 

:xt, PP '-^ : DD'^ = MH'-. MH, as above, (jS) 

= MH'^-.MH.MH', 

ice PP': HD' = MH': V{MH . ME'), (y) 

PP'^-.{PP'±DD'f = MH'^-.{MH'+ V{MH.MH')Y-, 
bove follows from this relation and (a) ex aequali ; 
bllows from (a) and (y) ex aequali, and (3) from (a) 

P)- 

3 now obtain immediately the important proposition that 
+ is constant, whatever be the position of P on an 
le or hyperbola (the upper sign referring to the ellipse), 
s equal to (VII. 12, 13, 29, 30). 

r AA'^^ : ££'^ = AA^:p = A'H:AH^ A'H : A'U\ 

by construction ; 

fore AA'^ ^ ± IJH' ; 

from (a) above, 

AA'^:£F'^^ = A'H: MH'; 
by means of (/3), 

pp/2 . (pp/2 ^ pp/2) ^ ^ 

= MH':Hir. 

; aequali, from the last two relations, we have 


172 


APOLLONIUS OF PERGA 
straip-hf other ratios are expressed in terms of 

(vS « *' M 

In the ellipse AA'^ : PP'-^ DD'^- = A'H- 2CM, 

orilite ” '“f* (“i- 1” of 

A A'2 ;^2 = A'H. MH': Mm, 

AA '^ ; {PP' + pf _ . (JO^+ AIHy, 

^A'^-PP'.p^^A'H-.MH, 

and AA '^ : {PP'i +p2) ^ ^ 

Apollonius is now in a position, by means of all +1- 

to Wiol‘rf f- 

s “7,3f:f T tririThrr' 

.way from 4. ^The Mo ™s .°77l th°? “/ "° 
P«ed where for brevity I ehafl oae “fo rep^ie^^T S 
« , 0 to represent PP' PTY- »r,A ^ ^A , A. 

mtio « » > or < i. a' > o^ ^ »'. and t 

either side; al^Tal “7= “ fr 

rto7(Vl'i7l.‘'''“*““ <^™h7jp7oT,st.; 

In a hyperbola or ellipse « + 6 4 . A' 4 / ,, • 

hyperbola increases continually as P mn ’ “ 

but in the ellipse increases til W ' f ■ 

Ji«.l eonjng.£ etaneteS wh7 K 7 ' 7 “ 

25, 26). ^ mao/yimum (VI 

•‘■i T’”**- “ “ “ ellips 

in the hyperbola contmnal7^ ea ^ P> moves away from . 
the_.,JLm„tfo“7^!S-r »“^pee til. a', h- a. 
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jate diameters in an ellipse or conjugate hyperbolas, and 
i tangents at their extremities form the parallelogram 
M', then 

the parallelogram LL'MM' = rect. AA'. BB'. 

! proof is interesting. Let the tangents at P, D respec- 
meet the major or transverse axis in T, T'. 

w (by VII. 4) PT^ : CB^- = NT : CN; 

nre 2 A CPT : 2 A T'BG = NT : GN. 



L 



M 


2ACPT:{GL) = PT:CB, 

= GP : DT', by similar triangles, 
= {GL):2AT'DG. 


(I- 


n A 

= PN:-^:GN 

PjS',CT:CT,CF , 


CB 

CA 


= 2ACPT:CA.CB; 
therefore (Cl) = CA . OB, 

The remaining propositions of the Book trace the vai 
of different functions of the conjugate diameters, distingi 
the maximum values, &c. The functions treated a 
following : 

jo , the parameter of the ordinates to PP'" in tlie hyj 
according as jdJ.' is (1) not less than^, the paraiMtei 
spending to A A', (2) less than 2^ but not less than 
than (VII. 33-5). 


PP , as compared with AA' '^p) in the hyperbola (\ 



or the ellipse (VII. 37), 


„ AA' -^p) in the hyperbola 
38-40) or the ellipse (V 

pp'.p' 

„ AA\p in the hyperbola 

or the ellipse (VII. 43). 

PP'2+^'2 

„ AA'^^-^p"^ in the hyperbola, ; 

ing as (1) AA'is not lei 
p, or (2) AA'<p,\)\xi A 
less than ^{AA' 
AA'^<l{AA'^pf (VII 

PP'2+pn 

„ AA'^+p^^ in the ellipse, acc 

as AA'^ is not greater 
greater, than (AA' -^p) 
47, 48). 

PP'2^^/2 

„ AA'^ ^p^ in the hyperbola, i 
ing as AA'> or <p 
49, 50). 

PP'2-v./2 

„ AA'^ ^ p^ or BB'^^PjY in the 
according as PP' > oj 
(VII. 51). 


contents can only be conjectured irom Apollonius s own 
remark that it contained determinate conic problems for 
which Book VII was useful, particularly in determining 
limits of possibility. Unfortunately, the lemmas of Pappus 
do not enable us to form any clearer idea. But it is probable 
enough that the Book contained a number of problems having 
for their obj'ect the finding of conjugate diameters in a given 
conic such that certain functions of their lengths have given 
values. It was on this assumption that Halley attempted 
a restoration of the Book. 

If it be thought that the above account of the Conics is 
disproportionately long for a work of this kind, it must be 
remembered that the treatise is a great classic which deserves 
to be more known than it is. What militates against its 
being read in its original form is the great extent of the 
exposition (it contains 387 separate propositions), due partly 
to the Greek habit of proving particular cases of a general 
proposition separately from the proposition itself, but more to 
the cumbrousness of the enunciations of complicated proposi- 
tions in general terms (without the help of letters to denote 
particular points) and to the elaborateness of the Euclidean 
form, to which Apollonius adheres throughout. 

Other works by Apollonius. 

Pappus mentions and gives a short indication of the con- 
tents of six other works of Apollonius which formed part of the 
Treasury of Analysis} Three of these should be mentioned 
in close connexion with the Conics. 

(a) On the Cidting~off of a Ratio {Xoyov aTroro/xi^), 
two Books. 

This work alone of the six mentioned has survived, and 
that only in the Arabic ; it was published in a Latin trans- 
lation by Edmund Halley in 1706. It deals with the general 
problem, ' Given two straight lines, parallel to one another or 
intersecting, and a fixed point on each line, to draxo through 


* Pappus, vii, pp. 640-8, 660-72. 



^ St*! » 

T >ett K.' 



such that AM is fo rat - 
the treatise discussed the^ ^ 

Mem which arise accoSingT tL^°®f ’j-® 
given straight lines anrl r,,f + n relative positions 
tions and limits of possiWlit^ necessary 

always possible. The firs/l5^ TT ^ solution 
given lines to be parallel q ^7 supposin 

which arise ; Apollonius then ^ the different 

straight lines intersect but one^^f^f^ to the cases in whic 
at the intersection of the two *^®^ven points, A oi 
general case shown in theTL!“l‘ proceeds 1 

the general case can be reduce proves 
one of the given pSnt j oTr ^ ^ 

twohnes. The reduction ig easy" P /M®^®eMion o 
in £ , and draw ^'iV' parallel n’ar meeting 

the ratio £'M ' ; £M S e ^ “ AT'. ' 

stant. Since, therefore ^-5' = 0£, is 

’’y *'>' orthodoi metho 
given ratio = a, say’ * * : AM 



AM SUCJI tnat UU : An = a = B^JS ' : 

en AM:AD=:B'N':00 

= B'MiGM; 

fore MD : AD = : CM, 

CM. MD = AD . B'C, a given rectangle. 

nee the problem is reduced to one of applying to CD a 
%gle {CM. MD) equal to a given rectangle {AD . B'C) hut 
>g short by a square figure. In the ease as drawn, what- 
be the value of A, the solution is always possible because 
iven rectangle AD . CB' is always less than CA . AD, and 
fore always less than iCD^^; one of the positions of 
Is between ^^and D because CM .MD<CA . AD. 
e proposition III. 41 of the Conics about the intercepts 
on two tangents to a parabola by a third tangent 
'55-6 above) suggests an obvious application of our pro- 
We had, with the notation of that proposition, 

Pr '.rq ^ rQ:Qp ■==. qp :pR. 

ose that the two tangents qP, qR are given as fixed 
jnts with their points of contact P, R. Then we can 
another tangent if we can draw a straight line 
secting qP,qR in such a way that Pr :rq^qp:pR or 
r = qR :pR, i. e. qr :pR = Pq : qR (a constant ratio) ; 
^e have to draw a straight line such that the intercept by 
qP measured from q has a given ratio to the intercept 
on qR measured from R. This is a particular case of 
iroblem to which, as a matter of fact, Apollonius devotes 
d attention. In the annexed figure the letters have the 



meaning as before, and has to be drawn through 0 
that B'N' : AM = A. In this case there are limits to 


obtain a solution inV*^ • i case, saying thai 

‘he middle point ol Vl‘°‘^ ,T!^u “ " 

A. is determined 

s ® ‘^^^''csponding position of Z> or df 
We We S-0:MZ, = CM:AA..h.to,e. 


= £'M:MA; 

whence, since MD = CM, 

B'G-.BM=CM:MA 
= B'M:B'A 
B'M^ = B'G.B'A 

ticolar viilue of OC- ‘j ’f®” '“' S™**er than the 

solution or two solution. Apollonius fin, 

Further, we have 

AD = B'A + B'C- (B'D + B'C) 

~ B'A +B'C~2B'M 
= S' A + B'C- 2 vwAr:wG. 


If then we rpfAt' 

ordinates in which B A V Y' Points to a system 

- « V (a, p, td” Chyn;!* ^■ 


r" “®““» < 

case described is that in wu- u ^ that the lii 

^'OMis the tangent at 0; fofas parabola, 

B'M: B'A = B'C:B'M= M'O • N'M ^ 


so that 5'^ mMuy^ parallels 

proportion. ’ ® 0 respectively in th 


jLAtJu. LfciiigtJuijBj Liieii II /i, De inose lengins, 

y 

h + x~2V}ix 
h can easily be reduced to 



quation of the parabola referred to the two fixed tangents 
;es. 


/?) On the cutting-off of an area (xcopLov dnoTOfii]), 

two Books. 

is work, also in two Books, dealt with a similar problem, 
the difference that the intercepts on the given straight 
measured from the given points are required, not to 
a given ratio, but to contain a given rectangle. Halley 
ded an attempted restoration of this work in his edition 
e De sectione rationis. 

e general case can here again be reduced,. to the more 
a,l one in which one of the fixed points is at the inter- 
)n of the two given straight lines. Using the same 
3 as before, but with D taking the position shown by {D) 
e figure, we take that point such that 

00 . AD — the given rectangle, 
i have then to draw ON'M through 0 such that 
B'N' .AM =00. AD, 
B'N':00=AD:AM. 
t, by parallels, B'N' : 00 = B'M: OM; 
fore AM:OM=AD:B'M 

= MD:B% 

at B'M.MD = AD.B'0. 

nee, as before, the problem is reduced to an application 
rectangle in the well-known manner. The complete 


, ! V4JIJ.UUUIU^ LU jn.JpUilUlljLU.a. 

If the two straight lines are parallel, the soluti 
problem gives a means of drawing any number of 
to an ellipse when two parallel tangents, their poin 
tact, and^ the length of the parallel semi-diameter 
(SQB Conics, III. 42). In the case of the hyperbola 
the intercepts made by any tangent on the asymptote 
a constant rectangle. Accordingly* the drawing of 
depends upon the particular case of our problem in w 
fixed points are the intersection of the two fixed line 


(y) On dctcTminnis section (SKupLCficyr^ TOfiyj)^ tw( 

1 he general problem here is. Given four points A, j 
a straight line, to determine another point P on 
straight line such that the ratio AP.CP-.BP.B 
given value. It is clear from Pappus’s account ^ of th( 
of this work, and from his extensive collection of h 
the different propositions in it, that the question 
exhaustively discussed. To determine P by mear 
equation 


AP.GP = \.BP.DP, 

where A B, C, D, X are given, is in itself an easy ma 
the problem can at once be put into the form of a 
equation, and the Greeks would have no difliculty in 
1 . e usual application of areas. If, however (ai 
tairly suppose), it was intended for application ii 
investigations, the complete discussion of it would 
melude not only the finding of a solution, but also i 
mination of the limits of possibility and the number o 
^ 'n fierent positions of the point-pairs ^ 

A for the cases in which the points in either pair 
OT m which one of the points is infinitely distant, ai 
^ ^ees with what we find in Pappus, who make 

seriL express mi 

valiifta of the equation for 

, ye the treatise contained what amounts i 


^ Pappus, vii, pp. 642-4. 
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Theory of Involution. Pappus says that the separate 
were dealt with in which the given ratio was that of 
r (1) the square of one abscissa measured from the 
ired point or (2) the . rectangle contained by two such 
ssae to any one of the following: (1) the square of one 
ssa, (2) the rectangle contained by one abscissa and 
ler separate line of given length independent of the 
ion of the required point, (3) the rectangle contained by 
sibscissae. We learn also that maxima and minima were 
itigated. From the lemmas, too, we may draw other 
usions, e. g. 

hat, in the case where X = 1, or AD . CP = BP .DP, 
lonius used the relation BP : DP = AB . BG : AD . DC, 

biat Apollonius probably obtained a double point E of the 
ution determined by the point-pairs A, C and B, D by 
s of the relation 

AB . BC: AD.DC=- BEJ : DE\ 

Dossible application of the problem was the determination 
B points of intersection of the given straight line with a 
determined as a four-line locus, since A, B, C, D are in 
ihe points of intersection of the given straight line with 
3ur lines to which the locus has reference. 


S) On Contacts or Tangencies (eTracpaC), two Books. 

ppus again comprehends in one enunciation the varieties 
oblems dealt with in the treatise, which we may repro- 
as follows: Given three things, each of which may he 
• a point, a straight line or a circle, to draw a circle 
shall pass through each of the given points {so far as it 
ints that are given) and touch the straight lines or 
s.^ The • possibilities as regards the different data are 
We may have any one of the following: (1) three 


first two are treated in EucL IV ; Book I of . 
treatise treated of (3), (4), (5), (6), (8), (9), while {7), 
two straight lines and a circle, and (10), that o 
circles, occupied the whole of Book II. 

The last problem (10), where the data are tl 
has exercised the ingenuity of man}^ distinguishec 
including Vieta and Newton. Vieta (1540-1603) ; 
blem to Adrianus Romanus (van Roomen, 1 561- 
sol ved it by means of a hyperbola. Vieta was r 
with this, and rejoined with his A 2 Mllonius Gcdh 
which he solved the problem by plane methods, 
of the same kind is given by Newton in his 
Universalis (Prob. xlvii), while an equivalent 
solved by means of two hyperbolas in the Princi^ 
xvi. The problem is quite capable of a ‘ plane ' sc 
as a matter of fact, it is not difficult to restore 
solution of Apollonius (which of course used the ^ph 
depending on the straight line and circle only), I 
the lemmas given by Pappus. Three things are i 
the solution. (1) A proposition, used by Pappus 
and easily proved, that, if two circles touch ir 
externally, any straight line through the point 
divides the circles into segments respectively simili 
proposition that, given three circles, their six centr 
tude (external and internal) lie three by three on f< 
lines.^ This proposition, though not proved in I 
certainly known to the ancient geometers ; it is e’’ 

at Pappus omitted to prove it because it was actn 
Apollonius in his treatise. (3) An auxiliary pro 
by Pappus and enunciated by him as follows.^ Gi 
ABO, and given three points D, E, F in a, straij 
mflect (the broken Une) DAE (to the circle) so as i 
m a, straight line with OF; in other words, to ins. 
circle a triangle the sides of which, when pro. 
^pecdvely through three given points lying in 
me. This problem is interesting as a typical exa: 
ancient analysis followed by synthesis. Suppose t 

‘ Pappus, iv, pp. 194-6. j „ 


ON CONTACTS OK TANGENCIES 


183 


i.e. suppose DA, EA drawn to the circle cutting it in 
B, C such that BC produced passes through F. 

N BG parallel to DF; join GC 
oduce it to meet DE in H. 

a 

BAC^:. I BGC 
= ICHF 

= supplement of Z GHD ; 

)re A, D, H, G lie on a circle, and 

DE.EH^ AE.EG. o h k e f 

r AE.EG is given, being equal to the square on the 
t from E to the circle ; and DE is given ; therefore HE 
n, and therefore the point H. 

F is also given ; therefore the problem is reduced to 
ig HG, FG to meet the circle in such a way that, if 
7 produced meet the circle again in G, B, the straight 
\G is parallel to HF: a problem which Pappus has 
asly solved.^ 

pose this done, and draw BK the tangent at B meeting 
K, Then 

LKBG = LBGG, in the alternate segment, 

= IGHF. 

) the angle GFK is common to the two triangles KBF, 
therefore the triangles are similar, and 
GF:FH=KF:FB, 

HF.FK=:BF.FG. 

7 BF, FG is given, and so is HF\ 

Dre FK is given, and therefore K is given, 
synthesis is as follows. Take a point H on DE such 
)E . EH is equal to the square on the tangent from E to 
de. 

:t take K on HEmdi that HF.FK = the square on the 



that BG is parallel ia JJJf. ■ a<ra 

Now join EC, and produce it to meet the circle aga 

W^have only to prove that AB, BD are in ^trai 
Since BE .EH = AE .EG, the points A, D, H, O 

'^^Now the angle OBF, which is the supplement of t 



CHD, is equal to the angle BGGj and therefore 
angle BAG. 

Therefore the angle BAG is equal to the supple 
angle DHG^ m that the angle BAG is equal to the an| 
and AB, BD are in a straight line. 

The problem of Apollonius is now easy. We will 
^ in which the required circle touches all the thi 
circles externally as shown in the figure. Let the rac 
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circles be a, b, c and their centres A, B, C, Let D, E, F 
3 external centres of similitude so that BD : DC= b : c, &c. 
opose the problem solved, and let P, Q, R be the points 
ntact. Let PQ produced meet the circles with centres 
again in K, L. Then, by the proposition (1) above, the 
mts KGP, QHL are both similar to the segment PYQ; 
tore they are similar to one another. It follows that PQ 
Lced beyond L passes through F. Similarly QR, PR 
Lced pass respectively through P, E. 

. PE, QD meet the circle with centre C again in ikf, N. 
the segments PQR, RNM being similar, the angles 
RNM are equal, and therefore MN is parallel to PQ. 
ice NM to meet EF in F. 

m EV: EF= EM:EP = EG:EA = c:a; 
tore the point V is given. 

Jordingly the problem reduces itself to this : Given three 
3 F, E, jD in a straight line, it is required to draw DR, ER 
•oint R on the circle with centre G so that, if DR, ER meet 
rcle again in N, M, NM produced shall pass through F. 
is the problem of Pappus just solved. 
as R is found, and DR, ER produced meet the circles 
centres B and A in. the other required points Q, P 
jtively. 


(e) Plane loci, two Books. 

)pus gives a pretty full account of the contents of this 
, which has sufficed to enable restorations of it to 
lade by three distinguished geometers, Fermat, van 
>ten, and (most completely) by Robert Simson. Pappus 
3es his account by a classification of loci on two 
3nt plans. Under the first classification loci are of three 
: (1) ecpeKTLKot, holding An or fixed] in this case the 
of a point is a point, of a line a line, and of a solid 
d, where presumably the line or solid can only move on 


ouvfAMy auu vvnear ioci, plane loci oeing si;ra. 
and circles only, solid loci conic sections only, and I 
those which are not straight lines nor circles nor £ 
conic sections. The loci dealt with in our treatise a 
ingly all straight lines or circles. The proof of 
positions is of course enormously facilitated by t 
Cartesian coordinates, and many of the loci are ] 
geometrical equivalent of fundamental theorems in 
or algebraical geometry. Pappus begins with a 
enunciation, including a number of propositions, 
terms, which, though apparently confused, are no 
to follow out: 

‘ If two straight lines be drawn, from one given poii 
two, which are (a) in a straight line or (6) p 
(c) include a given angle, and either {a) bear a give 
one another or (j3) contain a given rectangle, then, ii 
of the extremity of one of the lines is a plane locr 
position, the locus of the extremity of the other wil 
plane Ic^us given in position, which will sometimes 
same kind as the former, sometimes of the other 
will^ sometimes be similarly situated with ¥eferei 
straight line, and sometimes contrarily, accordir 
particular differences in the suppositions.* 

(The words ‘ with reference to the straight line * are o 
the straight line is presumably some obvious strai| 
each figure, e.g., when there are two given points, tl 
line joining them.) After quoting three obvious 1 
by Charmandrus Pappus gives three loci which, tl 
taining an unnecessary restriction in the third cm 
to* the statement that any equation of the first degr( 
coordinates inclined at fixed angles to (a) two ax 
dicular or oblique, (h) to any number of axes, r€ 
sti‘aight line. The enunciations (5-7) are as follow 

5. ‘ If, when a straight line is given in magniti 
moved so as always to be parallel to a certain st 
giv^ in position, one of the extremities (of t! 
straight line), lies on a straight line given in p( 

^ Pappus, vii, pp. 660. 18-662. 5. a jb. vii, pp. 66 

* B., pp. 664. 20-666. 6. 
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other extremity will also lie on a straight line given in 
position/ 

(That is, a; = (X or 2 / = 6 in Cartesian coordinates represents a 
straight line.) 

6. ' If from any point straight lines be drawn to meet at given 
angles two straight lines either parallel or intersecting, and if 
the straight lines so drawn have a given ratio to one another 
or if the sum of one of them and a line to which the other has 
a given ratio he given (in length), then the point will lie on a 
straight line given in position/ 

(This includes the equivalent of saying that, if a;, y be the 
coordinates of the point, each of the equations x = my, 
X’Vmy = c represents a straight line.) 

7. ‘ If any number of straight lines be given in position, and 
straight lines be drawn from a point to meet them at given 
angles, and if the straight lines so drawn be such that the 
rectangle contained by one of them and a given straight line 
added to the rectangle contained by another of them and 
(another) given straight line is equal to the rectangle con- 
tained by a third and a (third) given straight line, and simi- 
larly with the others, the point will lie on a straight line given 
in position/ 

(Here we have trilinear or multilinear coordinates propor- 
tional to the distances of the variable point from each of the 
three or more fixed lines. When there are three fixed lines, 
the statement is that ax + hy ^ cz represents a straight line. 
The precise meaning of the words ‘and similarly with the 
the others’ or ‘of the others ’ — Kal tw dfioico ^ — is 

uncertain; the words seem to imply that, when there were 
more than three rectangles ax, hy,cz two of them were 
taken to be equal to the sum of all the others ; but it is quite 
possible that Pappus meant that any linear equation between 
these rectangles represented a straight line. Precisely how 
far Apollonius went in generality we are not in a position to 
iudc:e.) 



UJLJLCUU \^/ V±x\^^ XXtM y ^ y*— — 

(6) they contain a given rectangle or (c) the sum or di 
of figures of given species described on them respect 
equal to a given area, the point will lie on a straig 
given in position.’ ^ 

The contents of Book II are equally interesting. S 
the enunciations shall for brevity be given by means oi 
instead of in general terms. If from two given poin 
two straight lines be ‘inflected’ (/cXaa’0<Sorij/) to a point 

(1) , if AP^ is given, the locus oi P is a straig] 

(2) if AP, BP are in a given ratio, the locus is a straig 

or a circle [this is the proposition quoted by Eutocius 
commentary on the Conics, but already known to Ari 
(4) if AP^ is ‘ greater bj^- a given area than in a givei 
to BP^, i. e. if AP^ = BP^, the locus is a circle g 

position. An interesting proposition is (5) that, ‘ If fr 
number of given points whatever straight lines be infl< 
one point, and the figures (given in species) described o 
them be together equal to a given area, the point wil 
a circumference (circle) given in position ’ ; that is tc 
a.AP^ + ^,BP^-\ry.GP^-h.. . = a given area (where a 
are constants), the locus of P is a circle. (3) states 
A A be a fixed straight line and A a fixed point on it 
AP be any straight line drawn to a point P such that 
is perpendicular to AA, AP^ = a . AN or a . BN, wher 
given length and B is another fixed point on AN, tl 
locus of P is a circle given in position ; this is eqi 
to the fact that, if A be the origin, AN the axis of 
X = AN , y = PN be the coordinates of P, the locus x^ 4- 
or aj^ + 2/2 = (x(a?— 6) is a circle. (6) is somewhat ol 
enunciated: ‘If from two given points straight lines 
fleeted (to a point), and from the point (of concourse) a s 
line be drawn parallel to a straight line given in posit 
cutting off from another straight line given in posi 
intercept measured from a given point on it, and if the 
figures (given in species) described on the two inflects 
be equal to the rectangle contained by a given straig 
and the intercept, the point at which the straight li 

^ Pappas, vii, p. 666. 7-13. 
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ited lies on a circle given in position/ The meaning 
3 to be this : Given two fixed points A, B, a length a, 
light line OX with a point 0 fixed upon it, and a direc- 
:epresentedj say, by any straight line OZ through 0, then, 
BP be drawn to P, and PM parallel to OZ meets OX 
the locus of P will be a circle given in position if 

a.AP^ + ^.BP^ = a.03L 

& a, 13 are constants. The last two loci are again 
irely expressed, but the sense is this : (7) If PQ be any 
I of a circle passing through a fixed internal point 0, and 
> an external point on PQ produced such that either 

= PR . RQ or (b) OR^ + PO . 0Q=^ PR . RQ, the locus 
is a straight line given in position. (8) is the reciprocal 
is: Given the fixed point 0, the straight line which is 
ocus of P, and also the relation (a) or (6), the locus of 
is a circle. 

N€vcr€L 9 {Vergings or Inclinations), two Books. 

we have seen, the problem in a vevcn? is to place 
een two straight lines, a straight line and a curve, or 
curves, a straight line of given length in such a way 
it verges towards a fixed point, i.e. it will, if pro- 
i, pass through a fixed point. Pappus observes that, 
L we come to particular cases, the problem will be 
le’, ‘solid’ or ‘linear’, according to the nature of the 
cular hypotheses; but a selection had been made from 
3lass which could be solved by plane methods, i.e. by 
IS of the straight line and circle, the object being to give 
i which were more generally useful in geometry. The 
w'ing were the cases thus selected and proved.^ 

Given (a) a semicircle and a straight line at right angles 
e base, or (6) two semicircles with their bases in a straight 
to insert a straight line of given length verging to an 
i of the semicircle [or of one of the semicircles]. 
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III. Given a circle, to insert a chord of given length vergi 
to a given point. 

In Book I of Apollonius’s work there were four cases 
I (a), two cases of III, and two of II ; the second Book c< 
tained ten cases of I (6). 

Restorations were attempted by Marino Ghetaldi [Apollon\ 
TedivivuSy Venice, 1607 , and Apollonius redivivus . . . Li 
secundus^ Venice, 1613 ), Alexander Anderson (in a Sup]: 
mentum Apollonii redivivi, 1612 ), and Samuel Hors] 
(Oxford, 1770 ); the last is much the most complete. 

In the case of the rhombus (II) the construction of Apollon 
can be restored with certainty. It depends on a lemma gh 
by Pappus, which is as follows : Given a rhombus AD w 
diagonal BG produced to E, if F be taken on BC such that j 
is a mean proportional between BE and EG, and if a circle 



described with E as centre and EF as radius cutting i 
m K and AC produced in H, then shall B, K, S' be in c 
straight line.^ 

Let the circle cut AG in Z, join LK meeting BC in M, a 
join HE, LE, KE. ^ 

Since now CL, GK are equally inclined to the diameter 
the circle,^ = GK. Also EL = EK, and it follows that i 
nang es EGK, EGL are equal in all respects, so that 

LCKE = AGLE == ache. 
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Therefore the triangles BEK, KEG, which have the angle 
BEK common, are similar, and 

Z GBK = Z GKE = Z CHE (from above). 

But IHGE = lAGB = IBGK. 

Therefore in the . triangles GBK, CHE two angles are 
respectively equal, so that Z CEH = Z CKB also. 

But since Z GKE = Z CHE (from above), K, G, E, H are 
concyclic. 

Hence Z GEH + Z GKH = (two right angles) ; 

therefore, since Z GEH = Z GKB, 

Z GKB + Z GKH = (two right angles), 
and BKH is a straight line. 

It is certain, from the nature of this lemma, that Apollonius 
made his construction by drawing the circle shown in the 
figure. 

He would no doubt arrive at it by analysis somewhat as 
follows. 

Suppose the problem solved, and HK inserted as re- 
quired (= k). 

Bisect HK in N, and draw NE at right angles to KH 
meeting BG produced in E. Draw KM perpendicular to BC, 
and produce it to meet AG in L. Then, by the property of 
the rhombus, LM = MK, and, since KN = NH also, MN is 
parallel to LH. 

Now, since the angles at M, N are right, M, K, N, E are 
concyclic. 

Therefore IGEK = Z.MNK = ICHK, so that G, K, H, E 
are concyclic. 

Therefore Z BCD = supplement of KGE = lEHK = lEKH, 
and the triangles EKH, DGB are similar. 

Lastly, 


EK:KH=BC:CB, 

and, since the ratio DO:C£, as well as KH, is gi^ 
is given. 

The construction then is as follows. 

If k be the given length, take a straight line p such 

p\k — AB : BC ; 

^PP^y EC a rectangle BE . EG equal to p"^ and excee 
a square ; then with E as centre and radius equal to p d 
circle cutting AC produced in H and CD in K. HE 
equal to k and, by Pappus’s lemma, verges towards B. 

Pappus adds an interesting solution of the same 
with reference to a square instead of a rhombus ; the 
is by one Heraclitus and depends on a lemma which 
also gives.^ 

We hear of yet other lost works by Apollonius. 

{ri) A Comparison of the dodecahedron with the icosi 
This is mentioned by Hypsicles in the preface to the i 
Book XIV of Euclid. Like the Conics^ it appeared 
editions, the second of which contained the propositi 
if there be a dodecahedron and an icosahedron insc 
one and the same sphere, the surfaces of the solids ai 
same ratio as their volumes ; this was established by i 
that the perpendiculars from the centre of the sf 
a pentagonal face of the dodecahedron and to a tri 
face of the icosahedron are equal. 

{6)^ Marinus on Euclid’s Data speaks of a General 
(;ca0oAoi; wpayfiarua) in which Apollonius used tb 
assigned ay ii^vov) as a comprehensive term to desc 
datum in general. It would appear that this w'or 
have dealt with the fundamental principles of math 
defimtions, axioms, &c., and that to it must be refei 
various remarks on such subjects attributed to Apollc 
Produs, the elucidation of the notion of a line, the d( 


' Pappus, vii, pp. 780-4. 
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me and solid angles, and his attempts to prove the axioms ; 
List also have included the three definitions (13-15) in 
id’s Data which, according to a scholium, were due to 
lonius and must therefore have been interpolated (they 
definitions of Karrjyiievrj^ dyrjyfiii/rj, and the elliptical 
se Trapd Beaeij which means ‘parallel to a straight line 
1 in position ’). Probably the same work also contained 
lonius’s alternative constructions for the problems of 
. I. 10, 11 and 23 given by Proclus. Pappus speaks 
mention by Apollonius ‘ before his own elements ' of the 
of locus called e^e/cri/coy, and it may be that the treatise 
in question is referred to rather than the Plane Loci 


The work On the Cochlias was on the cylindrical helix, 
icluded the theoretical generation of the curve on the 
ice of the cylinder, and the proof that the curve is 
')eomeric or uniform, i.e. such that any part will fit upon 
uncide with any other. 

) A work on Unordered Irrationals is mentioned by 
lus, and a scholium on Eucl. X. 1 extracted from Pappus's 
nentary remarks that ‘ Euclid did not deal with all 
inals and irrationals, but only with the simplest kinds by 
combination of which an infinite number of irrationals 
formed, of which latter Apollonius also gave some’, 
i like eSect is a passage of the fragment of Pappus’s 
nentary on Eucl. X discovered in an Arabic translation 
tVoepcke : ‘ it was Apollonius who, besides the ordered 
ional magnitudes, showed the existence of the unordered, 
by accurate methods set forth a great number of them 
hints given by the author of the commentary seem to imply 
Apollonius’s extensions of the theory of irrationals took 
directions, (1) generalizing the medial straight line of 
id, on the basis that, between two lines commensurable in 
,re (only), we may take not only one sole medial line but 
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anitLr is the 

Fragmentvm mentioned by the authoi 

rivals of MiKquaMtemiooirT/'K”'/ O'l'Jgmg by 
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Astronomy, 

) are told by Ptolemaeus Chennus ^ that Apollonius '‘A'as 
1 for his astronomy, and was called e (Epsilon) becanse 
)rm of that letter is associated with that of the moon, to 
1 his accurate researches principally related. Hippdlytus 
he made the distance of the moon’s circle from the sur- 
3f the earth to be 500 myriads of stades.^ This figure 
lardly be right, for, the diameter of the earth being, 
iing to Eratosthenes’s evaluation, about eight myriads of 
3 , this would make the distance of the moon from the 
about 125 times the earth’s radius. This is an unlikely 
>, seeing that Aristarchus had given limits for the ratios 
ien the distance of the moon and its diameter, and 
Jen the diameters of the moon and the earth, which lead 
Dut 19 as the ratio of the moon’s distance to the earth’s 
s. Tannery suggests that perhaps Hippolytus made a 
ke in copying from his source and took the figure of 
000 stades to be the length of the radius instead of the 
eter of the moon’s orbit. 

b we have better evidence of the achievements of Apol- 
! in astronomy. In Ptolemy’s Syntaxis ^ he appears as 
.thority upon the hypotheses of epicycles and eccentrics 
led to account for the apparent motions of the planets, 
propositions of Apollonius quoted by Ptolemy contain 
statements of the alternative hypotheses, and from this 
t was at one time concluded that Apollonius invented 
wo hypotheses. This, however, is not the case. The 
ihesis of epicycles was already involved, though with 
3ted application, in the theory of Heraclides of Pontus 
he two inferior planets, Mercury and Venus, revolve in 
j like satellites round the sun, while the sun itself 
res in a circle round the earth ; that is, the two planets 
be epicycles about the material sun as moving centre, 
der to explain the motions of the superior planets by 
j of epicycles it was necessary to conceive of an epicycle 
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another hypothesis, that of eccentrics, was invented t( 
for the movements of the superior planets only. We a] 
stage when we come to Apollonius. His enunciatic 
that he understood the theory of epicycles in all its gt 
but he states specifically that the theory of eccentrics 
be applied to the three planets which can be at any 
from the sun. The reason why he says that the 
hypothesis will not serve for the inferior planets it 
order to make it serve, we should have to suppose i 
described by the centre of the eccentric circle to b< 
than the eccentric circle itself. (Even this generalize 
made later, at or before the time of Hipparchus.) A 
further says in his enunciation about the eccentric 
centre of the eccentric circle moves about the centi 
zodiac in the direct order of the signs and at a si^eed 
that of the sun, while the star moves on the eccent] 
its centre in the inverse order of the signs and at 
equal to the anomaly It is clear from this that tl 
of eccentrics was invented for the specific purpose of 
ing the movements of Mars, Jupiter, and Saturn a 
sun and for that purpose alone. This explanation, < 
with the use of epicycles about the sun as centre tc 
for the motions of Venus and Mercury, amounte 
system of Tycho Brahe ; that system was therefore ar 
by some one intermediate in date between Heracl 
Apollonius and probably nearer to the latter, oi 
have been Apollonius himself who took this import 
If it was, then Apollonius, coming after Arista 
Samos, would be exactly the Tycho Brahe of the C 
of antiquity. The actual propositions quoted by Pi 
proved by Apollonius among others show mathema 
what points, under each of the two hypotheses, the 
forward motion changes into apparent retrograda 
vice versa, or the planet appears to be stationary. 


XV 


THE SUCCESSORS OF THE GREAT GEOMETERS 

With Archimedes and Apollonius Greek geometry reached 
its culminating point. There remained details to be filled 
in, and no doubt in a work such as, for instance, the Conics 
geometers of the requisite calibre could have found proposi- 
tions containing the germ of theories which were capable of 
independent development. But, speaking generally, the fur- 
ther progress of geometry on general lines was practically 
barred by the restrictions of method and form which were 
inseparable from the classical Greek geometry. True, it was 
open to geometers to .discover and investigate curves of a 
higher order than conics, such as spirals, conchoids, and the 
like. But the Greeks could not get very far even on these 
lines in the absence of some system of coordinates and without 
freer means of manipulation such as are afibrded by modern 
algebra, in contrast to the geometrical algebra, which could 
only deal with equations connecting lines, areas, and volumes, 
but involving no higher dimensions than three, except ipi so 
far as the use of proportions allowed a very partial exemp- 
tion from this limitation. The theoretical methods available 
enabled quadratic, cubic and bi-quadratic equations or their 
equivalents to be solved. But all the solutions were geometri- 
cal ; in other words, quantities could only be represented by 
lines, areas and volumes, or ratios between them. There was 
nothing corresponding to operations with general algebraical 
quantities irrespective of what they represented. There were 
no symbols for such quantities. In particular, the irrational 
was discovered in the form of incommensurable lines ; hence 

* J.1 1*. T J. XT 
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quantity, it was c^nly am abbreviation for the word 
with the meaning of ^ an undetermined multitude o 
not a general quantity. The restriction then of the 
employed by geometers to the geometrical form of 
operated as an insuperable obstacle to any really ne'v 
tore in theoretical geometry. 

It might be thought that there was room for furthe 
sions in the region of solid geometry. But the fund 
principles of solid geometry had also been laid down in 
Books XI-XIII; the theoretical geometry of the sph 
l>een fully treated in the ancient sphaeric ; and any 
application of solid geometry, or of loci in three dim 
was hampered by the same restrictions of methoc 
liindered the further progress of plane geometry. 

Theoretical geometry being thus practically at the 
its resources, it was natural that mathematicians, seel 
an opening, should turn to the applications of geometr 
obvious branch remaining to be worked out was the g€ 
of measurement, or mensuration in its widest sense, w 


oour^ had to wait on pure theory and to be based 
results. One species of mensuration was immediately r 
for astronomy, namely the measurement of triangles, es] 
spherical triangles; in other words, trigonometry pla 
spherical. Another species of mensuration was that ir 


an example had already been set by Archimedes, nam 
HiCMurement of areas and volumes of different shap< 
approximations to their true values ii 
where they involved surds or the ratio (tt) betwe 
eircuiiiferenee of a circle and its diameter ; the object < 
imnmmtmn was ‘largely practical. Of these two ki 
mensuration, the first (trigonometry) is represented b'^ 
Menekus and Ptolemy ; the second by He 
Alexandria. ^ Th^ mathematicians will be dealt with i 
Chapters; this chapter will be devoted to the successors 
grtf geometei^ who worked on the same lines as the h 
^ ^ have only very meagre informatioa 
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3 , and especially by Pappus and Eutocius. Some of 
are very interesting, and it is evident from the 
,cts from the works of such writers as Diodes and 
ysodorus that, for some time after Archimedes and 
[onius, mathematicians had a thorough grasp of the 
nts of the works of the great geometers, and were able 
je the principles and methods laid down therein with 
and skill. 

TO geometers properly belonging to this chapter have 
dy been dealt with. The first is Nicomedes, the inventor 
le conchoid, who was about intermediate in date between 
)sthenes and Apollonius. The conchoid has already been 
ibed above (voL i^ pp. 238-40). It gave a general method 
[ving any v€vcrL 9 where one of the lines which cut off an 
cept of given length on the line verging to a given point 
traight line ; and it was used both for the finding of two 
L proportionals and for the trisection of any angle, these 
ems being alike reducible to a vevcns of this kind. How 
Nicomedes discussed the properties of the curve in itself 
certain ; we only know from Pappus that he proved two 
Arties, (1) that the so-called ‘ruler’ in the instrument for 
ructing the curve is an asymptote, (2) that any straight 
Irawn in the space between the ‘ ruler ’ or asymptote and 
onchoid must, if produced, be cut by the conchoid.^ The 
bion of the curve referred to polar coordinates is, as we 
seen, r = a + 6 sec According to Eutocius, Nicomedes 
id himself inordinately on his discovery of this curve, 
•asting it with Eratosthenes’s mechanism for finding any 
3er of mean proportionals, to which he objected formally 
at length on the ground that it was impracticable and 
ely outside the spirit of geometry.^ 
comedes is associated by Pappus with Dinostratus, the 
ler of Menaechmus, and others as having applied -to the 
dng of the circle the curve invented by Hippias and 
m as the quadratrix,^ which was originally intended for 


known as the cissoid, which he used to solve the 
of the two mean proportionals, and also (pp. 47- 
as the author of a method of solving* the equi’ 
a certain cubic equation by means of the in 
of an ellipse and a hyperbola. We are indebted 
information on both these subjects to Eutocius,^ 
us that the fragments which he quotes came from 
work Trepi Trupe/ooz/, On burning -mirrors. The con: 
the two things with the subject of this treatise is no 
and we may perhaps infer that it was a work of coi 
scope. What exactly were the forms of the burnin 
discussed in the treatise it is not possible to say, 
probably safe to assume that among them wer( 
mirrors in the forms (1) of a sphere, (2) of a parab 
(3) of the surface described by the revolution of i 
about its major axis. The author of the Fragment'U 
maticum Bobiense says that Apollonius in his bo( 
burning-mirror discussed the case of the concave 
mirror, showing about what point ignition would ti 
and it is certain that Apollonius was aware that an 
the property of reflecting all rays through one fo( 
other focus. Nor is it likely that the corresponding 
of a parabola with reference to rays parallel to the 
unknown to Apollonius. Diodes therefore, writing 
or more later than Apollonius, could hardly have 
deal with all three cases. True, Anthemius (d 
A.!). 534) in his fragment on burning-mirrors say 6 
ancients, while mentioning the usual burning-mi 
saying that such figures are conic sections, omitted 
which conic sections, and how produced, and gav 
metrical proofs of their properties. But if the 
were commonly known and quoted, it is obvious 
must have been proved by the ancients, and the e^ 
of Anthemius s remark is presumably that the origi 
in whidi they were proved (e.g. those of Apoll 
Diodes) were already lost when he wrote. There i 
be no trace of Diodes’s work left either in Greek 
^ Eutodas, lot, cit., p. 66. 8 sq., p. 160. 3 sq. 
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we have a fragment from it in the Fragmentum 
maticiim Bohiense. But Moslem writers regarded Diodes 
discoverer of the parabolic burning-mirror; ‘the ancients’, 
il Singari (Sachawi, Ansari), ' made mirrors of plane 
es. Some made them concave (i.e. spherical) until 
is (Diuklis) showed and proved that, if the surface of 
mirrors has its curvature in the form of a parabola, they 
lave the greatest power and burn most strongly. There 
ork on this subject composed by Ibn al-Haitham/ This 
survives in Arabic and in Latin translations, and is 
luced by Heiberg and Wiedemann^ ; it does not, how- 
nention the name of Diodes, but only those of Archi- 
and Anthemius. Ibn al-Haitham says that famous 
ike Archimedes and Anthemius had used mirrors made 
a number of spherical rings ; afterwards, he adds, they 
[ered the form of curves which would reflect rays to one 
and found that the concave surface of a paraboloid of 
ition has this property. It is curious to find Ibn al- 
am saying that the ancients had not set out the proofs 
ently, nor the method by which they discovered them, 

I which almost exactly recall those of Anthemius himself, 
‘theless the whole course of Ibn al-Haitham’ s proofs is 
i Greek model, Apollonius being actually quoted by name 
5 proof of the main property of the parabola required, 
y that the tangent at any point of the curve makes 
angles with the focal distance of the point and the 
ht line drawn through it parallel to the axis. A proof 
i property actually survives in the Greek Fragmentum 
imaticum Bohiense, which evidently came from some 
3e on the parabolic burning-mirror ; but Ibn al-Haitham 
lot seem to have had even this fragment at his disposal, 
his proof takes a different course, distinguishing three 
mt cases, reducing the property by analysis to the 
n property AN = AT, and then working out the sym- 
. The proof in the Fragmentum is worth giving. It is 


to the axis meeting FI in r , ana join . 

Xow PN^^AL-AN 

— 4: AS. AN 

= iAS . AT (since AN = 

But PN =2 AY (since AN = AT ) ; 

therefore AT^ = TA . AS, 

and the angle TYS is right. 

The triangles SYT, SYP being right-angled, an( 
equal to YP, it follows that 8P = ST. 


K 



Vlrith the same figure, let BP he a ray para 
impinging on the curve at P. It is required to 
the angles of incidence and reflection (to S) are eq 
We have SP = BT, so that ‘ the angles at the 
are equal. So ’, says the author, ' are the angles i 
[the a^les between the tangent and the curve on 
Ae point of contact]. Let the difference between 
taken; therefore the angles SPA, RPB wh 
‘mixed* angles] are equal. Similarly we 
toat dl the lines drawn parallel to AS will be 
equal aisles to the point S.’ 

The author then proceeds: ‘Thus buming-ro 
with the surface of impact (in the £o: 
of a right-angled cone may easily, in t 
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e shown, be proved to bring about ignition at the point 
iated/ 

aiberg held that the style of this fragment is Byzantine 
that it is probably by Anthemius. Cantor conjectured 
here we might, after all, have an extract from Diocles’s 
Heiberg’s supposition seems to me untenable because 
he author’s use (1) of the ancient terms ‘ section of 
yht-angled cone ’ for parabola and ‘ diameter ’ for axis 
3iy nothing of the use of the parameter, of which there is 
rord in the genuine fragment of Anthemius), and (2) of 
nixed ‘angles of contact’. Nor does it seem likely that 
Diodes, living a century after Apollonius, would have 
en of the ‘section of a right-angled cone’ instead of a 
bola, or used the ‘ mixed ’ angle of which there is only the 
;st survival in Euclid. The assumption of the equality 
le two angles made by the cuiwe with the tangent on 
sides of the point of contact reminds us of Aristotle’s 
nption of the equality of the angles ‘ of a segment ’ of 
'cle as prior to the truth proved in Eucl. I. 5. I am 
aed, therefore, to date the fragment much earlier even 
Diodes. Zeuthen suggested that the property of the 
boloidal mirror may have been discovered by Archimedes, 
according to a Greek tradition, wrote GatoptHca, This, 
iver, does not receive any confirmation in Ibn al-Haitham 
L Anthemius, and we can only say that the fragment at 
goes back to an original which was probably not later 
Apollonius. 

IRSEUS is only known, from allusions to him in Proclus,^ 
.e discoverer and investigator of the spiric sections. They 
classed by Proclus among curves obtained by cutting 
3 , and in this respect they are associated with the conic 
ms. We may safely infer that they were discovered 
the conic sections, and only after the theory of conics 
been considerably developed. This was already the case 
iclid’s time, and it is probable, therefore, that Perseus was 
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cySi A rr °*ber than the cor 

oTreipa had alrepfl^^K solid figui 

general form nf 'I ^ployed by Archytas, and th< 
hkXto J unnaturally be bought 

Sctwt T --stigatL. Since^Ge 

EucUd’s time tn si'seus may have lived at any dab 
tirseemno t P^^bable su 

Euclid in date. ^ ^ before Apollonius and n 

anchlrW “ ris ^bat we call a fore, 

aboutasSghUinefnTt;t *be revolution of a 
of the circle nlwo plane in such a way that the 

takes three fo P®®®®® through they axis of revolutio: 

alw I f *be axis of revoluti 
(SieyM^m / .^'^bside the circle, when the spire is 

tiwimitsVo-weYJiy^^W <^j^cle, when the surface if 

wlaSlt ^ *be circle, when it is . 

alternative name for tb°^ <^'>'ossing-itself {ktraXXdrrova-a] 

celebrated 

‘Perseus on his discov^ of S. ^ 

sections gave thanks toTi, * (curves) upon 

doubt aW the mtnL of ' r “ 

{rp^is ypauucis evt tt' ^ three hues u^myi five sect 

account of three sections^^^ gather from Proi 

plane of section was always th^ 

or perpendieiilar fn r ^ to the axis of revolt 

cally like the division in^r^^n^^^ *^be tore symm 
pret the phrase if it means .jf ^® difficult to ii 
sections. Proclus indpfvl • curves made by five difiTe 
sections of the three kind “Tbes that the three 

«.d J-? -Peetively (the open. 

Tannery interprets the r.K ’ evidently a 

addition to fiv^ sections? ^ “camng ‘three curvei 
to the open tore, in wMch *be five sections be’ 
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dieular distance of the plane of section from the axis of rota- 
tion, we can distinguish the following cases : 

(1) c-\-a>d>c. Here the curve is an oval. 

(2) d z=z c\ transition from case (1) to the next ease. 

(3) c>d>c — a. The curve is now a closed curve narrowest 
in the middle. 

(4) dz=zc — a. In this case the curve is the hippopede 
(horse-fetter), a curve in the shape of the figure of 8. The 
lemniscate of Bernoulli is a particular case of this curve, that 
namely in which c = 2 a. 

(5) c — a>d>0. In this case the section consists of two 
ovals symmetrical with one another. 

The three curves specified by Proclus are those correspond- 
ing to (1), (3) and (4). 

When the tore is ‘ continuous ’ or closed, c = a, and we have 
sections corresponding to (1), (2) and (3) only; (4) reduces to 
two circles touching one another. 

But Tannery finds in the third, the interlaced, form of tore 
three new sections corresponding to (1) (2) (3), each with an 
oval in the middle. This would make three curves in addi- 
tion to the five sections, or eight curves in all. We cannot be 
certain that this is the true explanation of the phrase in the 
epigram ; but it seems to be, the best suggestion that has 
been made. 

According to Proclus, Perseus worked out the property of 
his curves, as Nicomedes did that of the conchoid, Hippias 
that of the quadratrix, and Apollonius those of the three 
conic sections. That is, Perseus must have given, in some 
form, the equivalent of the Cartesian equation by which we 
can represent the different curves in question. If we refer the 
tore to three axes of coordinates at right angles to one another 

f.hA AATif.T'A f.l^A ‘f.HT'A QQ r\T‘1frin f.VlA QYia 01 VlATYlOP f.CllrAA 
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where c, a have the same meaning as above. The different 
sections parallel to the axis of revolution are obtained by 
giving (say) 2 ? any value between 0 and For the value 

z a the curve is the oval of Cassini which has the property 
that, if r, r' be the distances of any point on the curve from 
two fixed points as poles, const. For, if the equa- 

tion becomes 


(03^ + 3 /^ + = 4 -h 4 

or {c— + + = 4c^a^; 

and this is equivalent to rr' ■= + 2ca if x^y are the coordinates 
of any point on the curve referred to Ox, Oy as axes, where 0 
is the middle point of the line (2 c in length) joining the two 
poles, and Ox lies along that line in either direction, while Oy 
is perpendicular to it. Whether Perseus discussed this case 
and arrived at the property in relation to the two poles is of 
course quite uncertain. 


Isoperimetric figures. 


subj^t of isoperimetric figures, that is to say, the com- 
panson of the areas of figures having different shapes but the 
same perimeter, was one which would naturally appeal to the 
ear^ Greek mathematicians. We gather from Proclus's notes 
on ucl. I. 36, 37 that those theorems, proving that parallelo- 
l^ms or triangles on the same or equal bases and between 
e same parallels are equal in area, appeared to the ordinary 
i»r^oxical because they meant that, by moving the 
If ^ parallelogram, or the vertex 

^ right or left as far as we please, we may 
m&r tliA ^ of the figure to any extent while keep- 

Thus the perimeter in parallelograms or 

Sn “““ “ ‘o Mtooncep- 

Proclm telS tvs jTS-V' non-mathematieians. 
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themselves, so that, while they got a reputation for greater 
honesty, they in fact took more than their share of the 
produce.^ Several remarks by ancient authors show the 
prevalence of the same misconception. Thucydides estimates 
the size of Sicily according to the time required for circum- 
navigating it.2 About 130 B.c. Polybius observed that there 
were people who could not understand that camps of the same 
periphery might have different capacities.® Quintilian has a 
similar remark, and Cantor thinks he may have had in his 
mind the calculations of Pliny, who compares the size of 
different parts of the earth by adding their lengths to their 
breadths^ 

Zenodorxjs wrote, at some date between (say) 200 b.c. and 
A.D. 90, a treatise Trepl IcrojjLeTpcop On isometric 

figures. A number of propositions from it are preserved in 
the commentary of Theon of Alexandria on Book I of 
Ptolemy’s Syntaxis ; and they are reproduced in Latin in the 
third volume of Hultsch’s edition of Pappus, for the purpose 
of comparison with Pappus’s own exposition of the same 
propositions at the beginning of his Book V, where he appears 
to have followed Zenodorus pretty closely while making some 
changes in detail.® From the closeness with which the style 
of Zenodorus follows that of Euclid and Archimedes we may 
judge that his date was not much later than that of Ai*chi- 
medes, whom he mentions as the author of the proposition 
(Measurement of a Circle, Prop. 1) that the area of a circle is 
half that of the rectangle contained by the perimeter of the 
circle and its radius. The important propositions proved by 
Zenodorus and Pappus include the following: (1) Of all 
regular 'polygons of equal 'perimeter, that is the greatest in 
area which has the 'inost angles. (2) A circle is greater than 
ary regular polygon of equal contour. (3) Of all polygons of 
the same number of sides and equal perimeter the equilateral 
and equiangular polygon is the greatest in area. Pappus 
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area, Zenodonis’s treatise was not confined to propositi 
about plane figures, but gave also the theorem that Of 
solid figures the surfaces of which are egwal, the sphere is 
greatest iu solid content. 

We will briefly indicate Zenodorus’s method of proof, 
begin with (1) ; let ABC^ DEF be equilateral and equiangu 
polygons of the same perimeter, DEF having more ang 
than ABC. Let G, H be the centres of the circumscrib: 
circles, GK, HL the perpendiculars from H to the si' 
AB, BE, so that K, L bisect those sides. 




Since the perimeters are equal, AB > BE, and AK > 1 
Make KM equal to DL and join GM. 

Since AB is the same fraction of the perimeter that i 
angle AGB is of four right angles, and DE is the same fracti 
of the »me perimeter that the angle DHE is of four rif 
angles, it follows that 


that is, 

But 


ABiBE^ LAGB:LDHE, 
AK:MK= IAGK:ADHL. 
AKiMK > IAGK:AMGK 


{this eaaly proved in a lemma following by the us 
meth^ of drawing an arc of a circle with. G as centre and 

and GK produced. The proposition i 
equivalent to tan«/tan)9 > a/ where > a > 


J.VXL la ec^ucii tu ixjUy au uiittu jliju. 

But the area of the polygon ABC is half the rectangle 
contained by GK and the perimeter, while the area of the 
polygon DEF is half the rectangle contained by HL and 
the same perimeter. Therefore the area of the polygon DEF 
is the greater. 

(2) The proof that a circle is greater than any regular 
polygon with the same perimeter is deduced immediately from 
Archimedes's proposition that the area of a circle is equal 
to the right-angled triangle with perpendicular side equal to 
the radius and base equal to the perimeter of the circle; 
Zenodorus inserts a proof in extenso of Archimedes's pro- 
position, with preliminary lemma. The perpendicular from 
the centre of the circle circumscribing the polygon is easily 
proved to be less than the radius of the given circle with 
perimeter equal to that of the polygon ; whence the proposition 
follows. 

(3) The proof of this proposition depends on some pre- 
liminary lemmas. The first proves that, if there be two 
triangles on the same base and with the 
same perimeter, one being isosceles and 
the other scalene, the isosceles triangle 
has the greater area. (Given the scalene 
triangle BDO on the base BG, it is easy to 
draw on BC as base the isosceles triangle 
having the same perimeter. We have 
only to take BH equal to ^{BD-\-DC), 
bisect BC at E, and erect at E the per- 
pendicular AE such that AE^ = BH^—BE^) 

Produce BA to F so that BA = AF, and join AD^ DF, 

Then BD + DF > BF, i.e. BA+AGy i.e. BD + DCy by hypo- 
thesis; therefore DF > DC, whence in the triangles FAD, 
GAD the angle FAD > the angle GAD, 

Therefore Z FAD > ^IFAG 

> ABC A. 

Make the angle FAG equal to the angle BCA or ABC, so 
that AG is parallel to BC; let BD produced meet ZL(t in G, 
and join GG, 


F 
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Then AABC^^GBG 

>ADBa 

The second lemma is to the effect that, given two isoscel 
triangles not similar to one another, if we construct on t 
same bases two triangles similar to one arvother such that t 
sum of their perimeters is equal to the sum of the perimete 
of the first two triangles, then the sum of the areas of t 
similar triangles is greater than the sum of the areas 
the non-similar triangles. (The easy construction of t 
similar triangles is given in a separate lemma.) 

Let the bases of the isosceles triangles, EB, BOy be placed 
.one straight line, BO being greater than EB» 



n DEB be the similar isosceles triangles, and FI 

B the non-similar, the triangles being such that 

BA+AC+ED + DB = BF+FG+EG+GB, 

A ^ meet the bases in K, L. Then cleai 

GL bisect BG, EB at right angles at K, L. 

Produce GL to making LH equal to GL. 

EB and produce it to A’; join HF. 

. triangles ABC, DEB are similar, the an^ 

ABL IS equal to the angle DEB or DBE. 
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•w, by hypothesis, DB-\-BA = GB’\-BF\ 
fore BB + BA ^HB + BF> HF. 

an easy lemma, since the triangles DEBy ABC are similar, 
{BB + BAf = {BL + + {BL + BKf 

^{BL^AKf^-LKK . 
erefore {BL + AKf -vLK^ > HF^ 

> {GL + FKf + LK\ 
ce BL + AK > GL + FKy 

t follows that AF > GB. 
t BK>BL; therefore AF.BK > GB.BL. 

nee the ' hollow-angled (figure) ’ (KoiXoycoi/ioy) ABFC is 
er than the hollow-angled (figure) GEBB, 

ding A BEB + A BFC to each, we have 

ABEB + aABC > AGEB + aFBC. 

e above is the only case taken by Zenodorus. The proof 
lolds if EB = BOy SO that BK = BL, But it fails in the 
n which EB > BC and the vertex G of the triangle EB 
ging to the non-similar pair is still above B and not 
r it (as F is below A in the preceding case). This was 
Dubt the reason why Pappus gave a proof intended to 
r to all the cases without distinction. This proof is the 
as the above proof by Zenodorus up to the point where 
Droved that 

BL + AK > GL + FKy 

.here diverges. Unfortunately the text is bad, and gives 
.fficient indication of the course of the proof ; but it would 
that Pappus used the relations 

BL : GL =ABEB :AGEBy 
AK : FK==AABC:AFBCy 
AK^ :BL^=: A ABC: A BEB, 


the promise is not fulfilled. 

Then follows the proof that the maximum pol; 

perimeter is both eqi 



equiangular. 

(1) It is equilateral. 

For, if not, let two 
maximum polygon, as 
unequal. Join AC, an 
base draw the isosceles 
such that AF-h FC = A 
area of the triangle 


greater than the area of the triangle ABC, an( 
the whole polygon has been increased by t 
tion: which is impossible, as by hypothesis t 
maximum. 

bimilarly it can be proved that no other sid 
to any other. 


(2) It is also equiangular. 

For, if possible, let the maximum polygon A 

we have proved to 



X 

have the angle at - 
the angle at A Thei 
non-similar isosceles 
AO, GE as bases de 
isosceles triangles Fl 
to one another whicl 
of their perimeters 
sum of the perime 


T\T?rf riTL aixixA KJX. JJCXIL 

Then the sum of the areas of the two 
Wangles is greater than the sum of the areas 
AC, DEO, the area of the polygon is ther 
which is contrary to the hypothesis. 

Hence no two angles of the polygon can be 
The mammnm polygon of given perimeter i 
equilateral and equiangular. 


Dealing with the sphere in relation to oth< 
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surfaces equal to that of the sphere, Zenodorus confined 
df to proving (1) that the sphere is greater if the other 
with surface equal to that of the sphere is a solid formed 
le revolution of a regular polygon about a diameter 
ing it as in Archimedes, On the Sphere and Cylinder^ 
I, and (2) that the sphere is greater than any of 
egular solids having its surface equal to that of the 
e. 

opus’s treatment of the subject is more complete in that 
oves that the sphere is greater than the cone or cylinder 
irface of which is equal to that of the sphere, and further 
Df the five regular solids which have the same surface 
vhich has more faces is the greater.^ 

PSICLES (second half of second century B.c.) has already 
mentioned (vol. i, pp. 419-20) as the author of the con- 
don of the Elements known as Book XIV. He is quoted 
iophantus as having given a definition of a polygonal 
er as follows ; 

lere are as many numbers as we please beginning from 
increasing by the same common difference, then, when 
Dmmon difference is 1, the sum of all the numbers is 
ugular number ; when 2, a square ; when 3, a pentagonal 
er [and so on]. And the number of angles is called 
the number which exceeds the common difference by 2, 
le side after the number of terms including 1/ 

lefinition amounts to saying that the nth. a-gonal num- 
counting as the first) is { 2 + (n— 1) (c6— 2) }. If, as is 
ble, Hypsicles wrote a treatise on polygonal numbers, it 
)t survived. On the other hand, the ilz/a^opi/co? {Ascen- 
) known by his name has survived in Greek as well as in 
2 , and has been edited with translation.^ True, the 
se (if it really be by Hypsicles, and not a clumsy effort 
beginner working from an original by Hypsicles) 
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work in which we find the division o£ the ecliptic circle ir 
360 ‘ parts ’ or degrees. The author says, after the prelimina 
propositions, 

^The circle of the zodiac having been divided into 360 eqi 
circumferences (arcs), let each of the latter be called a cleg 
in sjpace (fioTpa TOTnKrj, ' local' or 'spatial part'). And sii 
larly, supposing that the time in which the zodiac cir 
returns ^ any position it has left is divided into 360 eqi 
times, let each of these be called a degree in time {fio\ 

XPOVIKTI)! 

From the word KaXeLcrOoo (‘ let it be called ') we may perhi 
infer that the terms were new in Greece. This brings us 
the question of the origin of the division (1) of the circle 
the zodiac, (2) of the circle in general, into 360 parts. On t 
question innumerable suggestions have been made. W 
reference to (1) it was suggested as long ago as 1788 (by F 
maleoni) that the division was meant to correspond to 
number of days in the year. Another suggestion is that 
would early be discovered that, in the case of any circle 
itiscribed hexagon dividing the circumference into six pa 
has each of its sides equal to the radius, and that this wo 
naturally lead to the circle being regularly divided into 
parts; after this,' the very ancient sexagesimal system wo 
naturally come into operation and each of the parts would 
divided into 60 subdivisions, giving 360 of these for the wh 
circle. Again, there is an explanation which is not e^ 
geometrical, namely that in the Babylonian numeral syst* 
.which combined the use of 6 and 10 as bases, the numberi 
60, 360, 3600 were fundamental round numbers, and th 
numbers were transferred from arithmetic to the heave 
The obvious objection to the first of these explanati 
(referring the 360 to the number of days in the solar year 
that the Babylonians were well acquainted, as far back as 
monuments go, with 365*2 as the number of days in the y< 
A variant of the hexagon-theory is the suggestion tha 
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to divide each of the sixth parts into either 10 or 60 
; the former division would account for the attested 
Dn of the day into 60 hours, while the latter division on 
xagesimal system would give the 360 time-degrees (each 
ainutes) making up the day of 24 hours. The purely 
aetical explanation is defective in that the series of 
ers for which the Babylonians had special names is not 
0, 3600 but 60 (Soss), 600 (Ner), and 3600 or 60^ (Sar). 
le whole, after all that has been said, I know of no 
' suggestion than that of Tannery.^ It is certain that 
/he division of the ecliptic into 360 degrees and that of 
JXOrjfjLepou into 360 time-degrees were adopted by the 
s from Babylon. Now the earliest division of the 
:c was into 12 parts, the signs, and the question is, how 
the signs subdivided? Tannery observes that, accord- 
the cuneiform inscriptions, as well as the testimony of 
authors, the sign was divided into parts one of which 
itu) was double of the other (rnwran), the former being 
[i, the other (called stadium by Manilius) 1/6 0th, of the 
the former division would give 360 parts, the latter 720 
for the whole circle. The latter division was more 
il, in view of the long- established system of sexagesimal 
)ns; it also had the advantage of corresponding toler- 
losely to the apparent diameter of the sun in comparison 
he circumference of the sun’s apparent circle. But, on 
her hand, the double fraction, the l/30th, was contained 
circle of the zodiac approximately the same number of 
as there are days in the year, and consequently corre- 
^d nearly to the distance described by the sun along the 
in one day. It would seem that this advantage was 
mt to turn the scale in favour of dividing each sign of 
)diac into 30 parts, giving 360 parts for the whole 
While the Chaldaeans thus divided the ecliptic into 
irts, it does not appear that they applied the same divi- 
) the equator or any other circle. They measured angles 

Aval pH a an a 11 vA-nvAQA-nf.i-no* an tlia.t tllA nnTm^lAf.A. 


216 SUCCESSORS OF THE GREAT GEO METE 


the diayneter of the circle into 60 ells in accordance wit 
usual sexagesimal division, and then came to divide t 
cumference into 180 such ells on the ground that the c 
ference is roughly three times the diameter. The m( 
ment in ells and dactyli (of which there were 24 to i 
survives in Hipparchus {On the Phaenomena of Eudox\ 
Aratus), and some measurements in terms of the sami 
are given by Ptolemy. It was Hipparchus who first d 
the circle in general into 360 parts or degrees, ar 
introduction of this di\’ision coincides with his invent 
trigonometry. 

The contents of Hypsicles s tract need not detain ni 
The problem is : If we know the ratio which the length 
longest day bears to the length of the shortest day ! 
given place, to find how many time-degrees it takes any 
sign to rise ; and, after this has been found, the autho] 
what length of time it takes any given degree in any s 
rise, i.e. the interval between the rising of one degree-pc 
the ecliptic and that of the next following. It is exf 
that the longest day is the time during which one half 
zodiac (Cancer, Leo, Virgo, Libra, Scorpio, Sagittarius] 
and the shortest day the time during which the othe 
(Capricomus, Aquarius, Pisces, Aries, Taurus, Gemini) 
i. ow at Alexandria the longest day is to the shortes 
to 6 , the longest therefore contains 210 Hime- degree! 
s ortest 150. The two quadrants Cancer- Virgo and ] 
agi tanus take the same time to rise, namely 105 
egrces, and the two quadrants Capricornus-Pisces and . 
emini e^h take the same time, namelj?- 75 time-d€ 
^ IS art er a^umed that the times taken by Virgc 
Taurus, Aries are in descending arithn 
whale the lime, taken by Libra, Scorpio, 
CapnoanaM. Aquariue, Pisces coaatiaaue the . 
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t o-j, a 2 ... ... is a descending arithmetical pro- 

Lon of 271“ 1 terms with 5 as common difference and 
i middle term, then 


a-i-i-a2+ + =‘(2n— l)a^. 

[f ^ descending arithmetical 

'ession of 2 n terms, then 

Ir2 + . . . + CC2n ~ (^1 "t <^2w) ~ ^ (^2 d" ^2n-l) ~ • 

>w let J., jB, (7 be the descending series the sum of which 
5, and i), j5^,,jPthe next three terms in the same series 
lum of which is 75, the common difference being 5; we 
have, by (I), 

A + B + G^{D-hE+F) = 95, or 30 = 95, 

5 = 3§. 

jxt, by (II), A + B+C = 35, or SB — 105, and 5 = 35 ; 

sfore A, 5, C, 5, E, 5 are equal to 38|, 35, 31|, 28|, 25, 
time-degrees respectively, which the author of the tract 
esses in time-degrees and minutes as 38^20', 35^, 3P 40', 
O', 25^, 21*^ 40'. We have now to carry through the same 
idure for each degree in each sign. If the difference 
een the times taken to rise by one sign and the next 
20', what is the difference for each of the 30 degrees in 
ign ? We have here 30 terms followed by 30 other terms 
he same descending arithmetical progression, and the 
ula (I) gives 3’^. 20'= (30)‘'^(i, where d is the common 
cence ; therefore d = x 3^ . 20'= 0^ O' 13" 20'". Lastly, 
the sign corresponding to 21^40'. This is the sum of 
scending arithmetical progression of 30 terms (Xj, ... cr-so 
common difference 0^0' 13" 20'". Therefore, by (III), 
i0'= 15(ai+a3o), whence 1^ 26' 40". Now, 


the times corresponamg to an tne aegrees m 
found. 

TEe procedure was probably, as Tannery t 
direct from the Babylonians, who would no dou 
the purpose of enabling the time to be detern 
hour of the night. Another view is that the 
astrological rather than astronomical (Manitius 
case the method was exceedingly rough, and 
increases and decreases in the times of the risings 
in arithmetical progression are not in accordai 
facte. The book could only have been written b 
vention of trigonometry by Hipparchus, for the 
finding the times of rising of the signs is re 
spherical trigonometry, and these times were i 
culated by Hipparchus and Ptolemy by meaixs 
chords. 


Dionysodorus is known in the first place as i 
a elution of the cubic equation subsidiary to th( 
Archimedes, On the Sphere and Cylinder ^ II. 4, Tc 
sphere by a plane so that the volumes of the segrn 
one another a given ratio (see abov'e, p. 46). U] 
this Dionysodorus was supposed to be Dionysodorm 
in Pontus, whom Suidas describes as ^ a mathemat: 
of mention in the field of education But we nov 
a fragment of the Herculaneum Roll, No. 1044, thal 
was a pupil, first of Eudemus,and afterwards of D: 
the eon of Dionysodorus the Caunian Now 
evidently Eudemus of Pergamum to whonj Apol 
» the first two Books of his Conics^ and Apollor 
Mks him to show Book II to Philonides. In ar 
laent Philomdes is said to have published some 
Ihwysodorus. Hence our Dionysodorus may be D 
of taunm^d a contemporary of Apollonius, or 
7 ^o^^ysodorus is also mentioned by He 

«. if <i be the diameter of the revolving c: 
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es the tore, and c the distance of its centre from the 
revolution, 

(volume of tore) : . cZ = :^cdy 

(volume of tore) = .cd^, 

is of course the product of the area of the generating 
[id the length of the path of its centre of gravity. The 
which the result is stated, namely that the tore is to 
inder with height d and radius c as the generating 
»f the tore is to half the parallelogram cd, indicates 
early that Dionysodorus proved his result by the same 
Lre as that employed by Archimedes in the Method and 
)ook On Conoids and Spheroids ; and indeed the proof 
limedean lines is not difficult. 

:e passing to the mathematicians who are identified 
le discovery and development of trigonometry, it will 
^enient, I think, to dispose of two more mathematicians 
ng to the last century B.c., although this involves" 
i departure from chronological order ; I mean Posidonius 
minus. 

DONius, a Stqic, the teacher of Cicero, is known as 
lius of Apamea (where he was born) or of Rhodes 
he taught) ; his date may be taken as approximately 
B. c. In pure mathematics he is mainly quoted as the 
of certain definitions, or for views on technical terms, 
.eorem' and ‘problem', and subjects belonging to ele- 
y geometry. More important were his contributions 
bhematical geography and astronomy. .He gave his 
vork on geography the title On the Ocean, using the 
^hich had always had such a fascination for the Greeks ; 
bents are known to us through the copious quotations 
t in Strabo ; it dealt with physical as well as mathe- 
1 geography, the zones, the tides and their connexion 
le moon, ethnoffranhv and all sorts of observations made 


irOSlUOIliU.O CtiOU WX<s/UC7 OJ - 

The two things which are sufficiently important to 
mention here are ( 1 ) Posidonius s measurement of the 
ference of the earth, (2) his hypothesis as to the dista 
size of the sun. 

(l) He estimated the circumference of the earth 
way. He assumed (according to Cleomedes that, 
the star Canopus, invisible in Greece, was just seen to g 
horizon at Rhodes, rising and setting again immediai 
meridian altitude of the same star at Alexandria was * . 
part of a sign, that is, one forty-eighth part of th( 
circle* (= 7^°) ; and he observed that the distance 1 
the two places (supposed to lie on the same meridia 
considered to be 5,000 stades*. The circumference 
earth was thus made out to be 240,000 stades. Unfort 
the estimate of the difference of latitude, 7-|°, was \ 
from correct, the true difference being 5^^ only; in 
the estimate of 5,000 stades for the distance was in 
being only the maximum estimate put upon it by m 
while some put it at 4,000 and Eratosthenes, by obsei 
of the shadows of gnomons, found it to be 3,750 stad 
Strabo, on the other hand, says that Posidonius favom 
latest of the measurements which gave the smallest 
sions to the earth, namely about 180,000 stades 
evidently 48 times 3,750, so that Posidonius combined 
stheness figure of 3,750 stades with the incorrect e 
of 7|° for the difference of latitude, although Erato 
presumably obtained the figure of 3,750 stades from 1 
estimate (250,000 or 252,000j of the circumference of th 
combined with an estimate of the difference of latitude 
was about 5|° and therefore near the truth. 

P) Clwmedes^ tells us that Posidonius supposed th 
in which the sun apparently moves round the earth 
1 0,000 tim^ the size of a circular section of the earth t'. 
Its centre, and that with this assumption he combin 

^ circularly i. 10, pp. 92-4. 

® Cleomedes. op, dt, ii. 1, pp. i44-.6^ p. 93. 1^5 
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aent of Eratosthenes (based apparently upon hearsay) 
at Syene, which is under the summer tropic, and 
^hout a circle round it of 300 stades in diameter, the 
ht gnomon throws no shadow at noon. It follows from 
hat the diameter of the sun occupies a portion of the 
circle 3,000,000 stades in length ; in other words, the 
iter of the sun is 3,000,000 stades. The assumption that 
in's circle is 10,000 times as large as a great circle of the 
was presumably taken from Archimedes, who had proved 
3 Sand-reckomr that the diameter of the sun's orbit is 
ban 10,000 times that of the earth; Posidonius in fact 
the maximum value to be the true value ; but his esti- 
of the sun's size is far nearer the truth than the estimates 
istarchus, Hipparchus, and Ptolemy. Expressed in terms 
e mean diameter of the earth, the estimates of these 
lomers give for the diameter of the sun the figures 6|, 
ind 5^ respectively; Posidonius's estimate gives 39J, the 
igure being 108*9. 

elementary geometry Posidonius is credited by Proclus 
certain definitions. He defined " figure ' as ' confining 
’ (irepas o’vyKXetov)'^ and ‘parallels' as ‘those lines which, 
in one plane, neither converge nor diverge, but have all 
erpendiculars equal which are drawn from the points of 
he to the other (Both these definitions are included 
e Definitions of Heron.) He also distinguished seven 
iS of quadrilaterals, and had views on the distinction 
5en theorem and jprohlem. Another indication of his 
jst in the fundamentals of elementary geometry is the 
that he wrote a separate work in refutation of the 
irean Zeno of Sidon, who had objected to the very begin- 
of the Elements on the ground that they contained un- 
id assumptions. Thus, said Zeno, even Eucl.1. 1 requires it 
admitted that ‘ two straight lines cannot have a common 
3nt'; and, as regards the ‘proof of this fact deduced 
the bisection of a circle by its diameter, he would object 
it has to be assumed that two arcs of circles cannot have 


principles, and he intended by means of these 
destroy the whole of geometry.^ We can undei 
fore, that the tract of Posidonius was a serious vs; 

A definition of the centre of gravity by one ^ 
Stoic ’ is quoted in Heron's Mechanics, but, as th 
on to say that Archimedes introduced a further d 
may fairly assume that the Posidonius in qu< 
Posidonius of Rhodes, but another, perhaps I 
Alexandria, a pupil of Zeno of Cittium in th 
tury B.c. 

We now come to Geminus, a very important 
many questions belonging to the history of math 
shown by the numerous quotations from him 
CornTnentary on Euclid, Booh /. His date and I 
uncertain, and the discussions on the subject now 
literature for which reference must be made ■ 
edition of the so-called Gemini elementa astronom 
1898) and the article ‘Geminus' in Pauly-Wis 
Encyclopddie, The doubts begin with his name, 
included the treatise mentioned in his Uranoli 
1630), took it to be the Latin Geminus. Maniti 
editor, satisfied himself that it was Geminus, a 
judging from the fact that it consistently appe 
properispomenon accent in Greek wh 

found in inscriptions with the spelling 

derivation from y^fi, as *EpyLvo 9 h 
from aXe^; he compares also the i 
Greek names hcrivos^KparLPos.’ Now, however 
(by Tittel) that the name is, after all, the La 
that Fepivos came to be so written through i 
with ilXe^froy, &c., and that TelpjeTpos, if th 
^rrect, is also wrongly formed on the model o; 
Ayptinr€ipa, The occurrence of a Latin name 
of Greek culti^ need not surprise us, since Romi 
<^ntre8 in large numbers during the last 

eminus, however, in q)ite of his name, was thoro 

‘ IWlos on EneL I, pp. 214. 18-21.5. 13, p. 216. 10-19, 
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pper limit for his date is furnished by the fact that he 
i a commentary on or exposition of Posidonius’s work 
fjLerecopcop ; on the other hand, Alexander Aphrodisiensis 
it A. D. 210) quotes an important passage from an 'epitome’ 
lis €^ijy7]<TL9 by Geminus. The view most generally 
ted is that he was a Stoic philosopher, born probably 
e island of Rhodes, and a pupil of Posidonius, and that 
rote about 73-67 B.c. 

Geminus’s works that which has most interest for us 
comprehensive work on mathematics. Proclus, though 
lakes great use of it, does not mention its title, unless 
d, in the passage where, after quoting from Geminus 
Lssification of lines which never meet, he says ‘ these 
rks I have selected from the (f>L\oKaXia of Geminus’,^ 
mrd ^LXoKaXta is a title or an alternative title. Pappus, 
ver, quotes a work of Geminus ‘ on the classification of 
nathematics’ {kv r<S 'ir€pl rijs- tS>v fiaOrj pdrcov ra^eco?), 
i Eutocius quotes from ' the sixth book of the doctrine of 
nathematics’ {kv rS €KT(p r6[>v pLaOrffidrcoi/ Oecopia^). 
:ormer title corresponds well enough to the long extract 
e division of the mathematical sciences into arithmetic, 
etry, mechanics, astronomy, optics, geodesy, canonic 
Lcal harmony) and logistic which Proclus gives in his 
prologue, and also to the fragments contained in the 
lymi variae collectiones published by Hultsch in his 
m of Heron; but it does not suit most of the other 
ges borrowed by Proclus. The correct title was most 
ibly that given by Eutocius, The Doctrine^ or Theory^ 
£ Mathematics] and Pappus probably refers to one 
eular section of the work, say the first Book. If the 
Book treated of conics, as we may conclude from 
eius’s reference, there must have been more Books to 
v: for Proclus has preserved us details about higher 
iS, which must have come later. If again Geminus 
led his work and wrote with the same fullness about the 

* hrfl.-npViPfl nf TnafVi ATYifl.fips o.q 
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alone; we have other collections of extracts, some m( 
some less extensive, and showing varieties of tradition 
ing to the channel through which they came dowi 
scholia to Euclid’s Elements, Book I, contain a consi 
part of the commentary on the Definitions of Book I, ; 
valuable in that they give Geminus pure and simple, \ 
Proclus includes extracts from other authors. Extrac 
Geminus of considerable length are included in the 
commentary by an-Nairizi (about A.D. 900) who go 
through the medium of Greek commentaries on 
especially that of Simplicius. It does not appear 
doubted any longer that "Aganis’ in an-Nairizi is 
Geminus; this is inferred from the close agreement b 
an-Nairizi’s quotations from Aganis ’ and the corn 
ing passages in Proclus; the difficulty caused by tl 
that Simplicius calls Aganis ' socius noster ’ is met 
suggestion that the particular word socius is eith 
result of the double translation from the Greek or 


nothing more, in the mouth of Simplicius, than ^ coll 
in the sen^ of a worker in the same field, or " autl 
A few extracts again are included in the Anonymi 
coU^iones in Hultsch’s Heroii, Nos. 5—14 give definit 
geometty, logistic, geodesy and their subject-matter, re 
on bodies as continuous magnitudes, the three dimensi 
principles of geometry, the purpose of geometry, and 
on optics, with its subdivisions, optics proper, Gatoptri 
scene-painting (a sort of perspective), wit! 
todamental principles of optics, e.g. that all light 1 
a g straight iin^ (which are broken in the cases of ref 
refraction), and the division between optics and n 
^1 M^hy (the theory of light), it being the province 
^ rovratigate (whafc is a matter of indifference to * 
wnetber (1) visual rays issue from the eye, (2) images p 
th. obje« ..,d impinge „„ ft. eye, or ( 3 ) the toteS 

““ sire the Perip 

P the name mathematics, adding that the 
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;pplied by the early Pythagoreans more particularly 
metry and arithmetic, sciences which deal with the pure, 
ernal and the unchangeable, but was extended by later 
■s to cover what we call ' mixed ’ or applied mathematics, 
, though theoretical, has to do with sensible objects, e.g. 
omy and optics. Other extracts from Geminus are found 
}ant manuscripts in connexion with Damianus’s treatise 
iics (published by K. Schone, Berlin, 1897). The defini- 
of logistic and geometry also appear, but with decided 
>nces, in the scholia to Plato’s Oharmides 165 E. Lastly, 
id extracts appear in Eutocius, (1) a remark reproduced 
5 commentary on Archimedes’s Plane Equilibriums to 
feet that Archimedes in that work gave the name of 
ates to what are really axioms, (2) the statement that 
Apollonius’s time the conics were produced by cutting 
nt cbnes (right-angled, acute-angled, and obtuse-angled) 
tions perpendicular in each case to a generator.^ 
object of Geminus’s work was evidently the examina- 
t* the first principles, the logical building up of mathe- 
} on the basis of those admitted principles, and the 
5e of the whole structure against the criticisms of 
lemies of the science, the Epicureans and Sceptics, some 
Lom questioned the unproved principles, and others the 
I validity of the deductions from them. Thus in 
itry Geminus dealt first with the principles or hypotheses 
L, ifTTodeaets) and then with the logical deductions, the 
ms and problems (ra fiera ray dpxd?). The distinction 
ween the things which n^ust be taken for granted but 
Lcapable of proof and the things which must not be 
ed but are matter for demonstration. The principles 
ting of definitions, postulates, and axioms, Geminus 
ted them severally to a critical examination from this 
of view, distinguishing carefully between postulates and 
s, and discussing the legitimacy or otherwise of those 
lated by Euclid in each class. In his notes on the defini- 
Gp.minnft trAfi.tftd thpTn hiRtArk»fl.llv- criviniO* the various 
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of the diflferent species of the thing defined. Thus in tl 
case of ‘lines' (which include curves) he distinguishes, fin 
the composite (e.g. a broken line forming an angle) and tl 
incomposite. The incomposite are subdivided into tho 
forming a figure ' {o’xvf^^T'OTroLova-aL) or determinate (e. 
circle, ellipse, cissoid) and those not forming a figure, ind 
terminate and extending without limit (e. g. straight hr 
parabola, hyperbola, conchoid). In a second classificatic 
incomposite lines are divided into (1) ‘ simple namely the circ 
and straight line, the one ‘ making a figure the other exten 
ing without limit, and (2) ‘mixed*'. ‘Mixed' lines again a 
divided into (a) ‘lines in planes', one kind being a fine mee 
mg itself (e.g. the cissoid) and another a line extendii 
without limit, and (b) ‘ lines on solids subdivided into hn 
ormed by sections (e.g. conic sections, spiric curves) ai 
lines round solids' (e.g. a hehx round a cylinder, sphere, 
cone, the first of which is uniform, homoeomeric, alike in i 
its parts, while the others are non-uniform). Geminus ga^ 
a corresponding division of surfaces into simple and mixe 
e former being plane surfaces and spheres, while exampl 
o ‘the latter are the tore or anchor-ring (though formed 1 
e revolution of a circle about an axis) and the conicoids 
revo ution (the right-angled conoid, the obtuse-angled conoi 
^ the two spheroids, formed by the revolution of a par 
a, a hyperbola, and an ellipse respectively about the 
axes). ^ He observes that, while there are three homoeomer 
or uni orm lines (the straight line, the circle, and tl 
cyin c helix), there are only two homoeomeric surface 
e p ne and the sphere. Other classifications are those ' 
(according to the nature of the two lines or curv' 
Wl^ form them) and of figures and plane figures. 

gives defimtions, &c., by Posidonius, it 
P obtained them from Geminus’s work. Sue 

^Poadomuss definitions of ‘figure’ and ‘parallels and h 
fiiT+K*''^*k ioto seven kinds. We may assun 

of Pr^/l o^en where Geminus did not mention the nan 

or iCHiaonius, he wajs af. qIT p 
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Attempt to prove the Parallel-Postulate, 

inus devoted much attention to the distinction between 
tes and axioms, giving the views of earlier philoso- 
and mathematicians (Aristotle, Archimedes, Euclid, 
lius, the Stoics) on the subject as well as his own. It 
iportant in view of the attacks of the Epicureans and 
s on mathematics, for (as Geminus says) it is as futile 
mpt to prove the indemonstrable (as Apollonius did 
le tried to prove the axioms) as it is incorrect to assume 
sally requires proof, ' as Euclid did in the fourth postu- 
lat all right angles are equal] and in the fifth postulate 
rallel-postulate] 

fifth postulate was the special stumbling-block, 
is observed that the converse is actually proved by 
in I. 17; also that it is conclusively proved that an 
iqual to a right angle is not necessarily itself a right 
B.g. the ' angle ' between the circumferences of two semi- 
on two equal straight lines with a common extremity 
right angles to one another) ; we cannot therefore admit 
e converses are incapable of demonstration.^ And 

ve learned from the very pioneers of this science not to 
egard" to mere plausible imaginings when it is a ques- 
: the reasonings to be included in our geometrical 
e. As Aristotle says, it is as justifiable to ask scien- 
•oofs from a rhetorician as to accept mere plausibilities 
^ geometer ... So in this case (that of the parallel- 
bte) the fact that, when the right angles are lessened, the 
t lines converge is true and necessary ; but the state- 
}hat, since they converge more and more as they are 
ed, they will sometime meet is plausible but not neces- 
1 the absence of some argument showing that this is 
the case of straight lines. For the fact that some lines 
''hich approach indefinitely but yet remain non-secant 
tcotol), although it seems improbable and paradoxical, 
irtheless true and fully ascertained with reference to 

1 ,* J 
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straight lines which happens in the case of the lines referi 
to ? Indeed, until the statement in the postulate is clincli 
by proof, the facts shown in the case of the other lines m 
direct our imagination the opposite way. And, though i 
controversial arguments against the meeting of the strai^ 
lines should contain much that is surprising, is there not 
the more reason why we should expel from our body 
doctrine this merely plausible and unreasoned (hypothesi, 
It is clear from this that we must seek a proof of the pres< 
theorem, and that it is alien to the special character 
postulates/ ^ 

Much of this might have been written by a mod( 
geometer. Geminus^s attempted remedy was to substib 
a definition of parallels like that of Posidonius, based on 1 
notion of equidistance. An-Nairizi gives the definition 
follows : * Parallel straight lines are straight lines situated 
the same plane and such that the distance between them 
they are produced without limit in both directions at the sa 
time, is everywhere the same’, to which Geminus adds 
statement that the said distance is the shortest straiglit 1 
that can be drawn between them. Starting from tl 
Geminus proved to his own satisfaction the propositions 
Euclid regarding parallels and finally the parallel-postuli 
He first gave the propositions (1) that the ‘ distance ’ betw 
the two lines as defined is perpendicular to both, and (2) tl 
if a straight line is perpendicular to each of two straight li 
and meets both, the two straight lines are parallel, and 
‘distance’ is the intercept on the perpendicular (proved 
reductio ad absurdum). Next come (3) Euclid’s propositi 
I. 27, 28 that, if two lines are parallel, the alternate anj 
made by any transversal are equal, &c. (easily proved 
drawing the two equal ‘distances’ through the points 
intersection with the transversal), and (4) Eucl. I. 29, the c 
verse of I. 28, which is proved by reductio ad absurdum, 
means of (2) and (3). Geminus still needs Eucl. I. 30, 
(about parallels) and I. 33, 34 (the first two propositi 
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EF, and let the interior angles BEF, EFD be together less 
than two right angles. 

Take any point H on FD and draw HK parallel io A B 
meeting EF in K, Then, if we bisect EF at L, LFa^i 1/, MF 
at iV, and so on, we shall at last have a length, as i^iV, less 



than FK, Draw FG, F'OP parallel to AB. Produce FO to Q, 
and let FQ be the same multiple of FO that FE is of FN ; 
then shall AB, CD meet in Q, 

Let S be the middle point of FQ and R the middle point of 
FS. Draw through R, S, Q respectively the straight lines 
RPG, STU, QV parallel to EF, Join MR, LS and produce 
them to T, V. Produce FG to U, 

Then, in the triangles F02f, ROP, two angles are equal 
respectively, the vertically opposite angles jPOJV, ROP and 
the alternate angles NFO, PRO ; and FO = OR ; therefore 
RP = FK 

And FK, PG in the parallelogram FKPG are equal ; there- 
fore RG = 2FK = FM (whence MR is parallel to FG or AB). 

Similarly we prove that SU = 2FM = and LS is 
parallel to FG or AB. 


are parallel to L k , and Gemmus assumes that 
are coincident (in other words, that through a gi 
only one parallel can be drawn to a given straigl 
assumption known as Playfair’s Axiom, though it i 
stated in Proclus on Eucl. I. 31). 

The proof therefore, apparently ingenious as it 
down. Indeed the method is unsound from the 
since (as Saccheri pointed out), before even the de 
parallels by Geminus can be used, it has to be p'. 
‘ the geometrical locus of points equidistant from 
line is a straight line and this cannot be proved 
postulate. But the attempt is interesting as the i 
has come down to us, although there must have t 
others by geometers earlier than Geminus. 

Coming now to the things which follow from the 
(ra /i€ra ras* gather from Proclus thal 

carefully discussed such generalities as the nature o 
the different views which had been held of the 
between theorems and problems, the nature and s: 
of SiopLCTfioL (conditions and limits of possibility), th 
of ‘ porism ’ in the sense in which Euclid used the v 
Porisms as distinct from its other meaning of ' core 
different sorts of problems and theorems, the two \ 
converses (complete and partial), topical or locus 
with the classification of loci. He discussed also ph 
questions, e.g. the question whether a line is m 
indivisible parts (e^ d/iepcop), which came up in 
with Eucl. I. 10 (the bisection of a straight line). 

The book was evidently not less exhaustive i 
higher geometry, Not only did Geminus mention 
curves, conchoids and cissoids in his classification 
he showed how they were obtained, and gave prooi 
ably of their principal properties. Similarly he 
proof that there are three homoeomeric or unifor 
curves, the straight line, the circle and the cylind] 
The proof of ^ uniformity ’ (the property that any 
the line or curve will coincide with any other port 
same length) was preceded by a proof that, if t'w 
lines be drawn from any point to meet a uniform lii 
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make equal angles with it, the straight lines are equal.^ 
pollonius wrote on the cylindrical helix and proved the 
of its uniformity, we may fairly assume that Geminus 
lere drawing upon Apollonius. 

ough has been said to show how invaluable a source of 
[nation Geminus’s work furnished to Proclus and * all 
rs on the history of mathematics who had access to it. 
astronomy we know that Geminus 'wrote an e^rjyrjcn^ of 
onius's work, the Meteorologica or irepl fiere^pcjnv. This 
i source of the famous extract made from Geminus by 
inder Aphrodisiensis, and reproduced by Simplicius in 
►mmentary on the Physics of Aristotle,^ on which Schia- 
i relied in his attempt to show that it was Heraclides of 
IS, not Aristarchus of Samos, who first put forward the 
jentric hypothesis. The extract is on the distinction 
ien physical and astronomical inquiry as applied to the 
ns. It is the business of the physicist to consider the 
a.nce of the heaven and stars, their force and quality, 
coming into being and decay, and he is in a position to 
the facts about their size, shape, and arrangement; 
loiiiy, on the other hand, ignores . the physical side, 
cig the arrangement of the heavenly bodies by considera- 
based on the view that the heaven is a real Koafio^y and, 
it tells us of the shapes, sizes and distances of the earth, 
ad moon, of eclipses and conjunctions, and of the quality 
extent of the movements of the heavenly bodies, it is 
cted with the mathematical investigation of quantity, 
[orm, or shape, aiid uses arithmetic and geometry to 
its conclusions. Astronomy deals, not with causes, but 
facts; hence it often proceeds by hypotheses, stating 
n expedients by which the phenomena may be saved, 
example, why do the sun, the moon and the planets 
r to move irregularly ? To explain the observed facts 
ay assume, for instance, that the orbits are eccentric 
I or that the stars describe epicycles on a carrying 
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o£ Pontus] coming forward and saying that, even o 
assumption that the earth moves in a certain way, 
the sun is in a certain way at rest, the a 2 :)parent irregu 
with reference to the sun may he saved! Philological 
siderations as well as the other notices which we p 
about Heraclides make it practically certain that ' Hera 
of Pontus’ is an interpolation and that Geminus sai 
simply, ‘a certain person’, without any name, thoug 
doubtless meant Aristarchus of Samos.^ 

Simplicius says that Alexander quoted this extract 
the epitome of the by Geminus. As the or 

work was apparently made the subject of an abridgeme 
gather that it must have been of considerable scope, 
a question whether e^rjyrjcn^ means ‘commentary’ oi 
position ’ ; I am inclined to think that the latter interpre 
is the correct one, and that Geminus reproduced Posidc 
work in its entirety with elucidations and comments 
seems to me to be suggested by the words added by Sim] 
immediately after the extract ‘this is the account giv 
Geminus, or Posidonius in Geminus, of the difference be 
physics and astronomy which seems to imply that Ge 
in our passage reproduced Posidonius textually, 

'Introduction to the Phaenomena' attributed to Gem 

There remains the treatise, purporting to be by Ge] 
which has come down to us under the title Teyii/ov elcn 
€Ls ra ^aivofx^va.^ What, if any, is the relation of this 
to the exposition of Posidonius’s Meteorologica or the e] 
of it just mentioned? One view is that the original 1 
of Geminus and the e^i^yrjaLs of Posidonius were one ai 
same work, though the Isagoge as we have it is r 
Geminus, but by an unknown compiler. The objecti* 
this are, first, that it does not contain the extract gi^? 
Simplicius, which would have come in usefully at the 
ning of an Introduction to Astronomy, nor the other e 
driven bv Alexander from Geminus and relatino* f.n the ra 
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ily, that it does not anywhere mention the name of 
onius (not, perhaps, an insuperable objection) ; and, 
y, that there are views expressed in it which are not 
held by Posidonius but contrary to them. Again, the 
r knows how to give a sound judgement as between 
^ent views, writes in good style on the whole, aud can 
y have been the mere compiler of extracts from Posi- 
s which the view in question assumes him to be. It 
i in any case safer to assume that the Isagoge and the 
to-i? were separate works. At the same time, the Isagoge, 
have it, contains errors which we cannot attribute to 
Qus. The choice, therefore, seems to lie between two 
Latives : either the book is by Geminus in the main, but 
i the course of centuries suffered deterioration by inter- 
ons, mistakes of copyists, and so on, or it is a compilatioji 
tracts from an original Isagoge by Geminus with foreign 
nferior elements introduced either by the compiler him- 
r by other prentice hands. The result is a tolerable ele- 
iry treatise suitable for teaching purposes and containing 
lost important doctrines of Greek astronomy represented 
the standpoint of Hipparchus. Chapter 1 treats of the 
3, the solar year, the irregularity of the sun’s motion, 
1 is explained by the eccentric position of the sun’s orbit 
vely to the zodiac, the order and the periods of revolution 
e planets and the moon. In § 23 we are told that all 
xed stars do not lie on one spherical surface, but some 
9;rther away than others — a doctrine due to the Stoics, 
ter 2, again, treats of the twelve signs of the zodiac, 
er 3 of the constellations, chapter 4 of the axis of 
Lni verse and the poles, chapter 5 of the circles on the 
e (the equator and the parallel circles, arctic, summer- 
3al, winter-tropical, antarctic, the colure-circles, the zodiac 
liptic, the horizon, the meridian, and the Milky Way), 
)er 6 of Day and Night, their relative lengths in different 
des, their lengthening and shortening, chapter 7 of 
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(76 years). Chapter 9 deals with the moon’s phases, c 
10, 11 with eclipses of the sun and moon, chapter 12 -v 
problem of accounting for the motions of the sun, m< 
planets, chapter 13 with Risings and Settings and the 
technical terms connected therewith, chapter 14 w 
circles described by the fixed stars, chapters 15 and ‘ 
mathematical and physical geography, the zones, &c. (G 
follows Eratosthenes’s evaluation of the circumferenc( 
earth, not that of Posidonius). Chapter 17, on weather 
tions, denies the popular theory that changes of atm< 
conditions depend on the rising and* setting of certai 
and states that the predictions of weather {eTncrTjfia 
calendars {TrapaTnqyjjLara) are only derived from ex] 
and observation, and have no scientific value. Chapt 
on the the shortest period which contains an 

number of synodic months, of days, and of anomalistic 
tions of the moon; this period is three times the Ch 
period of 223 lunations used for predicting eclipses. [ 
of the chapter deals with the maximum, mean, and m 
daily motion of the moon. The chapter as a whole t 
correspond to the rest of the book ; it deals with more 
matters, and is thought by Manitius ta be a fragment 
a discussion to which the compiler did not feel himse^ 
At the end of the work is a calendar (Para'pegma) gb 
number of days taken by the sun to traverse each 
the zodiac, the risings and settings of various stars 
weather indications noted by various astronomers. Den 
Eudoxus, Dositheus, Euctemon, Me ton, Callippus ; this ( 
is unconnected with the rest of the book and the ( 
are in several respects inconsistent with it, especi^ 
division of the year into quarters which follows C 
rather than Hipparchus. Hence it has been, since I 
time, generally considered not to be the work of G 
Tittel, however, suggests that it is not impossible that ( 
may have reproduced an older Parapegma of Callippr 


XVI 

SOME HANDBOOKS 

[E description of the handbook on the elements of 
nomy entitled the Introduction to the Phaenomena and 
Duted to Geminus might properly have been reserved 
his chapter. It was, however, convenient to deal with 
Inus in close connexion with Posidonius; for Geminus 
e an exposition of Posidonius’s Meteorologica related to the 
aal work in such a way that Simplicius, in quoting a long 
Lge from an epitome of this work, could attribute the 
Lge to either Geminus or ' Posidonius in Geminus ’ ; and it 
ident that, in other subjects too, Geminus drew from, and 
influenced by, Posidonius. 

le small work De motu circulari corporum caelestium by 
>MEDES {KX€OfiijSov 9 kvkXlktj d^copia) in two Books is the 
action of a much less competent person, but is much more 
ly based on Posidonius. This is proved by several ref er- 
5 to Posidonius by name, but it is specially true of the 
long first chapter of Book II (nearly half of the Book) 
h seems for the most part to be copied bodily from 
lonius, in accordance with the author’s remark at the 
)f Book I that, in giving the refutation of the Epicurean 
tion that the sun is just as large as it looks, namely one 
in diameter, he will give so much as suflices for such an 
duction of the particular arguments used by ‘certain 
Drs who have written whole treatises on this one topic 
the size of the sun), among whom is Posidonius The 
est of the book then lies mainlv in what is quoted from 


later than the beginning of the second century a.d. 

Book I begins with a chapter the object of whi 
prove that the universe, which has the shape of i 
is limited and surrounded by void extending without 
all directions, and to refute objections to this vie\ 
follow chapters on the five parallel circles in the he; 
the zones, habitable and uninhabitable (chap. 2) : 
motion of the fixed stars and the independent {Trpoc 
movements of the planets including the sun ar 
(chap. 3 ); on the zodiac and the effect of the sun’s r 
it (chap. 4 ) ; on the inclination of the axis of the uni^ 
its effects on the lengths of days and nights at differe 
(chap. 5 ) ; on the inequality in the rate of increas 
lengths of the days and nights according to the tim( 
the different lengths of the seasons due to the moti' 
sun in an eccentric circle, the difference between a 
night and an exact revolution of the universe owii 
separate motion of the sun (chap. 6) ; on the habitabl 
of the globe including Britain and the ' island of Th 
to have been visited by Pytheas, where, when the i 
Cancer and visible, the day is a month long ; and so on 
Chap. 8 purports to prove that the universe is a s 
proving first that the earth is a sphere, and then thi 
about it, and the ether about that, must necessarily 
larger spheres. The earth is proved to be a sphei 
method of exclusion ; it is assumed that the only po 
are that it is (a) flat and plane, or (b) hollow and 
(c) square, or (d) pyramidal, or (e) spherical, and, the 
hypotheses being successively disposed of, only 
remains. Chap. 9 maintains that the earth is in the 
the universe ; chap. 10, on the size of the earth, con 
interesting reproduction of the details of the measure 
the earth by Posidonius and Eratosthenes respective 
have been given above in their proper places (p. 220, p] 
chap. 11 argues that the earth is in the relation of a 
i. e. is negligible in size in comparison with, the un 
even the sun’s circle, but not the moon’s circle (cf. p. 

Book II, chap. 1, is evidently the piece de reeista 
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g of an elaborate refutation of Epicurus and his followers, 
held that the sun is just as large as it loohs^ and further 
:ed (according to Cleomedes) that the stars are lit up as 
rise and extinguished as they set. The chapter seems to 
most wholly taken from Posidonius ; it ends with some 
i of merely vulgar abuse, comparing Epicurus with Ther- 
with more of the same sort. The value of the chapter 
1 certain historical traditions mentioned in it, and in the 
nt of Posidoniuses speculation as to the size and distance 
e sun, which does, as a matter of fact, give results much 
r the truth than those obtained by Aristarchus, Hippar- 
and Ptolemy. Cleomedes observes (1) that by means of 
:-elocks it is found that the apparent diameter of the sun 
^ 750th of the sun’s circle, and that this method of 
aring it is said to have been first invented by the 
tians; (2) that Hipparchus is said to have found that 
in is 1,050 times the size of the earth, though, as regards 
ive have the better authority of Adrastus (in Theon of 
•na) and of Chalcidius, according to whom Hipparchus 
the sun nearly 1,880 times the size of the earth (both 
js refer of course to the solid content). We have already 
ibed Posidonius’s method of arriving at the size and 
ice of the sun (pp. 220-1). After he has given this, Cleo- 
s, apparently deserting his guide, adds a calculation of 
wn relating to the sizes and distances of the moon and 
un which shows how little he was capable of any scien- 
inquiry.^ Chap. 2 purports to prove that the sun is 

e says (pp. 146. 17-148. 27) that in an eclipse the breadth of the 
8 shadow is stated to be two moon-breadths ; hence, he says, it 
credible {fn6av6v) that the earth is twice the size of the moon (this 
cally assumes that the breadth of the earth’s shadow is equal to 
Lameter of the earth, or that the cone of the earth’s shadow is 
uder!). Since then the circumference of the earth, according to 
sthenes, is 250,000 stades, and its diameter therefore ‘more than 
> ’ (he evidently takes tt = 3), the diameter of the moon will be 
) stades. Now, the moon’s circle being 750 times the moon’s 
ter, the radius of the moon’s circle, i.e. the distance of the moon 
the earth, will be ith of this (i.e. tt = 3) or 125 moon-diameters; 
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of the moon by the sun (chap. 4), the phases of tl 
its conjunctions with the sun (chap. 5), the ecli 
moon (chap. 6), the maximum deviation in latitud 
planets (given as 5° for Venus, 4® for Mercury, 2 
and Jupiter, for Saturn), the maximum elc 
Mercury and Venus from the sun (20° and 50° r 
and the synodic periods- of the planets (Mercur 
Venus 584 days, Mars 780 days, Jupiter 398 d 
378 days) (chap. 7). 

There is only one other item of sufficient in 
mentioned here. In Book II, chap. 6, Cleomed 
that there were stories of extraordinary eclipses 
more ancient of the mathematicians had vainly 
plain ’ ; the supposed ‘ paradoxical ' case was tha 
while the sun seems to be still above the horizon, 
moon rises in the east. The passage has been 
(vol. i, pp. 6-7), where I have also shown that Cle* 
self gives the true explanation of the phenomei 
that it is due to atmospheric refraction. 

The first and second centuries of the Christi 
a continuation of the work of writing manuals 
tions to the different mathematical subjects. Ab( 
came Nicomachus, who wrote an Introduction U 
and an Introduction to Harmony] if we may 
remark of his own,^ he would appear to have writi 
duction to geometry also. The Arithmetical Intn 
been sufficiently described above (vol. i, pp. 97-11 

There is yet another handbook which needs to 1: 
separately, although we have had occasion to qi 
several times already. This is the book by Theoh 
which goes by the title Expoaitio rerum mathemc 
legendum Platonem utilixim. There are two mj 
of this work, contained in two Venice manusci 
tively. The first was edited by Bullialdus (Pari 
second by T. H. Martin (Paris, 1849); the whc 


^ Nicom. Arith. ii. 6. 1. 
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i by E. Hiller (Teubner, 1878) and finally, with a French 
lation, by J. Dupuis (Paris, 1892). 

eon's date is approximately fixed by two considerations. 
3 clearly the person whom Theon of Alexandria called 
old Theon', roy TraXaioy Oecoya,^ and there is no reason 
ubt that he is the ‘ Theon the mathematician ’ (6 fiaOrj- 
:6s) who is credited by Ptolemy with four observations 
e planets Mercury and Venus made in a.d. 127, 129, 130 
L32.2 The latest writers whom Theon himself mentions 
rhrasyllus, who lived in the reign of Tiberius, and 
stus the Peripatetic, who belongs to the middle of the 
d century A.D. Theon’s work itself is a curious medley, 
bble, not intrinsically, but for the numerous historical 
es which it contains. The title, which claims that the 
contains things useful for the study of Plato, must not 
i-ken too seriously. It was no doubt an elementary 
duction or vade-mecum for students of philosophy, but 
is little in it which has special reference to the mathe- 
ial questions i-aised in Plato. The connexion consists 
ly in the long proem quoting the views of Plato on the 
nount importance of mathematics in the training of 
hilosopher, and the mutual relation of the five different 
jhes, arithmetic, geometry, stereometry, astronomy and 
3. The want of care shown by Theon in the quotations 
particular dialogues of Plato prepares us for the patch- 
: character of the whole book. 

the first chapter he promises to give the mathematical 
ems most necessary for the studeilt of Plato to know, 
ithmetic, music, and geometry, with its application to 
Dmetry and astronomy.^ But the pi'omise is by no means 
as regards geometry and stereometry: indeed, in a 
passage Theon seems to excuse himself from including 
‘etical geometry in his plan, on the ground that all those 
are likely to read his work or the writings of Plato may 
3sumed to have gone through an elementary course of 

rtrt 1 /N•/^ /-vw\ rv 4* -r 4: T3n4- 4- 4* />»T 1 v* 


sidered that he was in this way sufficiently fulfilli 
promise with regard to geometry and stereometry. ( 
geometrical definitions, of point, line, straight line, th< 
dimensions, rectilinear plane and solid figures, es| 
parallelograms and parallelepiped al figures including 
plinthides (square bricks) and SoklSe^ (beams), and 
figures with sides unequal every way (= ^cofiicPKOL 
classification of solid numbers), are dragged in later 
53-5 of the section on music) ^ in the middle of the dis 
of proportions and means; if this passage is not an 
polation, it confirms the supposition that Theon inclr 
his work only this limited amount of geometry and 
metry. 

Section I is on Arithmetic in the same sense as Nicom 
Introduction. At the beginning Theon observes that 
metic will be followed by music. Of music in ih 
aspects, music in insti'uments {kv opyavois), music in m 
i.e, musical intervals expressed in numbers or pure the( 
music, and the music or harmony in the universe, t 
kind (instrumental music) is not exactly essential, but th 
two must be discussed immediately after arithmetic.^ T 
tents of the arithmetical section have been sufficiently in 
in the chapter on Pythagorean arithmetic (vol. i, pp. 1 1 
it deals with the classification of numbers, odd, eve 
their subdivisions, prime numbers, composite numbei 
equal or unequal factors, plane numbers subdivide 
square, oblong, triangular and polygonal numbers, wit 
respective 'gnomons’ and their properties as the « 
successive terms of arithmebical progressions beginnin 
1 as the first term, circular and spherical numbers, solii 
bers with three factors, pyramidal numbers and tri 
pyramidal numbers, perfect numbers with their corre 
the over-perfect and the deficient; this is practicalb 
we find in Nicomachus. But the special value of 
exposition lies in the fact that it contains an accouni 
famous ' side- ’ and ‘ diameter- ’ numbers of the Pythagc 

* Theon of Smyrna, ed. Hiller, pp. 111-13. ^ ^ pp ^0 24- j 

lb., pp. 42. 10-45. 9. Cf. vol. i, pp. 91-3. 
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the Section on Music Theon says he will first speak of 
wo kinds of music, the audible or instrumental, and the 
igible or theoretical subsisting in numbers, after which 
'omises to deal lastly with ratio as predicable of mathe- 
!al entities in general and the ratio constituting the 
ony in the universe, ‘ not scrupling to set out once again 
hings discovered by our predecessors, just as we have 
. the things handed down in former times by the Pytha- 
ns, with a view to making them better known, without 
Ives claiming to have discovered any of them’.^ Then 
vs a discussion of audible music, the intervals which 
harmonies, &c., including substantial quotations from 
jyllus and Adrastus, and references to views of Aris- 
Lus, Hippasus, Archytas, Eudoxus and Plato. With 
17 (p. 72 ) begins the account of the 'harmony in 
)ers’, which turns into a general discussion of ratios, 
irtions and means, with more quotations from Plato, 
isthenes and Thr^syllus, followed by Thrasyllus’s divisio 
%is, chaps. 35 , 36 (pp, 87 - 93 ). After a promise to apply 
atter division to the sphere of the universe, Theon 
)rts to return to the subject of proportion and means. 

however, does not occur till chap. 50 (p. 106 ), the 
vemxig chapters being taken up with a discussion of 
Se/cay and rerpaKTvs (with eleven applications of the 
‘) and the mystic or curious properties of the numbers 
2 to 10; here we have a part of the theologumena of 
metic. The discussion of proportions and the different 
; of means after Eratosthenes and Adrastus is again 
rupted by the insertion of the geometrical definitions 
iy referred to (chaps. 53 - 5 , pp. 111 - 13 ), after which 
a resumes the question of means for 'more precise’ 
nent. 

e Section on Astronomy begins on p. 120 of Hiller’s 
>n. Here again Theon is mainly dependent upon 
stus, from whom he makes long quotations. Thus, on 

^•nh ATI ni f.xr thA A«.T*f,Vi hA sfl.va for* tViA nAriAfl- 


uumjjfctrisun vviuii uue size oi me wnoie, iie quoues sbT<i>n 
and Dicaearchus as claiming to have discovered t 
perpendicular height of the highest mountain above the 
level of the land is no more than 10 stades ; and to oh 
diameter of the earth he uses Eratosthenes's figure of f 
mately 252,000 stades for the circumference of th* 
which, with the Archimedean value of for tt, 
diameter of about 80,182 stades. The principal astrc 
circles in the heaven are next described (chaps. 5 
129-35) ; then (chap. 12) the assumed maximum devh 
latitude are given, that of the sun being put at 1°, ths 
moon and Venus at 12*^, and those of the planets I 
Mars, Jupiter and Saturn at 8°, 5°, 5° and 3"^ respectiv 
obliquity of the ecliptic is given as the side of a regular 
of 15 sides described in a circle, i.e. as 24° (chap. 23, 
Next the order of the orbits of the sun, moon and plan( 
plained (the system is of course geocentric) ; we are tol( 
that ' some of the Pythagoreans ' made the order (re 
outwards from the earth) to be moon, Mercury, Ver 
Mars, Jupiter, Saturn, whereas (p. 142) Eratosthenes 
sun next to the moon, and the mathematicians, agreei 
Eratosthenes in this, differed only in the order in wh 
placed Venus and Mercury after the sun, some putting ' 
next and some Venus (p. 143). The order adopted b 
of, the Pythagoreans' is the Chaldaean order, which 
followed by any Greek before Diogenes of Babylon 
century b. c.) ; " some of the Pythagoreans ' are there 
later Pythagoreans (of whom Nicomachus was one) ; t 
ord^r, moon, sun, Venus, Mercury, Mars, Jupiter, Sati 
that of Plato and the early Pythagoreans. In ( 
(p. 138 sq.) Theon quotes verses of Alexander ‘the I 
(not really the ‘Aetolian’, but Alexander of Ephesu 
temporary of Cicero, or possibly Alexander of Mi! 
Chalcidius calls him) assigning to each of the planets 
ing the earth, though stationary) with the sun and ir 
the sphere of the fixed stars one note, the intervals 
the notes being so arranged as to bring the nine 
octave, whereas with Eratosthenes and Plato the ea 
excluded, and the eight notes of the octachord were 


hole of this passage (chaps. 15 to 16 , pp. 138 - 47 ) is no 
intended as the promised account of the ' harmony in 
liverse although at the very end of the work Theoii 
s that this has still to be explained on the basis of 
yllus’s exposition combined with what he has already 
himself. 

> next chapters deal with the forward movements, the 
aary points, and the retrogradations, as they respectively 
r to us, of the five planets, and the ‘ saving of the pheno- 
’ by the alternative hypotheses of eccentric circles and 
iles (chaps, 17 - 30 , pp, 147 - 78 ). These hypotheses are 
ned, and the identity of the motion produced by the 
I shown by Adrastus in the case of the sun (chaps. 26 , 27 , 
56 - 72 ). The proof is introduced with the interesting 
k that ‘Hipparchus says it is worthy of investigation 
ithematicians why, on two hypotheses so different from 
nother, that of eccentric circles and that of concentric 
3 with epicycles, the same results appear to follow It 
to be supposed that the proof of the identity could be 
than easy to a mathematician like Hipparchus; the 
k perhaps merely suggests that the two hypotheses were 
^ered quite independently, and it was not till later that 
feet was discovered to be the same, when of course the 
rould seem to be curious and a mathematical proof would 
diately be sought. Another passage (p. 188 ) says that 
irchus preferred the hypothesis of the epicycle, as being 
wn. If this means that Hipparchus claimed to have 
;^ered the epicycle-hypothesis, it must be a misapprehen- 
for Apollonius already understood the theory of epi- 
j in all its generality. According to Theori, the epicycle- 
kesis is more ‘ according to nature ' ; but it was presum- 
preferred because it was applicable to all the planets, 
eas the eccentric-hypothesis, when originally suggested, 
bd only to the three superior planets ; in order to make 
ply to the inferior planets it is necessary to suppose the 
described by the centre of the eccentric to be greater 
the eccentric circle itself, which extension of the hypo- 
j, though known to Hipparchus, does* not seem to have 
red to Apollonius. 


244 


SOME HANDBOOKS 


of allusion to the system 

(p. isrtaT'of f '’^r ■* j^icriptio, 

the ODDosite ^q,-v.<dr>+- the carrying spheres in 

-sL -rher^^wS “■?“ Tl.-. 

their su^f«!!? 7^ ^ at a point on 

ireo^^S - ®P-yeles 

speaks (chap. 33 pp i86%) ■^d^astus) 

which nn ' ^ alternative hypotheses in 

etotitwT‘’T'“ we rj^i^ (‘tZ 

ae hypothesM'^l' Pltr"”"?*!? ‘“^°'“ into both eyetenM) 
thi? Zq Heraclides respectively. It is 
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period with respect to th^ onl'r ®aa’« 

tl^t Anaximander dWeU°lhSb'® always the same 
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XVII 

RIGONOMETRY: HIPPARCHUS, MENELAUS, 
PTOLEMY 

1 have seen that Sphaeric, the geometry of the sphere, 
rery early studied, because it was required so soon as 
lomy became mathematical ; with the Pythagoreans the 
Sphaeric, applied to one of the subjects of the quadrivium, 
ily meant astronomy. The subject was so far advanced 
5 Euclid’s time that there was in existence a regular 
)ok containing the principal propositions about great 
mall circles on the sphere, from which both Autolycus 
Euclid quoted the propositions as generally known. 

propositions, with others of purely astronomical in- 
, were collected afterwards in a work entitled Sp^hcierica, 
•ee Books, by Theodosius. 

das has a notice, s,v. OeoSocrw, which evidently con- 
the author of the Sphaerica with another Theodosius, 
ptic philosopher, since it calls him ‘ Theodosius, a philoso- 
, and attributes to him, besides the mathematical works, 
tic chapters ’ and a commentary on the chapters of 
las. Now the commentator on Theudas must have 
jed, at the earliest, to the second half of the second 
ry^A.D., whereas our Theodosius was earlier than Mene- 
fl. about A.D. 100), who quotes him by name. The next 
> by Suidas is of yet another Theodosius, a poet, who 
from Tripolis. Hence it was at one time supposed that 
heodosius was of Tripolis. But Vitruvius ^ mentions a 

InQina wVin i-nxrAnf.orl a ciiTnrliQ l ‘ "friy a.riTr 


aosius was or Jtsitnynia ana not later in aate im 
(say 20 B.c.); but the order in which Strab 
names makes it not unlikely that he was contem 
Hipparchus, while the character of his Sphaeria 
date even earlier rather than later. 

Works by Theodosius. 

Two other works of Theodosius besides th 
namely On habitations and On Bays and Nig 
have been included in the ' Little Astronomy ' 
voyLovjxevos, SO, tottos). These two treatises need : 
long. They are extant in Greek (in the great M 
Graecus 204 and others), but the Greek text ha 
ently yet been published. In the first, On hahi 
propositions, Theodosius explains the different ph 
to the daily rotation of the earth, and the partic 
of the whole system which are visible to inhat 
different zones. In the second. On Days and Ni 
ing 13 and 19 propositions in the two Books 
Theodosius considers the arc of the ecliptic des( 
sun each day, with a view to determining the coi 
satisfied in order that the solstice may occur in 
at a given place, and in order that the day and t 
really be equal at the equinoxes; he shows i 
variations in the day and night must recur 
a certain time, if the length of the solar yea 
surable with that of the day, while on the coni 
tion they will not recur so exactly. 

In addition to the works bearing on astronom 
is said ^ to have written a commentary^ now lost, ( 
or Method of Archimedes (see above, pp. 27-34). 

Contents of the Sphaerica. 

We come now to the Sphaerica, which des 
description from the point of view of this chaj 
book on the geometry of the sphere was wante 
ment to the Elements of Euclid. In the EUme] 


’ Suidas, loc. cit 


e spnere except tne tneorem provea in Aii. tnat 

olumes of two spheres are in the triplicate ratio of their 
iters ; apart from this, the sphere is only introduced in 
repositions about the regular solids, where it is proved 
hey are severally inscribable in a sphere, and it was doubt- 
dth a view to his proofs of this property in each case that 
ve a new definition of a sphere as the figure described by 
evolution of a semicircle about its diameter, instead of 
lore usual definition (after the manner of the definition 
circle) as the locus of all points (in space instead of in 
le) which are equidistant from a fixed point (the centre), 
oubt the exclusion of the geometry of the sphere from 
2ements was due to the fact that it was regarded as 
ging to astronomy rather than pure geometry, 
eodosius defines the sphere as ‘ a solid figure contained 
Le surface such that all the straight lines falling upon it 
one point among those lying within the figure are equal 
e another which is exactly Euclid's definition of a circle 
‘ solid ' inserted before ' figure ' and ‘ surface ' substituted 
line The early part of the work is then generally 
oped on the lines of Euclid's Book III on the circle, 
plane section of a sphere is a circle (Prop. 1). The 
rht line from the centre of the sphere to the centre of 
ular section is perpendicular to the plane of that section 
)r. 2 ; cf. 7 , 23 ); thus a plane section serves for finding 
mtre of the sphere just as a chord does for finding that 
circle (Prop. 2). The propositions about tangent planes 
and the relation between the sizes of circular sections 
their distances from the centre ( 5 , 6) correspond to 
d III. 16-19 and 15 ; as the small circle corresponds to 
ihord, the great circle (' greatest circle ' in Greek) corre- 
Is to the diameter. The poles of a circular section 
spond to the extremities of the diameter bisecting 
3rd of a circle at right angles (Props. 8-10). Great 
s bisecting one another (Props. 11-12) correspond to 
Is which bisect one another (diameters), and great circles 
fc/ing small circles at right angles and passing through 
poles (Props. 13 - 15 ) correspond to diameters bisecting 
Is at right angles. The distance of any point of a great 
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circle from its pole is equal to the side of a square insci 
in the great circle and conversely (Props. 16, 17). Next < 
certain problems : To find a straight line equal to the dian 
of any circular section or of the sphere itself (Props. 18, 
to draw the great circle through any two given poini 
the surface (Prop. 20); to find the pole of any given c 
lar section (Prop. 21). Prop. 22 applies EucL III. 3 tc 
sphere. 

Book II begins with a definition of circles on a S] 
which touch one another ; this happens ‘ when the con 
section of the planes (of the circles) touches both cir 
Another series of propositions follows, corresponding i 
to propositions in EucL, Book III, for the circle. Pa 
circular sections have the same poles, and conversely (P 
1, 2). Props. 3-5 relate to circles on the sphere tout 
one another and therefore having their poles on a 
circle which also passes through the point of contac 
EucL III. 11, [12] about circles touching one another) 
a great circle touches a small circle, it also touches an 
small circle equal and parallel to it (Props. 6, 7), and 
great circle be obliquely inclined to another circular sei 
it touches each of two equal circles parallel to that se 
(Prop. 8). If two circles on a sphere cut one anothei 
great circle drawn through their poles bisects the interc 
segments of the circles (Prop. 9). If there are any numl 
parallel circles on a sphere, and any number of great c 
drawn through their poles, the arcs of the parallel c 
intercepted between any two of the great circles are sii 
and the arcs of the great circles intercepted between am 
of the parallel circles are equal (Prop. 1 0). 

The last proposition forms a sort of transition to the pc 
of the treatise (II. 11-23 and Book III) which contains 
positicJns of purely astronomical interest, though express 
propositions in pure geometry without any specific refe 
to the various circles in the heavenly sphere. The pr< 
tions are long and complicated, and it would neither be 


cular place on the earth's surface; the pole of this 
3 the pole in the heaven. A great circle which touches 
3le and is obliquely inclined to the ‘ parallel circles ' is the 
f the horizon ; the parallel circles of course represent 
)arent motion of the fixed stars in the diurnal rotation, 
A^e the pole of the heaven as pole. A second great 
bliquely inclined to the parallel circles is of course the 
f the zodiac or ecliptic. The greatest of the ^ parallel 
is naturally the equator. All that need be said of the 
; propositions (except two which will be mentioned 
lely) is that the sort of result proved is like that of 
12 and 13 of Euclid’s Phaenomena to the effect that in 
f of the zodiac circle beginning with Cancer (or Capri- 
» equal arcs set (or rise) in unequal times ; those which 
irer the tropic circle take a longer time, those further 
t a shorter; those which take the shortest time are 
djacent to the equinoctial points ; those which are equi- 
I from the equator rise and set in- equal times. In like 
r Theodosius (III. 8) in effect takes equal and con- 
3 arcs of the ecliptic all on one side of the equator, 
through their extremities great circles touching the 
polar ‘ parallel ’ circle, and proves that the correspond- 
is of the equator intercepted between the latter great 
are unequal and that, of the said arcs, that correspond- 
the arc of the ecliptic which is nearer the tropic circle 
greater. The successive great circles touching the 
polar circle are of course successive positions of the 
1 as the earth revolves about its axis, that* is to say, 
ne length of arc on the ecliptic, takes a longer or shorter 

0 rise according as it is nearer to or farther from the 
in other words, farther from or nearer to the equinoctial 

8, however, obvious that investigations of this kind, 
only prove that certain arcs are greater than others, 

1 not give the actual numerical ratios between them, are 
i for any practical purpose such as that of telling the 
>f the night by the stars, which was one of the funda- 
I problems in Greek astronomy; and in order to find 


250 


TRIGONOMETRY 


the required numerical ratios a new method had to be in'' 
namely trigonometry. 

No actual trigonometry in Theodosius. 

It is perhaps hardly correct to say that spherical tri 
are nowhere referred to in Theodosius, for in III. 3 th 
gruence-theorem for spherical triangles corresponding t< 
I. 4 is practically proved ; but there is nothing in th( 
that can be called trigonometrical. The nearest appr^ 
in III. 11, 12, where ratios between certain straight lii 
compared with ratios between arcs. ACc (Prop. 11) is i 
circle through the poles A, A^; CDc, G'D are two othei 
circles, both of which are at right angles to the plane o 
but CDc is perpendicular to AA', while G'D is inclined i 
an acute angle. Let any other great circle AB'BA' t] 


A 



AA^ cut GD in any point B between G and D, and CL 
Let the ' parallel ' circle EB'e be drawn through B\ i 
G'c' be the diameter of the ‘ parallel ’ circle touching th 
circle O'D. Let i, K be the centres of the ' parallel ’ 
and let R, p be the radii of the ‘ parallel ' circles G. 
respectively. It* is required to prove that 

2R:2p> (arc GB) ;^(arc G'B'). 


fciauit; d.y JL aiuu^ jlyl/ equcii tu xyjl/, aiiu. juiii j. . 

3n in the triangles B'NT, B'NL two sides B'N, NT are 
to two sides B'N, NL, and the included angles (both 
right) are equal ; therefore the triangles are equal in all 
3ts, and INLB'= LNTB\ 

w 2R:2p = 0G':C'K 

= ONiNL 
=zON:NT 

[= NTB': NOB'] 

> iNTB'ilNOB' 

> iNLB'ilNOB' 

>IG0B:AN0B' 

> (arc BG) : (arc B'G '). 

d', b', c' are the sides of the spherical triangle AB'G', this 
fc is equivalent (since the angle GOB subtended by the arc 
} equal to A) to 

1 :sin 6'= tan -4 :tanu,' 

> a : a', 

e a = BO, the skle opposite A in the triangle ABG. 
e proof is based on the fact (proved in Euclid's Optics 
assumed as known by Aristarchus of Samos and Archi- 
es) that, if a, yS are angles such that ^ tt > a > /3, 
/tan/3 > a//3. 

hile, therefore, Theodosiust proves the equivalent of the 
ula, applicable in the solution of a spherical triangle 
i-angled at (7, that tana = sin 6 tan A, he is unable, for 
3 of trigonometry, to find the actual value of a/ a', and 
mly find a limit for it. He is exactly in the same position 
ristarchus, who can only approximate to the values of the 
>nometrical ratios which he needs, e.g. sin 1°, cos 1°, sin 3°, 
ringing them within upper and lower limits with the aid 
le inequalities 

tan OL OL sin a 


V/VJ-J. 4. JJJJLUJJUOltJLUJLl ill lU-CUeiaUO a AJ^/OU/C-Y OC/W/ y 

dealing with, the more general case in which C\ in 
being the tropical point on the ecliptic, is, like jB', ai 
between the tropical point and D. If -K, p have t 
meaning as above and r^, are the radii of the paralL 
through B' and the new C\ Menelaus proves that 

sin a _ i2p 
sina' ~ 

which, of course, with the aid of Tables, gives thi 
of finding the actual values of a or a' when the other < 
are given. 

The proposition III. 12 of Theodosius proves a resul 
to that of III. 11 for the case where the great circle 
AC'G, instead of being great circles through the p' 
great circles touching ‘ the circle of the always- visibl 
i.e. different positions of the horizon, and the points C 
any points on the arc of the oblique circle between the 
and the equinoctial points ; in this case, with the same i 
4 ii : 2 p > (arc BG) : (arc B'Gy 

It is evident that Theodosius was simply a labori( 
piler, and that there was practically nothing origini 
work. It has been proved, by means of proposition 
verbatim or assumed as known by Autolycus in his 
Sphere and by Euclid in his Fhae^wmena, that the f 
propositions in Theodosius are pre-Euclidean, I. 1, 6 a, 
12, 13, 16, 20 ; II. 1, 2, 3, 6, 8, 9, 10 a, 13, 15, 17, 18, 19 
III. lb, 2, 3, 7, 8, those shown in thick type beinj 
word for word. 

The beginnings of trigonometry. 

But this is not all. In Menelaus’s Sphaerica, III. 
is a reference to the proposition (III. 11) of Theodosiu 
above, and in Gherard of Cremona’s translation f 
Arabic, as well as in Halley’s translation from the 
of Jacob b. Machir, there is an addition to the effect 
proposition was used by Apollonius in a book the 
which is given in the two translations in the all 


3 "ViheT aggregativns’ and 4iber de principiis universa- 
Each of these expressions may well mean the work 
Lpollonius which Marinus refers to as the ' General 
3 ise’ (77 KaOoXov TTpayfiareia), There is no apparent 
n to doubt that the remark in question was really 
ined in Menelaus’s original work ; and, even if it is an 
ian interpolation, it is not likely to have been made 
Dut some definite authority. If then Apollonius was the 
verer of the proposition, the fact affords some ground for 
:ing that the beginnings of trigonometry go as far back, 
ast, as Apollonius. Tannery^ indeed suggested that not 
Apollonius but Archimedes before him may have com- 
a ' table of chords or at least shown the way to such 
npilation, Archimedes in the work of which we possess 
a fragment in the Measurement of a Girder and Apollonius 
e ^KVTOKLov, where he gave an approximation to the value 
closer than that obtained by Archimedes; Tannery 
fares the Indian Table of Sines in the Sui'ya-Siddhanta, 
e the angles go by 24ths of a right angle (1 /24th = 3° 45', 
tths=7°30', &c.), as possibly showing Greek influence, 
is, however, in the region of conjecture; the first person 
Bike systematic use of trigonometry is, so far as we know, 
farchus. 

:ppabchus, the greatest astronomer of antiquity, was 
at Nicaea in Bithynia. The period of his activity is 
ated by references in Ptolemy to observations made by 
the limits of which are from 161 b.c. to 1 26 b.c. Ptolemy 
ler says that from Hipparchus’s time to the beginning of 
:eign of Antoninus Pius (a.d. 138) was 265 years.^ The 
and most important observations made by Hipparchus 
made at Rhodes, though an observation of the vernal 
lox at Alexandria on March 24, 146 B.C., recorded by him 
have been his own. His main contributions to theoretical 
practical astronomy can here only be indicated in the 
est manner. 

Tannery, Recherches sur Vhist. de Vasironomie ancienne, p. 64. 
Ptolemy, SyntaxiSy vii. 2 (vol. ii, p. 15). 


Discovery of precessio n. 

1. The greatest is perhaps his discovery of the 
of the equinoxes. Hipparchus found that the 1 
Spica was, at the time of his observation of it, 
from the autumnal equinoctial point, whereas he de 
observations recorded by Timocharis that Timo 
made the distance 8°. Consequently the motion ha< 
to 2° in the period between Timocharis’s observatioi 
283 or 295 B.C., and 129/8 B.C., a period, .that ii 
166 years ; this gives about 46*8'' or 43*4'' a year, a 
with the true value of 50*3757''. 

Calculation of mean lunar month. 

2. The same discovery is presupposed in his w( 
length of the Tear, in which, by comparing an < 
of the summer solstice by Aristarchus in 281/0 B, 
own in 136/5 B.C., he found that after 145 years (t 
between the two dates) the summer solstice occ 
a day-and-night earlier than it should on the assi 
exactly 365|; days to the year; hence he conclude 
tropical year contained about -j^^th of a day-and 
than 365i days. This agrees very nearly with C 
statement that Hipparchus’s cycle was 304 years, 
the 76 years of Callippus, but with 111,035 ( 
instead of 111,036 (=27,759x4). Counting in th 
12x304 + 112 (intercalary) months, or 3,760 moi 
Hipparchus made the mean lunar month 29 da 
44 min. 2^ sec., which is less than a second out in 
with the present accepted figure of 29*53059 days! 

3. Hipparchus attempted a new determination o 
motion by means of exact equinoctial and solst 
vations; he reckoned the eccentricity of the s' 
and fixed the apogee at the point 5° 30' of Gem 
remarkable still was his investigation of tl 
course. He determined the eccentricity and the 
of the orbit to the ecliptic, and by means of 
observations of eclipses determined the moon’s p 
extraordinary accuracy (as remarked above). We 
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the lengths of the mean synodic, the sidereal, the 
alistic and the draconitic month obtained by Hipparchus 
exactly with Babylonian cuneiform tables of date not 
than Hipparchus, and it is clear that Hipparchus was 
1 possession of all the results established by Babylonian 
lomy. 

Im]yroved estimates of sizes and distances of sun 
and moon. 

pparchus improved on Aristarchus’s calculations of the 
and distances of the sun and moon, determining the 
•ent diameters more exactly and noting the changes in 
; he made the mean distance of the sun 1,245 i), the mean 
ice of the moon 33-|D, the diameters of the sun and 
12f i) and ^ D respectively, where D is the mean 
3ter of the earth. 

Epicycles and eccentrics. 

pparchus, in investigating the motions of the sun, moon 
planets, proceeded on the alternative hypotheses of epi- 
3 and eccentrics ; he did not invent these hypotheses, 
1 were already fully understood and discussed by 
onius. While the motions of the sun and moon could 
diflBculty be accounted for by the simple epicycle and 
trie hypotheses, Hipparchus found that for the planets it 
lecesvsary to combine the two, i.e. to superadd epicycles to 
>n in eccentric circles. 

Catalogue of stars. 

3 compiled a catalogue of fixed stars including 850 or 
such stars; apparently he was the first to state their 
nns in terms of coordinates in relation to the ecliptic 
ude and longitude), and his table distinguished the 
:ent sizes of the stars. His work was continued by 
my, who produced a catalogue of 1,022 stars which, 
g to an error in his solar tables afibeting all his longi- 
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7. He made great improvements in the instruments 
observations* Among those which he used were an i 
dioptra, a ‘ meridian-instrument ' designed for obser^? 
the meridian only, and a universal instrument {da- 
opyavov) for more general use. He also made a 
which he showed the positions of the fixed stars as de 
by him ; it appears that he showed a larger number 
on his globe than in his catalogue. 


Geography. 

In geography Hipparchus wrote a criticism of Erat 
in great part unfair. He checked Eratosthenes's 
means of a sort of triangulation ; he insisted on the ; 
of applying astronomy to geography, of fixing the pc 
places by latitude and longitude, and of determining lo 
by observations of lunar eclipses. 

Outside the domain of astronomy and geography, Hi] 
wrote a book On things borne dovm by their weii 
which Simplicius (on Aristotle's De caelo, p. 264 sq. 
two propositions. It is possible, however, that ever 
work Hipparchus may have applied his doctrine to th< 
the heavenly bodies. 

In pure mathematics he is said to have considered a 
in permutations and combinations, the problem of fin( 
number of different possible combinations of 10 a:x 
a^umptions, which he made to be 103,049 {v.L 
or 310,952 according as the axioms were affirmed or c 
it ^ms impossible to make anything of these figures, 
the Fihri^ attributes to him works ‘On the art of 

o’^ra by the title of the Rules ' and ‘ On the division 
^ rs , we have no confirmation : Suter suspects some co 
m ^©w of the fact that the article immediately folio 
rf^bm ^ Diophantus, who also ‘ wrote on th< 

9 - 3 , 732 F, De Stoicorum re^ 
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First systematic use of Trigonometry. 

come now to what is the most important from the 
3£ view of this work, Hipparchus’s share in the develop- 
of trigonometry. Even if he did not invent it, 
rchus is the first person of whose systematic use of 
3metry we have documentary evidence. (1) Theon 
xandria says on the Syntaxis of Ptolemy, a propos of 
ly’s Table of Chords in a circle (equivalent to sines), 
lipparchus, too, wrote a treatise in twelve books on 
it lines (i.e. chords) in a circle, while another in six 
was written by Menelaus.^ In the Syrdaxis I. 10 
ly gives the necessary explanations as to the notation 
n his Table. The circumference of the circle is divided 
60 parts or degrees ; the diameter is also divided into 
rts, and one of such parts is the unit of length in terms 
ich the length of each chord is expressed; each part, 
er of the circumference or diameter, is divided into 60 
each of these again into 60, and so on, according to the 
1 of sexagesimal fractions. Ptolemy then sets out the 
um number of propositions in plane geometry upon 
the calculation of the chords in the Table is based {Sl^ 
70)1/ ypajjifi^p fieSoSiKij? avrSiv arvc^rdo-ecos:). The pro- 
ms are famous, and it cannot be doubted that Hippar- 
ised a set of propositions of the same kind, though his 
tion probably ran to much greater length. As Ptolemy 
ely set himself to give the necessary propositions in the 
st form possible, it will be better to give them under 
ay rather than here. (2) Pappus, in speaking of Euclid’s 
dtions about the inequality of the times which equal arcs 
zodiac take to rise, observes that ‘ Hipparchus in his book 
? rising of the twelve signs of the zodiac shows hy means 
nerical calculations {8i dpLO/x^u) that equal arcs of the 
rcle beginning with Cancer which set in times having 
lin relation to one another do not everywhere show the 
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in relation to one another ; they could not calculate the 
times. As Hipparchus proved corresponding propositi( 
means of numberSy we can qnly conclude that he used p: 
tions in spherical trigonometry, calculating arcs from 
which are given, by means of tables. (3) In the only 
of his which survives, the Commerutary oa the- Phaen 
of Eudoxus and Aratus (an early work anterior ' 
discovery of the precession of the equinoxes), Hipp 
states that (presumably in the latitude of Rhodes) a star 
lies 27^° north of the equator describes above the hori: 
arc containing 3 minutes less than 15/2 4 ths of the 
circle^; then, after some more inferences, he says, "Fo 
of the aforesaid facts is proved by oneaois of lines (S 
ypafijiihv) in the general treatises on these matters coi 
by me In other places ^ of the Commentary he allr 
a work On simultaneous risings (ra irspl rZv avvava'i 
and in II. 4. 2 he says he will state summarily, about € 
the fixed stars, along with what sign of the zodiac it ris 
sets and from which degree to which degree of each i 
rises or sets in the regions about Greece or wherev 
longest day is 14| equinoctial hours, adding that he has 
special proofs in another work designed so that it is p 
in practically every place in the inhabited earth to 
the difierences between the concurrent risings and set 
Where Hipparchus speaks of proofs ' by means of liui 
does not mean a merely graphical method, by constr 
only, but theoretical determination by geometryT-, follo\^ 
calculation, just as Ptolemy uses the expression €/c rdiv 
of his calculation of chords and the expressions <T<j>c 
and ypap,fitKal of the fundamental prop< 

in spherical trigonoinetry (Menelaus's theorem applied 
sphere) and its various applications to particular cas( 
is significant that in the Syntaxis VIII, 5, where Pt 
applies the proposition to the very problem of findir 
times of concurrent rising, culmination and setting < 
fixed stars, he says that the times can be obtained ‘ b^ 
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i Commentary y he used the formulae of spherical trigono- 
7 to get his results. In the particular case where it is 
red to find the time in which a star of 27§° northern 
lation describes, in the latitude of Rhodes, the portion of 
:c above the horizon, Hipparchus must have used the 
alent of the formula in the solution of a right-angled 
ical triangle, tan b = cos A tan c, where C is the right 
Whether, like Ptolemy, Hipparchus obtained the 
ilae, such as this one, which he used from different 
nations of * the one general theorem (Menelaus's theorem) 
not possible to say. There was of course no difiiculty 
Iculating the tangent or other trigonometrical function 
angle if only a table of sines was given ; for Hippar- 
and Ptolemy were both aware of the fact expressed by 
+ cos^ cx = 1 or, as they would have written it, 

(crd. 2oc)^+ {crd. (180®— 2a)}^ = 4r^, 

B (crd. 2 a) means the chord subtending an arc 2 a, and r 
! radius, of the circle of reference. 


Table of Chords. 


i have no details of Hipparchus’s Table of Chords suffi- 
to enable us to compare it with Ptolemy’s, which goes 
alf-degrees, beginning with angles of ^°, 1®, 1-|®, and so 
But Heron ^ in his Metrica says that ‘ it is proved in the 
a about chords in a circle ’ that, if and are the sides 
egular enneagon (9-sided figure) and hendecagon (l 1-sided 
i) inscribed in a circle of diameter d, then (1) = ^d, 

very nearly, which means that sin 20® was 
L as equal to 0.3333 ... (Ptolemy’s table makes it 


0 -f ^ ^hat the first approximation is -1), and 


j- . 180® or sin 16° 21' 49" was made equal to 0*28 (this cor- 
nds to the chord subtending an angle of 32«> 43' 38", nearly 

OTfl.xr.Kp+.wAan mAQ.-n hA+.WAAri f.liA f.wn 
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Iff or Heron’s figure). There is little d 
that it is to Hipparchus’s work that Heron refers, thougl 
author is not mentioned. 

While for our knowledge of Hipparchus’s trigonometr 
have to rely for the most part upon what we can infer ; 
Ptolemy, we fortunately possess an original source of ii 
rnation about Greek trigonometry in its highest developi 
in the S2:)haeTica of Menelaus. 

The date of Menrtaus of Alexandria is roughly ; 
cated by the fact that Pfcolemy quotes an observatio 
his made in the first year of Trajan’s reign (a.d. 98 ). 
was therefore a contemporary of Plutarch, who in 
lepresents him as being present at the dialogue De fad 
orhe lunae, where (chap. 17) Lucius apologizes to Menelaus 
mathematician’ for questioning the fundamental propos: 
in optics that the angles of incidence and reflection are eq 

He wrote a variety of treatises other than the Sphae 
We have seen that Theon mentions his work on Chords 
Circle in six Books. Pappus says that he wrote a tre^ 
(TTpay/iareLa) on the setting (or perhaps only rising 
difFeient arcs of the zodiac.^ Proclus quotes an altemi 
proof by him of Eucl. I. 25, which is direct instead o: 
1 eductio ad ahsurdum^ and he would seem to have avc 
the latter kind of proof throughout. Again, Pappus, spea' 
o the many complicated curves " discovered by Demetrii 
Alexandria (in his ‘'Linear considerations”) and by PI 
o Tyana as the result of interweaving plectoids and c 
sur aces of all kinds ’, says that one curve in particular 
investigated by Menelaus and called by him ‘ paradox 

yrrapaSo^os^)^ ^ the nature of this curve can only be coniect 
(see below). 

But Arabian tradition refers to other works by Mena 
U) Ekmenta of Geometry, edited by Thabit b. Qurra, in t 
(2) a Book on triangles, and (3) a work the titl 
w 1 C IS translated by Wenrieh de cognitione quamti 
corporum permixtorum. Light is thrown on 
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: about tbe hydrostatic balance, i.e. about the deter- 
>n of the specific gravity of homogeneous or mixed 
in the course of which he mentions Archimedes and 
us (among others) as authorities on the subject; hence 
atise ( 3 ) must have been a book on hydrostatics dis- 
' such problems as that of the crown solved by Archi- 
The alternative proof of EucI I. 25 quoted by 
! might have come either from the Elements of Geometry 
Book on triangles. With regard to the geometry, the 
rium fratrum ’ (written by three sons of Musa b. Shakir 
ninth century) says that it contained a solution of the 
tion of the cube, which is none other than that of 
as. Tlie solution of Archytas having employed the 
3tion of a tore and a cylinder (with a cone as well), 
rould, on the assumption that Menelaus reproduced the 
1, be a certain appropriateness in the suggestion of 
y ^ that the curve which Menelaus called the irapdSo^os 
] was in reality the curve of double curvature, known 
name of Viviani, which is the intersection of a sphere 
I cylinder touching it internally and having for its 
er the radius of the sphere. This curve is a particular 
Eudoxus's hippoijede, and it has the property that the 
. left outside the curve of the surface of the hemisphere 
ch it lies is equal to the square on the diameter of the 
; the fact of the said area being squareable would 
the application of the word 7rapd8o^o9 to the curve, 
e quadrature itself would not probably be beyond the 
of the Greek mathematicians, as witness Pappus's 
ination of the area cut off between a complete tuim of 
in spiral on a sphere and the great circle touching it at 
gin.2 


The Spliaerica of Menelaus. 

treatise in thi-ee Books is fortunately preserved in 
rabic, and although the extant versions differ con- 


eaiwon (uxrord, 1758). ine lormer is unserviceab 
Maurolycus’s manuscript was very imperfect, ar 
trying to correct and restore the propositions, 
several of his own. Halley seems to have ma 
translation of the Hebrew version of the work h 
Machir (about 1273), although he consulted Arabic m 
to some extent, following them, e.g., in dividing the 
three Books instead of two. But an earlier vers 
from the Arabic is available in manuscripts of the 
to fifteenth centuries at Paris and elsewhere; this 
without doubt that made by the famous translato 
of Cremona (11 14-87). With the help of Halley 
Gherard’s translation, and a Leyden manuscrip 
the redaction of the work by Abu-Nasr-Mansur 
A.D. 1007-8, Bjornbo has succeeded in presenting a] 
reproduction of the contents of the S^pTiaericd} 


Book I. 

In this Book for the first time we have the cone 
definition of a spherical triangle, Menelaus does r 
to give the usual definitions of points and circles 
the sphere, e.g. pole, great circle, small circle, but b 
that of a spherical triangle as ‘ the area included 
great circles on the surface of a sphere subject to t 
tion (Def, 2) that each of the sides or legs of the trii 
arc less than a semicircle. The angles of the trian^ 
angles contained by the arcs of great circles on i 
(Def. 3), and one such angle is equal to or greater thj 
according as the planes containing the arcs formir 
angle are inclined at the same angle as, or a gre 
than, the planes of the arcs forming the other (] 
The angle is a right angle if the planes of the arcs a 
angles (Def. 6). Pappus tells us that Menelaus in his 
calls the figure in question (the spherical triangle 
side (rptTrXevpoi')^; the word triangle (rpiycovov) wa 


uber Menelaos' Sphdrik (Abbandlimfifen 
math. Wissenschaften, Heft xiv. 1902). 

* Pappus, vi, p. 476. 16. 
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already appropriated for the plane triangle. We should gather 
from this, as well as from the restriction of the definitions to 
the spherical triangle and its parts, that the discussion of the 
spherical triangle as such was probably new ; and if the pre- 
face in the Arabic version addressed to a prince and beginning 
with the words, ‘ 0 prince ! I have discovered an excellent 
method of proof ... * is genuine, we have confirmatory evidence 
in the writer’s own claim. 

Menelans’s object, so far as Book I is concerned, seems to 
have been to give the main propositions about spherical 
triangles corresponding to Euclid’s propositions about plane 
triangles. At the same time he does not restrict himself to 
Euclid’s methods of proof even where they could be adapted 
to the case of the sphere; he avoids the form of proof by 
red'uuctio ad absurdum, but, subject to this, he. prefers the 
easiest proofs. In some respects his treatment is more com- 
plete than Euclid’s treatment of the analogous plane cases. 
In the congruence-theorems, for example, we have I. 4 a 
corresponding to EucL I. 4, I. 4b to Eucl. I. 8, I. 14, 16 to 
Eucl. I. 26 a, b; but Menelaus includes (I. 13) what we know 
as the ‘ ambiguous case ’, which is enunciated on the lines of 
Eucl. VI. 7. I. 12 is a particular case of I. 16. Menelaus 
includes also the further case which has no analogue in plane 
triangles, that in which the three angles of one triangle are 
severally equal to the three angles of the other (1.17). He 
makes, moreover, no distinction between the congruent and 
the symmetrical, regarding both as covered by congruent. 1. 1 
is a problem, to construct a spherical angle equal to a given 
spherical angle, introduced only as a lemma because required 
in later propositions. I. 2, 3 are the propositions about 
isosceles triangles corresponding to Eucl. I. 5, 6 ; Eucl. 1. 18, 19 
(greater side opposite greater angle and vice versa) have their 
analogues in I. 7, 9, and Eucl. I. 24, 25 (two sides respectively 
equal and included angle, or third side, in one triangle greater 
than included angle, or third side, in the other) in I. 8. I. 5 
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EueL I. 16 j 32 are not true of spherical triangles, e 
Menelaus has therefore the corresponding but different f 
positions. 1. 10 proves that, with the usual notation a, I 
B, C, for the sides and opposite angles of a spher; 
triangle, the exterior angle at (7, or 180° — G, < = or : 
according as c + a > = or <180°, and vice versa. The pi 
of this and the next proposition shall be given as specimen 
In the triangle ABC suppose that c + a> or < 180°; 
D be the pole opposite to A, 

Then, according as c + a > = or < 180°, BG > = or < 
(since AD = 180°), 

and therefore ZD > = or < /.BCD (= 180° — G), [I 

i.e. (since ZD = lA) 180° — D< = or >ZL. 

Menelaus takes the converse for granted. 

As a consequence of this, I. 1 1 proves that A + B + C>V 
Take the same triangle ABC^ with the pole D oppo 



to A, and from B draw the great circle BE such i 
IDBE = IBDE. 

Then CD+DD = CD < 180°, so that, by the precec 
proposition, the exterior angle AGB to the triangle BCj 
greater than LOBE, 

i-e- C>ICBE, 

Add A or D (= LEBD) to the unequals ; 
therefore D+A > LGBD, 

whence A + D + C > LGBD + D or 180°. 

After two lemmas L 21 22 WP. Vifl.VA rkvrk-nriGif.in-n.Q iri 
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5 triangle AEG with great circles drawn through B to 
AG (between A and G) in D, E respectively, and the 
\rhere D and E coincide, and they prove different results 
^ from different relations between a and c (a > c), com- 
with the equality of AD and EG (or DG)y of the angles 
and EBG (or DBG), or of and BD + BE (or 2BD) 
itively, according as (x + o< = or >180° 

)k II has practically no interest for us. The object of it 
establish certain propositions,- of astronomical interest 
which are nothing more than generalizations or exten- 
of propositions in Theodosius’s Spliaerica, Book III. 
Theodosius III. 5, 6, 9 are included in Menelaus II. 10, 
losius III. 7-8 in Menelaus IL 12, while Menelaus II. 11 
extension of Theodosius III. 13. The proofs are quite 
3nt from those of Theodosius, which are generally very 
(vinded. 

Book III. Trigonometry. 

will have been noticed that, while Book I of Menelaus 
the geometry of the spherical triangle, neither Book I 
)Ook II contains any trigonometry. This is reserved for 
III. As I shall throughout express the various results 
aed in terms of the trigonometrical ratios, sine, cosine, 
mt, it is necessary to explain once for all that the Greeks 
.ot use this terminology, but, instead of sines, they used 
chords subtended by arcs of a 
^ In the accompanying figure 
le arc AD of a circle subtend an 
5 OL at the centre 0. Draw AM 
mdicular to OD, and produce it 
eet the circle again in A', Then 
c = AM/ AO, and AM is |AA' 
alf the chord subtended by an 
i 2 oc at the centre, which may 
jly be denoted by -Kcrd. 2 a). 
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(a) ^Menelaus's theorem ’ for the sphere. 

The first proposition of Book III is the famous ' Menela 
theorem ' with reference to a spherical triangle and any tn 
versal (great circle) cutting the sides of a triangle, prodi 
if necessary. Menelaus does not, however, use a sphei 
triangle in his enunciation, but enunciates the propositioi 
terms of intersecting great circles. ‘Between two arcs ^ 
AEG of great circles are two other arcs of great circles 1 
and BFE which intersect them and also intersect each o 
in F, All the arcs are less than a semicircle. It is requ 
to prove that 

sin CE __ sin O F sin DB , 
sin EA ~~ sin FD sin BA 

It appears that Menelaus gave three or four cases, suffic 
to prove the theorem completely. The proof depends on 
simple propositions which Menelaus assumes without pr 
the proof of them is given by Ptolemy. 

(1) In the figure on the last page, if OD be a radius cut 
a chord AB in G, then 

AG : GB =: sin AD : sin jDjB. 

For draw AM, BN perpendicular to OD. Then 
AG:GB^ AM^BN 

= |(crd. 2AD):-|(crd. 2DB) 

= sin AD : sin DB. 

(2) If AB meet the radius OG produced in T, then 

AT: BT = sin AG : sin BG. 


A 


AT:TB.:^ AM:BN 


= |(crd. 2^(7):|(crd. 2BC) 

= sin ^(7: sin BC. 

Now let the arcs of great circles ADB, AEG be cut by the 
arcs of great circles DEC, BFE which themselves meet in F, 

Let G be the centre of the sphere and join GB, GF, GE, AD. 

Then the straight lines AD, GB, being in one plane, are 
either parallel or not parallel. If they are not parallel, they 
will meet either in the direction of D, B or of A, G. 

Let AD, GB meet in 1\ 

Draw the straight lines AKG, DLC meeting GE, GF in K, L 
respectively. 

Then K, L, T must lie on a straight line, namely the straight 
line which is the section of the planes determined by the arc 
EFB and by the triangle AGD.^ 


A 



Thus we have two straight lines AG, AT cut by the two 
straight lines GD, TK which themselves intersect in L. 

Therefore, by Menelaus’s proposition in plane geometry, 

GK _ GL DT 
KA'' LD'TA 

^ So Ptolemy. In other words, since the straight lines GB, GE, GF, 
which are in one plane, respectively intersect the straight lines AD, AC, 
CD which are also in one plane, the points of intersection T, K, L are in 
both planes, and therefore lie on the straight line in which the planes 
intersect. 
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But, by the propositions proved above, 

GK _ sin CE CL sin CF DT 

KA siuEA" LD~^^EFI)" TA^ 

therefore, by substitution, we have 

sinC.g _ ^n CF sin DB 
sin EA sin FB sin BA 
Menelaus apparently also gave the proof for 
which AD, GB meet towards A, G, and in which 
parallel respectively, and also proved that in lit 
the above figure, 

^CA _ sin CD sin FB 
sinAE'^' sin sin BE 
(the triangle cut by the transversal being here CJ 
ADC). Ptolemy^ gives the proof of the above ci 
dismisses tha last-mentioned result with a ‘ simih 

(fi) Deductions from Menelaus' s Theor 
III. 2 proves, by means of I. 14, 10 and III. 1, i 
A'B'G' be two spherical triangles in which A = 
are either equal or supplementary, sin c / sin a = 
and conversely. The particular case in which G 
angles gives what was afterwards known as 
quattuor quantitatum ' and was fundamental 
trigonometry. 2 A similar association attaches to 
III. 3, which is the so-called ‘ tangent ' or ‘ shadov 
Arabs. If ABC, A'B'G' be triangles right-angled 
( 7 , G' are equal and both either > or < 90°, an 
the poles of AC, A'O', then 

sin AB _ sin A'B' sin BP 
sin AG '^A'G' * sin B'P' ' 
Apply the triangles so that O' falls on G, O'B' ( 
and G'A' on GA as CD ; then the result follows ( 
III. 1. Since sin BP = cos AB, and sin B'P' = 
result becomes 


sin GA tan A B 
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It follows at once (Prop. 4) that, if AM, A'M' are great 
circles drawn perpendicular to the bases BO, B'G^ of two 
spherical triangles ABC, A'B'G^ in which B = B', G = O', 


sin BM __ sin MG 


(^since both are equal to 


tan AM \ 
tan A' My 


III. 5 proves that, if there are two spherical triangles ABC, 




A'RC' right-angled at A, A' and such that C:^G', while b 
and y are less than 90°, 

sin (a + b) _ sin (a' 4- E) 
sin (a — 6) sin {a' — b')" 

from which we may deduce^ the formula 

sin (a + 6) 1 -f cos G 

sin (a — 6) 1— cosC’ 

which is equivalent to tan b = tan a cos G, 


(y) Anharmonic property of four great circles through 
one point. 

But more important than the above result is the fact that 
the proof assumes as known the anhar- 
monic property of four great circles 
drawn from a point on a sphere in rela- 
tion to any great circle intersecting them 

A Tinr\ A/Tif/y/T\r x _ 
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It follows that this proposition was known before 
laus’s time. It is most easily proved by means of ' Me 
Theorem’, III. 1, or alternatively it may be deduced 
sphere from the corresponding proposition in plane ge 
just as Menelaus’s theorem is transferred by him h 
plane to the sphere in III. 1. We may therefore fai 
elude that both the anharmonic property and Me 
theorem with reference to the sphere were already i 
in some earlier text-book ; and, as Ptolemy, who built i 
upon Hipparchus, deduces many of the trigonoi 
formulae which he uses from the one theorem (11 
Menelaus, it seems probable enough that both theorei 
known to Hipparchus. The corresponding plane tl 
appear in Pappus among his lemmas to Euclid’s Foris'i 
there is therefore every probability that they were J 
by Euclid as known. 

(5) Propositions analogous to Euch VI, 3, 

Two theorems following, III. 6, 8, have their ana 
Eucl. VI. 3. In III. 6 the vertical angle A of a s 
triangle is bisected by an arc of a great circle meetin 

D, and it is proved that sin jBD/sin DC = sin BA/i 
in III. 8 we have the vertical angle bisected both in 
and externally by arcs of great circles meeting BGir 

E, and the proposition proves the harmonic property 

sinBE smBD 
sin EG sin DG 

III. 7 is to the effect that, if arcs of great circles 
through B to meet the opposite side of a spherical 
in D, E so that lABD = Z EBG, then 

sinEA . sinZLZ) _ sin^ZLR 
sin DO , sin CE sin^ BG * 

As this is analogous to plane propositions given by Pa 
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9 and III. 10 show, for a spherical triangle, that (1) the 
circles bisecting the three angles, (2) the great circles 
^h the angular points meeting the opposite sides at 
angles meet in a point. 

! remaining propositions, III. 11-15, return to the same 
f astronomical problem as those dealt with in Euclid’s 
iumena, Theodosius’s Sphaerica and Book II of Mene- 
own work. Props. 11-14 amount to theorems in 
cal trigonometry such as the following. 

en arcs Kj, otj, o(,, a^, jSj, such that 

90°^o(i > oi.^> a.^> a.^, 

90°>^i>/32>/33>^^, 

Iso «! > 0(2 > ^2, as > ^.•i. “4 > ^4> 

If sin 0£ j : sin : sin oc ^ ; sin a4 = sin ^ j : sin : sin : sin , 

«i-a2 ^ ^1-^2 . 

*^4 ^4 

sin(o(^+/3,) _ sin + _ sin (a^ + /gg) 

sin (o(, - sin (a^ - 13 ^) sin (a,, - /Sg) 

_ 3 in(a4 + ^4) 
“ sin (0(4 -^4)’ 

»3-<a4 ^3-^4 

sin(tX4-«2) ^ mn(^i-^2) 
sin (0(3 -0(4) sin "(^3 -^4) 

ai a 2 ^ ^2 

«3-«4 ^ 3-^4 ' 

iin, given three series of three arcs such that 


then 


5^3-^ > and 

“■ ^3 ^2 ^3 


(2j If OCi<- y-ii ^2 ^2 y2J /^3 ^3 Ys^ 


then 


0 ^ 1 - 0^2 
(Xo — O^c, 


^2 

^ 2 ~ 03 ‘ 


III. 15, the last proposition, is in four parts. The f 
is the proposition corresponding to Theodosius III. 1 
alluded to. Let BA, BO be two quadrants of grea 
(in which we easily recognize the equator and the • 
B the pole of the former, PAj ^ , quadrants of grea 
meeting the other quadrants in A^, A^^emd G^, 0^ resp( 
Let i2 be the radius of the sphere, r, the radi; 

* parallel circles * (with pole P) through C, respe 


Then shall 


sin A^A^ _ ^ 


p 



and“tS!. the angles at C, A, 

and the angles at (7, equal ; therefore (III. 2) 

siP-Pg _ sin BA^ 
sin PCj sin BC, ' 


versal PG^A^, 

sin __ sin sin PA^ 
sin BA^ sin BG^ sin PG^ ’ 

sin A^A^ __ sin PA^ sin BA^ ___ sin PA^ sin PG 
sin C^G^ ~^ sin PG^ sin BG^ sin PG^ sin PG^ 

from above, 

__ Rt 

“ ^ 3 * 

rt 2 of the proposition proves that, if PC^A^ be drawn 
that sin^ PG,^ = sin PA ^ . sin PG, or — Rr (where is 
adius of the parallel circle through G^, BC^’—BA^ is a 
mum, while Parts 3, 4 discuss the limits to the value of 
atio between the arcs A^A^ and G-fi^, 

thing is known of the life of Claudius Ptolemy except 
he was of Alexandria, made observations between the 
, A.D. 125 and 141 or perhaps 151, and therefore presum- 
wrote his great work about the middle of the reign of 
ninus Pius (A.D. 138-61). A tradition handed down by 
Byzantine scholar Theodorus Meliteniota (about 1361) 
j that he was born, not at Alexandria, but at Ptolemais 
pfietov, Arabian traditions, going back probably to 
bin b. Ishaq, say that he lived to the age of 78, and give 
aber of personal details to which too much weight must 
e attached. 


The MadrjfjLariK^ avvra^Ls (Arab. Almagest). 

)lemy's great work, the definitive achievement of Greek 
aomy, bore the title MaOTjfxariKij^ ^i^Xca ly, 

lathematical Collection in thirteen Books. By the time 
3 commentators who distinguished the lesser treatises on 
lomy forming an introduction to Ptolemy’s work as 
? dcTTpovoiiovjievos the ‘ Little Astronomy’, the 

came to be called the ‘ Great Collection pLeydXrj avv- 
Later still the Arabs, combining the article A1 with 
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t Al-majisti, which 
since. The comnhVaf ri known by this name ever 

by Ptolemy is L dLbt -m expounded 

speedily beLme rb/ V responsible for the fact that it 
y became the subject of elaborate commentaries. 


Commentaries on the S^taxis. 

Book'll of commentary on 

work. Part of Pn ''’^bich evidently means Ptolemy’s 

his commelr/r P 

original. Theon of Aley° actually extant in the 

the Syntaxis in eleven Sok-T’-^^^ ^ commentary on 

available of PannntiV ’ incorporated as much as was 

acknowledgemeut^tb,vi on Book V with full 

his commentary on Book vTThe 

quotations from Var^r^ • j made much more partial 

mentoron Z'ST-' *Ve.to part of th, com- 

J P.p„“ » ‘itk® from other 

i"r"pi-4p«ra%a,sp,,'^“p''*“ nc/wlia, Theon's 

allude to 'the scholif ‘ ™ commentary on Book T 

ta P«tic..]„ ' (i» tire plural), and 

but certain t£l h,t I ““ 

l«at ne tat o^ til l ‘S ““ from I to VI at 

was published at Basel ®f Tbeon’s commentary 

it is L, Zt 1^4 to 1 “ ■«=«. b-t 

msuflicient punctuation ma which it is printed, with 

of misprints, almost unusah^A^' places, and any number 

so far been paid to it pva <• ’ little attention has 

which were included in a I'egards the first two Books, 

translation, by M^a in 

. oy nalma m his edition of Ptolemy. 


Translations and editions. 


tp. ciuiHons. 



um aii-xusi 

The first edition to be published was the Latin translation 
made by Gherard of Cremona from the Arabic, which was 
finished in 1175 but was not published till 1515, when it was 
brought out, without the author’s name, by Peter Liechten- 
stein at Venice. A translation from the Greek had been made 
about 1160 by an unknown writer for a certain Henricus 
Aristippus, Archdeacon of Catania, who, having been sent by 
William I, King of Sicily, on a mission to the Byzantine 
Emperor Manuel I. Comnenus in 1158, brought back with 
him a Greek manuscript of the Syntaxis as a present; this 
translation, however, exists only in manuscripts in the Vatican 
and at Florence. The first Latin translation from the Greek 
to be published was that made by Georgius ' of Trebizond ’ for 
Pope Nicolas V in 1451 ; this was revised and published by 
Lucas Gauricus at Venice in 1528. The editio princeps of the 
Greek text was brought out by Grynaeus at Basel in 1538. 
The next complete edition was that of Halma published 
1813-16, which is now rare. All the more welcome, there- 
fore, is the definitive Greek text of the astronomical works 
of Ptolemy edited by Heiberg (1899-1907), to which is now 
added, so far as the Syntaxis is concerned, a most valuable 
supplement in the German translation (with notes) by Manitius 
(Teubner, 1912-13). 

Summary of Contents. 

The Syntaxis is most valuable for the reason that it con- 
tains very full particulars of observations and investigations 
by Hipparchus, as well as of the earlier observations recorded 
by him, e.g. that of a lunar eclipse in 721 B.c. Ptolemy 
based himself very largely upon Hipparchus, e.g. in the 
preparation of a Table of Chords (equivalent to sines), the 
theory of eccentrics and epicycles, &c. ; and it is questionable 
whether he himself contributed anything of great value except 
a definite theory of the motion of the five planets, for which 
Hipparchus had only collected material in the shape of obser- 
vations made by his predecessors and himself. A very short 
indication of the subjects of the different Books is all that can 

T 2 
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be given here. Book I: Indispensable preliminaries to the 
study of the Ptolemaic system, general explanations of 
the different motions of the heavenly bodies in relation to 
the earth as centre, propositions required for the preparation 
of Tables of Chords, the Table itself, some propositions in 
spherical geometry leading to trigonometrical calculations of 
the relations of arcs of the equator, ecliptic, horizon and 
meridian, a ‘ Table of Obliquity for calculating declinations 
for each degree-point on the ecliptic, and finally a method of 
finding the right ascensions for arcs of the ecliptic equal to 
one-third of a sign or 10° Book II: The same subject con- 
tinued, i. e. problems on the sphere, with special reference to 
the differences between various latitudes, the length of the 
longest day at any degree of latitude, and the like. Book III : 
On the length of the year and the motion of the sun on the 
eccentric and epicycle hypotheses. Book IV : The length of the 
months and the theory of the moon. Book V : The construc- 
tion of the astrolabe, and the theory of the moon continued, 
the diameters of the sun, the moon and the earth’s shadow, 
the distance of the sun and the dimensions of the sun, moon 
and earth. Book VI : Conjunctions and oppositions of sun 
and moon, solar and lunar eclipses and their periods. Books 
VII and VIII are about the fixed stars and the precession of 
the equinoxes, and Books IX-XIII are devoted to the move- 
ments of the planets. 

Trigonometry in Ptolemy. 

What interests the historian of mathematics is the trigono- 
metry in Ptolemy. It is evident that no part of the trigono- 
metry, or of the matter preliminary to it, in Ptolemy was new. 
What he did was to abstract from earlier treatises, and to 
condense into the smallest possible space, the minimum of 
propositions necessary to establish the methods and formulae 
used. Thus at the beginning of the preliminaries to the 
Table of Chords in Book I he says : 


siderations.' ^ 

He explains that he will use the division (1) of the circle into 
360 equal parts or degrees and (2) of the diameter into 120 
equal parts, and will express fractions of these parts on the 
sexagesimal system. Then come the geometrical propositions, 
as follows. 

(a) Lemma for finding sin 18° and sin 36°. 

To find the side of a pentagon and decagon inscribed in 
a circle or, in other words, the chords subtending arcs of 72° 
and 36° respectively. 

Let be the diameter of a circle, 0 the centre, OC the 
radius perpendicular to AB, 

Bisect OB at D, join DC, and measure 
DE along DA equal to DC, Join EC, 

Then shall OE be the side of the in- 
scribed regular decagon, and EG the side 
of the inscribed regular pentagon. 

For, since OB is bisected at D, 

BE,E0 + 0U^ = DE^ 

=^DG'^=D0^ + 0C^ 

Therefore BE. EO = OC^ = 0B\ 

and BE is divided in extreme and mean ratio. 

But (Eucl. XIII. 9) the sides of the regular hexagon and the 
regular decagon inscribed in a circle when placed in a straight 
line with one another form a straight line divided in extreme 
and mean ratio at the point of division. 

Therefore, BO being the side of the hexagon, EO is the side 
of the decagon. 

Also (by Eucl. XIIL 10) 

(side of pentagon)^ = (side of hexagon)^ 4- (side of decagon)^ 
= G0^ + 0E^:==EG‘^] 

therefore EG is the side of the regular pentagon inscribed 
in the circle. 



^ Ptolemy, Syntaxis^ i. 10, pp. 31*- 2. 
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The construction in fact easily leads to the results 

EO = ^^(75-1), EG^^aV{lQ-2^/B\ 

where a is the radius of the circle. 

Ptolemy does not however use these radicals, but calcul 
the lengths in terms of ' parts ’ of the diameter thus. 

DO = 30, and DO^ = 900; 0 ( 7 = 60 and 00 - = 3600 
therefore DE^^ = DC^ = 4500, and DE = 67^ 4' 55''neai 
therefore side of' decagon or (crd. 36°) —DE—DO = 37^* 4' ^ 
Again OA'^ = (37^^ 4' 55'^^ = 1375 . 4' 15", and 00^=36 
therefore CE^^ = 4975 . 4' 15", and GE = 70^^ 32" 3"nearl 
i.e. side of pentagon or (crd. 72°) = 70^ 32' 3". 

The method of extracting the square root is explainec 
Theon in connexion with the first of these cases, \/4500 
above, vol. i, pp. 61~3). 

The chords which are the sides of other regular inscr 
figures, the hexagon, the square and the equilateral trial 
are next given, namely, 

crd. 60° = 601", 

crd. 90° = . 60') = ^(7200) = 84^^ 51' lO", 

crd. 120° = <v/(3 . 60^) = a/(10800) = 1032^ 55' 23". 

(/3) Equivalent of sin^ 6 + cos‘^ 5 = 1. 

It is next observed that, if x be any arc, 

(crd. xY+ {crd. (180° — cc)}^ = (diam.)‘^ = 120^ 

a formula which is of course equivalent to sin^ 6 + cos^ 6 = 
We can therefore, from crd. 72°, derive crd. 108°, 
crd. 36°, crd. 144°, and so on. 

(y) ^Ptolemy's theorem', giving the equivalent of 
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proposition giving the required formula depends upon 
na, which is the famous ' Ptolemy’s theorem 

en a quadrilateral A BCD inscribed in a circle, the 
lals being AC, BD, to prove that 

AG. BD=:AB, DC+ AD . BC. 

) proof is well known. Draw BE so that the angle ABE 
lal to the angle DBO, and let BE 
AG in E. 

m the triangles ABE, DBG are 
igular, and therefore 

AB:AE= BDiDG, 

AB7DG:= AE.BD, (1) 

iin, to each of the equal angles 
DBG add the angle EBD ; 

the angle ABD is equal to the angle EBG, and the 
jles ABD, EBG are equiangular : 

fore BC:GE=:^ BDiDA, 

AD.BG=GE.BD. (2) 

adding (1) and (2), we obtain 

AB.DG+AD.BG = AC.BD. 

w let AB, AC he two arcs terminating at A, the extremity 
^ diameter AD of a circle, and let 
= a) be greater than AB {= (3). 
ose that (crd. AC) and (crd. AB) 
given : it is required to find 
BO). 

n BD, CD. 

en, by the above theorem, 




{crd. (a-/3)} . (crd. 180°) = (crd. a) . {crd. (180°-^)} 

— (crd. /3). {crd. (180 

which is, of course, equivalent to 

sin (0-(f)) = sin 6 cos 0 — cos 0 sin 0, where a = 20,^ 
By means of this formula Ptolemy obtained 

crd. 12° = crd. (72°-60°) = 12i^ 32' 36". 

(8) Equivalent of sin^^0 = 4 (1— cosfl). 

But, in order to get the chords of smaller angles s 
want a formula for finding the chord of half an arc wl 
chord of the arc is given. This is the subject of Pt< 
next proposition. 

Let BG be an arc of a circle with diameter AG, and 
arc BG be bisected at D. Given (crd. BG), it is requ 
find (crd. DG). 

Draw DF perpendicular to AG, 
and join AB, AD, BD, DG. Measure 
AE along AG equal to AB, and join 
DE, 

Then shall FG be .equal to EF, or ^ 

FG shall be half the difference be- 
tween AG and AB, 

For the triangles AED are 

equal in all respects, since two sides 
of the one are equal to two sides of the other and the ir 
angles BAD, EAD, standing on equal arcs, are equal. 

Therefore ED ^ BD = DG, 

and the right-angled triangles DEF, DGF are equal 
respects, whence EF = FG, or GF = ^{AG—AB). 

Now AG.GF=GD^ 

whence (crd. GD)^ = -^AG (AG-AB) 

= ^(crd. 180°). {(crd. 180°) - (crd.l80°- 
This iS; of course, equivalent to the formula 
sin^ ^6 = 1(1 -cos 6). 




(crd. 6"'), (crci. 3^) and tinally (crd. 34' 15" and 

(crd. 1°) = 0^ 47^ S''". But we want a table going by half- 
degrees, and hence two more things are necessary ; we have to 
get a value for (crd. 1°) lying between (crd. 1^°) and (crd. 
and we have to obtain an addition formula enabling ns when 
(crd. a) is given to find {crd. (a + i^)}, and so on. 

(e) Equivalent of cos (^ + ^) = cos Q cos (p—sixi 6 sin (/>. 

To find the addition formula. Suppose AD is the diameter 
of a circle, and AB, BO two arcs. Given (crd. AB) and 
(crd. BC), to find (crd. AC), Draw the diameter BOE, and 
join GE, CD, BE, BB, 

Now, (crd. AB) being known, 

(crd. BD) is known, and therefore 
also (crd. BE), which is equal to 
(crd. ^JS) ; and, (crd. BC) being 
known, (crd. GE) is known. 

And, by Ptolemy’s theorem, 

BD.OE^BG. DE^ BE, CD, 

The diameter BE and all the chords in this equation except 
CD being given, we can find CD or crd. (ISO^—AG). We have 
in fact 

(crd. 180°) . (crd. (180°- AG)} 

= {crd. (180° — AjB)} . {crd. (180° — jBG) } — (crd.AJS) . (crd. BG)\ 

thus-crd. (180° — AG) and therefore (crd. AG) is known. 

If AB =2 6, BG =2 0, the result is equivalent to 

cos (0 + 0) = cos 6 cos 0 — sin 6 sin 0. 

(^) Method of interpolation based on formula 
sin a /sin )3<cx/3 {where ^7r>a>/3). 

Lastly we have to find (crd. 1°), having given (crd. lf°) and 
(crd. 1°). 

Ptolemy uses an ingenious method of interpolation based on 
a proposition already assumed as known by Aristarchus. 

If AiS, BG be unequal chords in a chicle, BG being the 



lauiu ui tntJ eiiU oxicj o/jlu j^-o. 

Let BD bisect the 



Now 


angle ABC, meeting AG in 
the circumference in D. 1 
AD, DC are then equal, and 
the chords AD, DC. Also C 
(since CB:BA = CD: BA). 

Draw DF perpendicular 
then AD>DE>DF, so tl 
circle with centre D and rad 
will meet DA in G and DF p 
in Af. 

FE:FA = AFED : AAED 


< (sector HED) : (sector OED) 

< IFDE-.IEDA. 

Compone'iido, FA : AE < Z FDA : Z ADE. 
Doubling the antecedents, we have 

GA,: AE < L GDA : Z ADE, 
and, separando, GE-.EA < Z GDE-. LED A ; 
therefore (since GB : BA = GE : EA) 

GB:BA < LGDB-.LBDA 


< (arc GB) : (arc jBZI), 

i. e. (crd. GB) : (crd. BA) < (arc GB) : (arc BA). 

[This is of course equivalent to sin oc : sin B < oc: 3, 
^7r>a>B.] 

It follows (1) that (crd. 1 : (crd. |°) < i : | , 

and (2) that (crd. 1^°) : (crd. 1°) < : 1. 

That is, I . (crd, |°) > (crd. 1°) > | . (crd'. 1^°). 

But (crd.-|») = OP 47' 8", so that |(crd. %°) = U 
nearly (actually W 2' 60f"); 


md (crd. 1^) = IP 34' 16", so that §(crd. 11°) = V 
Since, then, (crd. 1°) is both less and greater thai 
which only differs inappreciably from IP 2' 50", we 
that (crd. 1°) = IP 50" as nearly as possible. 


Dm this Ptolemy deduces that (crd.|^) is very nearly 
' 25'', and by the aid of the above propositions he is in 
ition to complete his Table of Chords for arcs subtending 
s increasing from to 180° by steps of 1-°; in other 
s, a Table of Sines for angles from i° to 90° by steps 


(6) Further use of p'oportional increase. 

Dlemy carries further the principle of proportional in- 
e as a method of finding approximately the chords of 
Dontaining an odd number of minutes between O' and 30'. 
►site each chord in the Table he enters in a third column 
of the excess of that chord over the one before, i.e. the 
I of the are containing 30' less than the chord in question, 
example (crd. 2^°) is stated in the second column of the 
e as 2^’ 37' 4". The excess of (crd. 2^°) over (crd. 2°) in the 
e is OP 31' 24"; ^^^th of this is 01^ l' 2" 48'", which is 
jfore the amount entered in the third column opposite 
2^°). Accordingly, if we want (crd. 2° 25'), we take 
2°) or 2P 5' 40" and add 25 times 02" 1'2"48'"; or we 
(crd. 2J°) or 22^ 37' 4" and subtract 5 times 02^ l' 2" 48'". 
jmy adds that if, by using the approximation for 1° and 
gradually accumulate an error, we can check the calcu- 
n by comparing the chord with that of other related arcs, 
3he double, or the supplement (the difference between the 
bnd the semicircle). 

>me particular results obtained from the Table may be 
bioned. Since (crd. 1°) = 1 2' 50", the whole circumference 
30 (12^ 2' 50"), nearly, and, the length of the diameter 
g l2(fP, the value of -tt is 3 (1 + ^ + = 3 + to, 

;h is the value used later by Ptolemy and is equivalent to 
166... Again, VS = 2 sin 60° and, 2 (crd. 120°) being 
bl to 2 (103P 55' 23"), we have >/3 = (103 + ^11^) 



60 ^ 


1-7320509, 


jh is correct to 6 places of decimals. Speaking generally. 


places. 


(l) Plane trigonometry in effect used. 

There are other cases in Ptolemy in which plane 
metry is in effect used, e.g. in the determinatio: 
eccentricity of the sun’s orbit.^ Suppose that 2 
the eccentric circle with centre 0, 


and AB, CD are chords at right 
angles through Ey the centre of the 
earth. To find OE. The arc BC 
is known (= a, say) as also the arc 
CA {= P). If BF be the chord 
parallel to CD, and OG the chord 
parallel to AB, and if iV, P be the 
middle points of the arcs -BP, GO, 
Ptolemy finds (1) the arc BF 



(= a 4-/9 — 180°), then the chord BF, 


crd. (a — 180°), then the half of it, (2) the 
= arc (a + iS — 2^) or arc (a — )8), then the chord 
lastly half of it. He then adds the squares on 


chords, i.e. he obtains 


OE^ = f {erd. (a + /3— 180)}^ + -|{crd. (a — /3)] 

that is, OPy = cos^ f (a + /S) + sin^ ^ — /3)- 

He proceeds to obtain the angle OEG from its sine 
which he expresses as a chord of double the ang] 
circle on OE as diameter in relation to that diameter. 


Spherical trigonometry: formulae in soluti 
spherical triangles. 

In spherical trigonometry, as already stated, ’ 
obtains everything that he wants by using the on 
mental proposition known as 'Menelaus’s theorem 
to the sphere (Menelaus III. 1), of which he gives 
following that given by Menelaus of the first case 
his proposition. Where Ptolemy has occasion for oi 
pcmtions of Menelaus’s Sphaerica, e.g. III. 2 and 3, 

^ Ptolemy, Syntcucis, iii. 4, vol. i, pp. 234-'7. 


atresil by means oi Menelauss theorem/ ihe appli- 
L of the theorem in other cases gives in effect the 
dng different formulae belonging to the solution of 
srical triangle ABC right-angled at C, viz. 

sin a = sin c sin 
tan a = sin h tan A, 
cos c = cos a cos 6, 
tan h = tan c cos A. 

B illustration of Ptolemy’s procedure will be sufficient.^ 
'iAH' be the horizon, PEZH the meridian circle, EE' 
quator, ZZ' the ecliptic, F an 
octial point. Let EE\ ZZ' 
le horizon in B. Let P be 
)ole, and let the great circle 
gh Pj P cut the equator at G. h 
let it be required to find the 
ivhich the arc FB of the ecliptic 
to rise; this time will be 
ired by the arc FA of the 
or. (Ptolemy has previously found the length of the 
BO, the declination, and FO, the right ascension, of P, 
16.) 

Menelaus’s theorem applied to the arcs AE', E'P cut by 
res AH\ PC which also intersect one another in P, 

crd.2Pjff' crd.2PP crd.2CA. 
crd. 2H'W ^ crd. 2 BG ’ crd. 2 AE'^ 

knPH' ^ixiPB sinGA 
sin H'E' ~ sin BG ' sin AE' ' 

m Bin PH' =coB H'E', sin PB=coa BO, and sin 4^'=!; 
fore cot H' E' = cot BG . sin OA, 

tier words, in the triangle ABO right-angled at G, 
cot A = cot a sin 6, 
tan a = sin h tan A, 

’ Syntascis, vol. i, p. 169 and pp. 126-7 respectively. 

* A, vol. i, pp. 121-2. 
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Thus AC is found, and therefore FC^AG or FA. 

The lengths of BC, FG are found in I. 14 , 16 by the 
method, the four intersecting great circles used in the 
being in that case the equator EE\ the ecliptic ZZ\ the 
circle PBGP' through the poles, and the great circle P 
passing through the poles of both the ecliptic and the eq 
In this case the two ares PL, AE' are cut by the inters 
great circles PC, FK, and Menelaus’s theorem gives (1) 

sin PL _ sin GP sin BF 
imZt “ sinTfiC ' 

But sin Pi =1, sin iTi = sin PPG, sinGP=l, sin Pi 
and it follows that 

sin BG = sin BF sin BFC, 

corresponding to the formula for a triangle right-anglec 
sin a = sin c sin A. 

(2) We have 

sin PK __ sin PB sin GP 
sin KL sin BG sin Pi ’ 

and sin PK = cos Pi = cos PPG, sin PB = cos BG, sin t 
so that tan PG = sin CPtan PPG, 

corresponding to the formula 

tan a = sin b tan A. 

While, therefore, Ptolemy's method implicitly giv 
formulae for the solution of right-angled triangles 
quoted, he does not speak of right-angled triangles at f 
only of arcs of intersecting great circles. The adv 
from his point of view is that he works in sines and ' 
only, avoiding tangents as such, and therefore he r( 
tables of only one trigonometrical ratio, namely the si 
as he has it, the chord of the double arc). 


JJ t i U U4.4,i J|^XCVXJ.WO XXX\XUC«.C*^XX^ %AJV XXgAXi/ CWXXgXWk?^ uxxx^ 

meridian, the horizon, and the ‘ prime vertical The definite 
problem attacked is that of showing the position of the sun at 
any given time of the day, and the use of the method and 
of the instruments described in the book by Ptolemy was 
connected with the construction of sundials, as we learn from 
Vitruvius.^ There was another dpdXriiiiia besides that of 
Pfcolemy ; the author of it was Diodorus of Alexandria, a con- 
temporary of Caesar and Cicero (' Diodorus, famed among the 
makers of gnomons, tell me the time T says the Anthology ^), 
and Pappus wrote a commentary upon it in which, as he tells 
us,^ he used the conchoid in order to trisect an angle, a problem 
evidently required in the Analemma, in order to divide any 
arc of a circle into six equal parts (hours). The word 
dvdXrjfijxa evidently means 'taking up' (‘Aufnahme') in the 
sense of ' making a graphic representation ' of something, in 
this case the representation on a plane of parts of the heavenly 
sphere. Only a few fragments remain of the Greek text of 
the Analemona of Ptolemy; these are contained in a palimpsest 
(Ambros. Gr. L. 99 sup., now 491) attributed to the seventh 
century but probably earlier. Besides this, we have a trans- 
lation by William of Moerbeke from an Arabic version. 
This Latin translation was edited with a valuable commentary 
by the indefatigable Commandinus (Rome, 1562); but it is 
now available in William of Moerbeke’s own words, Heiberg 
having edited it from Cod. Vaticanus Ottobon. lat. 1850 of the 
thirteenth century (written in William’s own hand), and in- 
cluded it with the Greek fragments (so far as they exist) in 
parallel columns in vol. ii of Ptolemy’s works (Teubner, 1907). 

The figure is referred to three fixed planes (1) the meridian, 
(2) the horizon, (3) the prime vertical; these planes are the 
planes of the three circles APZB, AGB, ZQC respectively 
shown in the diagram below. Three other great circles are 
used, one of which, the equator with pole P, is fixed ; the 
other two are movable and were called by special names; 
the first is the circle represented by any position of the circle 
of the horizon as it revolves round GOC^ as diameter (GSM in 

' Vitruvius, Be architect ix. 4. ^ Jnfh. Palat. xiv. 139. 

* Pappus, iv, p. 246. 1. 


iu was caiiea eKTT^fiopo^ kvkao9 tne circle m 8 i:j< 
because the highest point of it above the horizon con 
to the lapse of six hours ; the second, called the hour- 
the circle represented by any position, as BSQA^ of tl 
of the horizon as it revolves round BA as axis. 

The problem is, as above stated, to find the positioi 
sun at a given hour of the day. In order to h 
the method, it is sufficient, with A. v. Braunmuhl,^ to i 
simplest case where the sun is on the equator, i.e. a^ 
the equinoctial points, so that the hectemoron circle c 
with the equator. 

Let S be the position of the sun, lying on the equat 
P the pole, MZA the meridian, BOA the horizon, Bii 
hour-circle, and let the vertical great circle ZSV be 
through S, and the vertical great circle ZQG throug 
zenith and C the east-point. 

We are given the arc SO 90° — t, where t is th 
angle, and the arc MB = 90° — ^, where 0 is the elev 
the pole ; and we have to find the arcs BV (the sun's a 


z 



VC, the ‘ascensional difference', SQ and QC. Ptoh 
fact, practically determines the position of B in t< 
certain spherical coordinates. 

Draw the perpendiculars, SF to the plane of the m 
SIf to that of the horizon, and SF to the plane of th 

’ Braunmuhl, Gench. der TrigonometHe, i, pp. 12, 13. 
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vertical ; and draw FG perpendicular to BA, and ET to OZ. 
Join HG, and we have FG — SH, GH = FS = ET. 

We now represent SF in a separate figure (for clearness’ 
sake, as Ptolemy uses only one figure), where B'Z'A' corre- 
sponds to BZA, P' to P. and O'M' to OM. Set off the arc 
P'8' equal to 08 (= 90° — ^), and draw S'F' perpendicular 
to O'M'. Then 8'M'=^ SM, and 8'F'^ SF; it is as if in the 
original figure we had turned the quadrant MSC round MO 
till it coincided with the meridian circle. 

In the two figures draw IFK, FF'K' parallel to BA, B'A', 
and LFG, L'F'G' parallel to OZ, O'Z'. 

Then (1) arc ZI ~ a,rc Z8 = arc (90° — /SF), because if we 
turn the quadrant ZSV about ZO till it coincides with the 



meridian, 8 falls on I, and F on P. It follows that the 
required arc PF = arc B' I' in the second figure. 

(2) To find the arc VC, set off G'X (in the second figure) 
along G'F' equal to F8 or F'8', and draw O'X through to 
meet the circle in X'. Then arc .^'Z'=arc VO] for it is as if 
we had turned the quadrant BVO about BO till it coincided 
with the meridian, when (since G'X = FS = GH) H would 
coincide with X and F with X'. Therefore PF is also equal 
to B'X'. 

(3) To find QO or ZQ, set off along T'F' in the second figui'e 
T'Y equal to F'8', and draw O'Y through to Y' on the circle. 

nniian avn — Qr*/T» if. ics qq if wa f.nr’nPirl f.liA nrimp 
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both in the plane LSHG at right angles to the meridian; 
therefore arc SQ = are 

Hence all four arcs &V, VG, QC, QS are represented in the 
auxiliary figure in one plane. 

So far the procedure amounts to a method of graphically 
constructing the arcs required as parts of an auxiliary circle 
in one plane. But Ptolemy makes it clear that practical 
calculation followed on the basis of the figure.^ The fines 
used in the construction are 8F— sin^ (where the radius =1), 
FT = Oi^ sin 0, FG = OF mi (90^ — <p), and this was fully 
realized by Ptolemy. Thus he shows how to calculate the 
arc SZ, the zenith distance ( = d, say) or its complement 8V, 
the height of the sun (= A, say), in the following way. He 
says in effect: Since G is known, and / F'O^G' = 90° — 0, the 
ratios O'F ' : F'T and O'F^iO'T are known. 

O'F' JD 

[In fact = — T- 7 ---X — — tt, where D is the diameter 

O T' crd. (ISO"* — 2 0)’ 

of the sphere.] 

Next, since the arc MS or M'S' is known [ = ^], and there- 
fore the arc P'S' [= 90'^ — t], the ratio of O'F' to D is known 
[in fact O'F' /D = {crd. (180-~2^)}/2i). 

It follows from these two results that 


0'r= • crd. ( 1 80° - 2 (t>)\ 

Lastly, the arc )SF.(= h) being equal to B'l'^ the angle h is 
equal to the angle O'I'T' in the triangle I'O'T'. And in this 
triangle O'F, the radius, is known, while O'T' has been found; 
and we have therefore 


O'T' 

O'F 


crd. ( 2A) crd. (180°~2^) crd. (180° — 2 0) 


from above. 


^ [In other words, sin h = cos ^ cos 0 ; or, if u = SG — 90'' -t, 
sin h = sin u cos 0, the formula for finding sin h in the right- 
angled spherical triangle /SYG.] 

For thft^ Rir — Q Y*/> ■ft .■v.'t'l TTZiO 
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or tan FC7 = tan /S(7 cos >SOF in the right-angled spherical 
triangle SVO. 

Thirdly, 


tan QZ = tan Z'Y^ = 


s'r s'F' 


o'r o'F' 


O'T' cos 


that is, ^ — rniry which is Menelaus, Sphaerica, 
' tan^if sin^if’ ' ^ 

III. 3, applied to the right-angled spherical triangles ZBQ, 

MBS with the angle B common. 

Zeuthen points out that later in the same treatise Ptolemy 

finds the arc 2 a described above the horizon by a star of 

given declination S', by a procedure equivalent to the formula 


cos a = tan S' tan 0, 


and this is the same formula which, as we have seen, 
Hipparchus must in effect have used in his Commentary on 
the Phaenomena of Eudoxus and Aratus. 

Lastly, with regard to the calculations of the height h and 
the azimuth co in the general case where the sun’s declination 
is S', Zeuthen has shown that they may be expressed by the 
formulae 

sin h = (cos S' cos t — sin S' tan 0) cos 0, 


and 


or 


, cos 5' sin ^ 

tan (0 = 3 

- -h (cos 5' cos t — sin S' tan 0) sin 0 
cos 0 r/ r 

cos S' sin t 

sin S' cos 0 + cos 5' cos t sin 0 


The statement therefore of A. v. BraunmuhF that the 
Indians were the first to utilize the method of projection 
contained in the Analemma for actual trigonometrical calcu- 
lations with the help of the Table of Chords or Sines requires 
modification in so far as the Greeks at all events showed the 
wav to such use of the fi^rure. Whether the nractical annlica- 



trigonometry is the Menelaus-theorem applied to th 
on which alone Ptolemy, as we have seen, relie 
Syntaxis, In any case the Table of Chords or Sim 
full use in Hipparchus’s works, for it is presupposed 
method. 


The Planisphaerium, 

With the Analemma of Ptolemy is associated 
work of somewhat similar content, the Planisp 
This again has only survived in a Latin translatior 
Arabic version made by one Maslama b. Ahmad al-i 
Cordova (born probably at Madrid, died 1007/8) ; th( 
tion is now found to be, not by Rudolph of Brugei 
' Hermannus Secundus whose pupil Rudolph was 
first published at Basel in 1536, and again edited, \ 
mentary, by Commandinus (Venice, 1558). It 1 
re-edited from the manuscripts by Heiberg in vol. 
text of Ptolemy. The book is an explanation of th 
of projection known as stereographic, by which poin 
heavenly sphere are represented on the plane of th 
by projection from one point, a pole ; Ptolemy natun 
the south pole as centre of projection, as it is .the 
hemisphere which he is concerned to represent on 
Ptolemy is aware that the projections of all circle 
sphere (great circles — other than those through 1 
which project into straight lines— and small circl 
parallel or not parallel to the equator) are likewifi 
It is curious, however, that he does not give an] 
proof of the fact, but is content to prove it of j 
circles, such as the ecliptic, the horizon, &c. This is 
able, because it is easy to show that, if a cone be 
with the pole as vertex and passing through any circ 
sphere, i.e. a circular cone, in general oblique, with t 
as base, the section of the cone by the plane of thi 
satisfies the criterion found for the ‘ subcontrary sec 
Apollonius at the beginning of his Conics, and is tl 
circle. The fact that the method of stereographic prc 
so easily connected with the property of subcontrar] 
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of oblique circular cones has led to the conjecture that Apollo- 
nius was the discoverer of the method. But Ptolemy makes no 
mention of Apollonius, and all that we know is that Synesius 
of Gyrene (a pupil of Hypatia, and born about a.I). 365-370) 
attributes the discovery of the method and its application to 
Hipparchus ; it is curious that he does not mention Ptolemy's 
treatise on the subject^ but speaks of himself alone as having 
perfected the theory. While Ptolemy is fully aware that 
circles on the sphere become circles in the projection, he says 
nothing about the other characteristic of this method of pro- 
jection, namely that the angles on the sphere are represented 
by equal angles on the projection. 

We must content ourselves with the shortest allusion to 
other works of Ptolemy. There are, in the first place, other 
minor astronomical works as follows : 

(1) an\ava>v dcrrepcoi/ of which only Book II sur- 

vives, (2) "TnoOiareis rcoy TrXavcofiipcoi^ in two Books, the first 
of which is extant in Greek, the second in Arabic only, (3) the 
inscription in Canobus, (4) Kavovwu SidraaL^ Kal 

\l/rj(l)o(popLa, All these are included in Heiberg's edition, 
vol. ii. 

The Optics. 

Ptolemy wrote an Optics in five Books, which was trans- 
lated from an Arabic version into Latin in the twelfth 
century by a certain Admiral Eugenius Siculus^; Book I, 
however, and the end of Book V are wanting. Books I, II 
were physical, and dealt with generalities; in Book III 
Ptolemy takes up the theory of mirrors. Book IV deals with 
concave and composite mirrors, and Book V with refraction. 
The theoretical portion would suggest that the author was 
not very proficient in geometry. Many questions are solved 
incorrectly owing to the assumption of a principle which is 
clearly false, namely that ‘ the image of a point on a mirror is 
at the point of concurrence of two lines, one of which is drawn 
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on the mirror where the reflection takes place ’ ; Pi 
the principle to solve various special cases of th( 
problem (depending in general on a biquadratic eq 
now known as the problem of Alhazen), ‘ Given i 
surface, the position of a luminous point, and tl 
of a point through which the reflected ray is requi] 
to And the point on the mirror where the reflectio; 
place/ Book V is the most interesting, because i 
be the first attempt at a theory of refraction, 
m^ny details of experiments with different media 
and water, and gives tables of angles of refraction 
spending to different angles of incidence (i) ; these 
lated on the supposition that r and i are connei 
equation of the following form, 

r = 

where a, b are constants, which is worth noting h 
recorded attempt to state a law of refraction. 

The discovery of Ptolemy’s Optics in the Aral 
made it clear that the work De specnlis formerly 
to Ptolemy is not his, and it is now practically ceri 
is, at least in substance, by Heron. This is establis 
by internal evidence, e.g. the style and certain ( 
recalling others which are found in the same autl 
mata and Dio 2 Jtra, and partly by a quotation by 
(On kypotheses in Optics, chap. 14) of a proposition 
‘ the mechanician Heron in his own Catoptrica \ whi 
in the work in question, but is not found in Ptolen 
or in Euclid’s. The proposition in question is to 
that of all broken straight lines from the eye to 
and from that again to the object, that particular I 
is shortest in which the two parts make equal angle 
surface of the mirror;, the inference is that, as n 
nothing in vain, we must assume that, in reflecti 
mirror, the ray takes the shortest course, i.e. the 


William of Moerbeke in 1269, was evidently made from the 
Greek and not from the Arabic, as is shown by Graecisms in 
the translation. 

A mechanical work, Uepl ponm^. 

There are allusions in Simplicius^ and elsewhere to a book 
by Ptolemy of mechanical content, ire pi poirSiv, on balancings 
or turnings of the scale, in which Ptolemy maintained as 
against Aristotle that air or water (e.g.) in their own ‘ place ’ 
have no weight, and, when they are in their own ^ place either 
remain at rest or rotate simply, the tendency to go up or to 
fall do\vn being due to the desire of things which are not in 
their own places to move to them. Ptolemy went so far as to 
maintain that a bottle full of air was not only not heavier 
than the same bottle empty (as Aristotle held), but actually 
lighter when inflated than when empty. The same work is 
apparently meant by the ' book on the elements ' mentioned 
by Simplicius.^ Suidas attributes to Ptolemy three Books of 
Mechanica. 

Simplicius^ also mentions a single book, nepl Siaa^rda^co^, 
‘ On dimemion \ i. e. dimensions, in which Ptolemy tried to 
show that the possible number of dimensions is limited to 
three. 


Attempt to prove the Parallel-Postulate. 

Nor should we omit to notice Ptolemy’s attempt to prove 
the Parallel-Postulate. Ptolemy devoted a tract to this 
subject, and Proclus ^ has given us the essentials of the argu- 
ment used. Ptolemy gives, first, a proof of Eucl. I. 28, and 
then an attempted proof of I. 29, from which he deduces 
Postulate 5. 


' Simplicius on Arist. De caelOj p. 710. 14, Heib. (Ptolemy, ed. Heib., 
vol. ii, p. 263). 

2 J6., p. 20. 10 sq. 

® Ih., p. 9. 21 sq., (Ptolemy, ed. Heib., vol. ii, p. 265). 

♦ Proclus on Eucl. I, pp. 362. 14 sq., 365. 7-367. 27 (Ptolemy, ed. Heib., 
vol. ii, pp. 266-70). 
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I. To prove I. 28, Ptolemy takes two straight lines 
and a transversal EFGH. We have to prove that, if 



of the angles BFGy FGD is equal to two right ai 
straight lines ABy CD are parallel, i.e. non-secant. 

Since AFG is the supplement of BFGy and FGC oi 
follows that the sum of the angles AFG, FGC is also 
two right angles. 

Now suppose, if possible, that FBy GD, making th 
the angles BFG^ FGD equal to two right angles, me 
then similarly FAy GO making the sum of the ang 
FGC equal to two right angles must also meet, say ai 

[Ptolemy would have done better to point out 
only are the two sums equal but the angles thems 
equal in pairs, i.e. AFG to FGD and FGC to BFGy ar 
therefore take the triangle KFG and apply it to FG on 
side so that the sides FK, GK may lie along GCy F. 
tively, in which case GCy FA will meet at the poi 
K falls.] 

Consequently the straight lines LABKy LCDK 
space : which is impossible. 

It follows that ABy CD cannot meet in either ( 
they are therefore parallel. 

IL To prove I. 29, Ptolemy takes two parallel ' 
CD and the transversal FGy and argues thus. It is 
to prove that Z AFG + Z CGF = two right angles. 

For, if the sum is not equal to two right angles, i 
either (1) greater or (2) less. 
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two right angles, it must also make the other BFG, FGD 
together greater than two right angles. 

But the latter pair of angles were proved less than two 
right angles : which is impossible. 

Therefore the sum of the angles AFG, FGG cannot be 
greater than two right angles. 

(2) Similarly we can show that the sum of the two angles 
AFG, FGG cannot be less than two right angles. 

Therefore Z AFG + Z GGF = two right angles. 

[The fallacy here lies in the inference which I have marked 
by italics. When Ptolemy says that AF, GG are no more 
parallel than FB, GD, he is in effect assuming that through 
any one point only one parallel can be drawn to a given straight 
line, which is' an equivalent for the very Postulate he is 
endeavouring to prove. The alternative Postulate is known 
as ‘ Playfair’s axiom but it is of ancient origin, since it is 
distinctly enunciated in Proclus’s note on Eucl. I. 31.] 

HI. Post. 5 is now deduced, thus. 

Suppose that the straight lines making with a transversal 
angles the sum of which is less than two right angles do not 
meet on the side on which those angles are. 

Then, a fortiori, they will not meet on the other side on 
which are the angles the sum of which is greater than two 
right angles. [This is enforced by a supplementary proposi- 
tion showing that, if the lines met on that side, Eucl. I. 16 
would be contradicted.] 

Hence the straight lines cannot meet in either direction : 
they are therefore parallel. 

But in that case the angles made with the transversal are 
equal to two right angles : which contradicts the assumption. 

Therefore the straight lines will meet. 
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MENSURATION: HERON OF ALEXANDI 

Controversies as to Heron’s date. 

The vexed question of Heron's date has perhap 
forth as much discussion as any doubtful point in the 
of mathematics. In the early stages of the controvers 
was made of the supposed relation of Heron to C 
The Belopoelca of Heron has, in the best manusci 
heading "'Hpcopos Kr7}cri(3Lov BeXoTrouKcc, and from this, 
with an expression used by an anonymous Byzantin 
of the tenth century, o !dcrKp7ji/b9 KrTjcrL^Lo^ 6 rovAXe^ 
"'HpKOPos KadTjyrjrrj^, ‘ Ctesibius of Ascra, the teacher o 
of Alexandria it was inferred that Heron was a ] 
Ctesibius. The question then was, when did Ctesibi 
Martin took him to be a certain barber of that nai 
lived in the time of Ptolemy Euergetes II, that is, Ptole 
called Physcon (died tl7 B.C.), and who is said to ha^ 
an improved water-organ ^ ; Martin therefore placed I 
the beginning of the first century (say 126-60) B. 
Philon of Byzantium, who repeatedly mentions Ctesi 
name, says that the first mechanicians {rex^^rai) 
great advantage of being under kings who loved fa 
supported the arts.‘-^ This description applies mud 
to Ptolemy II Philadelphus (285-247) and Ptolemy I] 
getes I (247-222). It is more probable, therefore, that C 
was the mechanician Ctesibius who is mentioned by At 
as having made an elegant drinking-horn in the 
Ptolemy Philadelphus^; a pupil then of Ctesibius 
probably belong to the end of the third and the begii 
the second centurv b.c. But in truth wa A«,unnt. 


above quoted ; the title, however, in itself need not imply 
more than that Heron’s work was a new edition of a similar 
work by Ctesibius, and the Kttjctl^lov may even have been added 
by some well-read editor who knew both works and desired to 
indicate that the greater part of the contents of Heron’s work 
was due to Ctesibius. One manuscript has^'ilpcoj/o? i4Xe|aj/- 
Spim BeXoTTouKdy which corresponds to the titles of the other 
works of Heron and is therefore more likely to be genuine. 

The discovery of the Greek text of the Metrica by K. Schone 
in 1896 made it possible to fix with certainty an upper limit. 
In that work there are a number of allusions to Archimedes, 
three references to the yoapiov dnoTOfiri of Apollonius, and 
two to ‘ the (books) about straight lines (chords) in a circle ’ 
{SiSeiKTaL 8e kv tols irepl t(£>v kv kvkXco 4v6eLS>v). Now, although 
the first beginnings of trigonometry may go back as far as 
Apollonius, we know of no work giving an actual Table of 
Chords earlier than that of Hipparchus. We get, therefore, 
at once the date 150 b.c. or thereabouts as the terminus pod 
quern. A terminus ante quern is furnished by the date o£ the 
composition of Pappus’s Gollection ; for Pappus alludes to, and 
draws upon, the works of Heron. As Pappus was writing in 
the reign of Diocletian (a.d. 284-305), it follows that Heron 
could not be much later than, say, a.d. 250. In speaking of 
the solutions by Hhe old geometers’ {ol TraXaiol y^cofierpocL) of 
the problem of finding the two mean proportionals, Pappus may 
seem at first sight to include Heron along with Eratosthenes, 
Nicomedes and Philon in that designation, and it has been 
argued, on this basis, that Heron lived long before Pappus. 
But a close examination of the passage^ shows that this is 
by no means necessary. The relevant words are as follows : 

‘ The ancient geometers were not able to solve the problem 
of the two straight lines [the problem of finding two mean 
proportionals to them] by ordinary geometrical methods, since 
the problem is by nature solid ”... but by attacking it with 
mechanical means they managed, in a wonderful way, to 
reduce the question to a practical and convenient construction, 
as may be seen in the Mesolabon of Eratosthenes and in the 
mechanics of Philon and Heron . . . Nicomedes also solved it 
by means of the cochloid curve, with which he also trisected 
an angle.’ 
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Pappus goes on to say that he will give four soluti< 
of which is his own ; the first, second, and third he d 
as those of Eratosthenes, Nicomedes and Heron. Bui 
earlier sentence he mentions Philon along with Heron, 
know from Eutocius that Heron’s solution is practic; 
same as Philon’s. Hence we may conclude that by tl 
solution Pappus really meant Philon’s, and that he on 
tioned Heron’s Mechanics because it was a convenient 
which to find the same solution. 

Another argument has been based on the fact tl 
extracts from Heron’s Mechanics given at the end of I 
Book VIII, as we have it, are introduced by the auth 
a complaint that the copies of Heron’s works in w! 
found them were in many respects corrupt, having Ic 
beginning and end.^ But the extracts appear to ha 
added, not by Pappus, but by some later writer, i 
argument accordingly falls to the ground. 

The limits of date being then, say, 150 B.c. to a.d. : 
only course is to try to define, as well as possible, the 
in time between Heron and the other mathematicia 
come, roughly, within the same limits. This method 
one of the most recent writers on the subject (Tit 
place Heron not much later than 100 B.c., while a 
relying almost entirely on a comparison between pass 
Ptolemy and Heron, arrives at the very different coi 
that Heron was later than Ptolemy and belonged in 
the second century a.b. 

In view of the difference between these results, it 
convenient to summarize the evidence relied on to e 
the earlier date, and to consider how far it is or is ] 
elusive against the later. We begin with the rek 
Heron to Philon. Philon is supposed to come not me 
a generation later than Ctesibius, because it would app* 
machines for throwing projectiles constructed by C 
and Philon respectively were both available at one i 
inspection by experts on the subject^; it is inf err 


iry B.c. (If Ctesibms flourished before 247 b.c. the argu- 
would apparently suggest rather the beginning than the 
)f the second century.) Next, Heron is supposed to have 
a younger contemporary of Philon, the grounds being 
Dllowing. (1) Heron mentions a ‘ stationary-automaton ’ 
isentation by Philon of the Nauplius-story,’- and this is 
ified by Tittel with a representation of the same story by 
contemporary of Heron’s (ol Ka6* But a careful 

jal of the whole passage seems to me rather to suggest 
the latter representation was not Philon’s, and that 
►n was included by Heron among the ‘ ancient ’ auto- 
n-makers, and not among his contemporaries.^ (2) Another 
cnent adduced to show that Philon was contemporary 

eron, Autom,, pp. 404. 11-408. 9. - 7&., p. 412. 13. 

he relevant remarks of Heron are as follows. (1) He says that he 
Dund no arrangements of ‘stationary automata’ better or more 
ictive than those described by Philon of Byzantium (p. 404. 11). 

L instance he mentions Philon’s setting of the Nauplius-story, in 
I he found everything good except two things (a) the mechanism 
e appearance of Athene, which was too difficult (Jpyoibio-repov)^ and 
e absence of an incident promised by Philon in his description, 
ly the falling of a thunderbolt on Ajax with a sound of thunder 
ipanying it (pp. 404. 15-408. 9). This latter incident Heron could 
nd anywhere in Philon, though he had consulted a great number 
pies of his work. He continues (p. 408. 9-13) that we are not to 
se that he is running down Philon or charging him with not being 
lie of carrying out what he promised. On the contrary, the omission 
>robably due to a slip of memory, for it is easy enough to make 
-thunder (he proceeds to show how to do it). But the rest of 
n’s arrangements seemed to him satisfactory, and this, he says, is 
le has not ignored Philon’s work : ‘ for I think that my readers will 
ae most benefit if they are shown, first what has been well said by 
ncients and then, separately from this, what the ancients overlooked 
at in their work needed improvement ’ (pp. 408. 22-410. 6). (2) The 
chapter (pp. 410. 7-412. 2) explains generally the sort of thing the 
aaton-picture has to show, and Heron says he will give one example 
) he regards as the best. Then (3), after drawing a contrast between 
mpler pictures made by ‘ the ancients ’, which involved three different 
ments only, and the contemporary (ol koS' ^pas) representations of 
isting stories by means of more numerous and varied movements 
.2. 3-15), he proceeds to describe a setting of the Nauplius-story. 
is the representation which Tittel identifies with Philon’s. But it 
be observed that the description includes that of the episode of the 
lerbolt striking Ajax (c. 30, pp. 448. 1-452, 7) which Heron expressly 
that Philon omitted. Further, the mechanism for the appearance 
ihene described in c. 29 is clearly not Philon’s ‘more difficult’ 
gement, but the simpler device described (pp. 404. 18-408. 5) as 
ble and preferable to Philon’s (cf. Heron, vol. i, ed. Schmidt, pp. 
-Ixix). 
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with Heron is the fact that Philon has some critic 
details of construction of projectile- throwers which an 
in Heron, whence it is inferred that Philon had Heron 
specifically in view. But if Heron’s BeXoTrouKa was b 
the work of Ctesibius, it is equally possible that Phil( 
be referring to Ctesibius. 

A difficulty in the way of the earlier date is the reh 
which Heron stands to Posidonius. In Heron’s Met 
i. 24-, there is a definition of ' centre of gravity ’ w 
attributed by Heron to ‘ Posidonius a Stoic But t 
hardly be Posidonius of Apamea, Cicero’s teacher, beca 
next sentence in Heron, stating a distinction drawn by 
medes in connexion with this definition, seems to imj 
the Posidonius referred to lived before Archimedes. ' 
Definitions of Heron do contain definitions of geor 
notions which are put down by Proclus to Posido 
Apamea or Rhodes, and, in particular, definitions of ‘ 
and of ‘parallels’. Now Posidonius lived from 135 to 
and the supporters of the earlier date for Heron a 
suggest that either Posidonius was not the first to gi\ 
definitions, or alternatively, if he was, and if the; 
included in Heron’s Definitions by Heron himself and 
some later editor, all that this obliges us to admit 
Heron cannot have lived before the first century b. c. 

Again, if Heron lived at the beginning of the fii 
turyB.c., it is remarkable that he is nowhere mentic 
Vitruvius. The Be architectura was apparently brou| 
in 14 B.c. and in the preface to Book VII Vitruviu 
a list of authorities on machinationes from whom h 
extracts. The list contains twelve names and has 
appearance of being scrupulously complete ; but, v 
includes Archytas (second), Archimedes (third), C 
(fourth), and Philon of Byzantium (sixth), it does nc 
tion Heron. Nor is it possible to establish interdepi 
between Heron and Vitruvius ; the differences seem, 
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machines used by the two for the same purpose frequently 
dilfer in details ; e.g. in Vitruvius’s hodometer a pebble drops 
into a box at the end of each Roman mile,^ while in Heron’s 
the distance completed is marked by a pointer.^ It is indeed 
pointed out that the water-organ of Heron is in many respects 
more primitive than that of Vitruvius; but, as the instru- 
ments are altogether different, this can scarcely be said to 
prove anything. 

On the other hand, there are points of contact between 
certain propositions of Heron and of the Roman agrimen- 
soi^es. Columella, about a.b. 62, gave certain measurements of 
plane figures which agree with the formulae used by Heron, 
notably those for the equilateral triangle, the regular hexagon 
(in this case not only the formula bub the actual figures agree 
with Heron’s) and the segment of a circle which is less than 
a semicircle, the formula in the last case being 

h ^ (•|^>■)^ 

where s is the chord and h the height of the segment. Here 
there might seem to be dependence, one way or the other ; 
but the possibility is not excluded that the two writers may 
merely have drawn from a common source ; for Heron, in 
giving the formula for the' area of the segment of a circle, 
states that it was the formula used by ‘the more accurate 
investigators’ ( 0 / aKpi^ea-repov k^rjTriKOTes)-^ 

We have, lastly, to consider the relation between Ptolemy 
and Heron. If Heron lived about 100 b.c., he was 200 years 
earlier than Ptolemy (A.n. 100—178). The argument used to 
prove that Ptolemy came some time after Heron is based on 
a passage of Proclus where Ptolemy is said to have remarked 
on the untrustworthiness of the method in vogue among the 
‘ more ancient ’ writers of measuring the apparent diameter of 
the sun by means of water-clocks.^ Hipparchus, says Pro- 
clus, used his dioptra for the purpose, and Ptolemy followed 
him. Proclus proceeds : 
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Hipparchus. And first we will show how we can meai 
interval of time by means of the regular efflux of 
a procedure which was explained by Heron the mech 
in his treatise on water-clocks.’ 

Theon of Alexandria has a passage to a similar effeci 
first says that the most ancient mathematicians co: 
a vessel which would let water flow out uniformly thr 
small aperture at the bottom, and then adds at the end, 
in the same words as Proclus uses, that Heron show( 
this is managed in the first book of his work on 
clocks. Theon’s account is from Pappus’s Comment 
the Syntaxis, and this is also Proclus’s source, as is sh( 
the fact that Proclus gives a drawing of the wate 
which appears to have been lost in Theon’s transcrip tic 
Pappus, but which Pappus must have reproduced fr 
work of Heron. Tittel infers that Heron must have 
as one of the 'more ancient’ writers as compare( 
Ptolemy. But this again does not seem to be a ne 
inference. No doubt Heron’s work was a convenient j 
refer to for a description of a water-clock, but it d( 
necessarily follow that Ptolemy was referring to 1 
clock rather than some earlier form of the same instrui 

An entirely different conclusion from that of T 
reached in the article ' Ptolemaios and Heron ’ already 
to.^ The arguments are shortly these. (1) Ptolemy 
his Geography (c. 3) that his predecessors had only be< 
to measure the distance between two places (as an a 
great circle on the earth’s circumference) in the case 
the two places are on the same meridian. He claims 1 
himself invented a way of doing this even in the case 
the two places are neither on the same meridian nor 
same parallel circle, provided that the heights of the 
the two places respectively, and the angle between th 
circle passing through both and the meridian circle t 
one of the places, are known. Now Heron in his 1 
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the distance between Rome and Alexandria.^ Unfortunately 
the text is in places corrupt and deficient, so that the method 
cannot be reconstructed in detail. But it involved the obser- 
vation of the same lunar eclipse at Rome and Alexandria 
respectively and the drawing of the analevima for Rome. 
That is to say, the mathematical method which Ptolemy 
claims to have invented is spoken of by Heron as a thing 
generally known to experts and not more remarkable than 
other technical matters dealt with in the same book. Conse- 
quently Heron must have been later than Ptolemy, (It is 
right to add that some hold that the chapter of the Dioptra 
in question is not germane to the subject of the treatise, and 
was probably not written by Heron but interpolated by some 
later editor ; if this is so, the argument based upon it falls to 
the ground.) (2) The dioptra described in Heron’s work is a 
fine and accurate instrument, very much better than anything 
Ptolemy had at his disposal. If Ptolemy had been aware of 
its existence, it is highly unlikely that he would have taken 
the trouble to make his separate and imperfect ' parallactic ’ 
instrument, since it could easily have been grafted on to 
Heron’s dioptra. Not only, therefore, must Heron have been 
later than Ptolemy but, seeing that the technique of instru- 
ment-making had made such strides in the interval, he must 
have been considerably later. (3) In his work rr^pi poirOiv ^ 
Ptolemy, as we have seen, disputed the view of Aristotle that 
air has weight even when surrounded by air. Aristotle 
satisfied himself experimentally that a vessel full of air is 
heavier than the same vessel empty ; Ptolemy, also by ex- 
periment, convinced himself that the former is actually the 
lighter. Ptolemy then extended his argument to water, and 
held that water with water round it has no weight, and that 
the diver, however deep he dives, does not feel the weight of 
the water above him. Heron^ asserts that water has no 
appreciable weight and has no appreciable power of com- 
pressing the air in a vessel inverted and forced down into 
the water. In confirmation of this he cites the case of the 



diver is not oppressed though he has an unlimitea we 
water on his back. He accepts, therefore, the view of P 
as to the fact, however strange this may seem. But he 
satisfied with the explanation given : ' Some say he g 
4t is because water in itself is uniformly heavy (tVo/Sapi 
KaO' avTo) ’ — this seems to be equivalent to Ptolemy’s ' 
that water in water has no weight — ' but they give 
planation whatever why divers . . / He himself atten 
explanation based on Archimedes. It is suggested, th€ 
that Heron’s criticism is directed specifically against P 
and no one else. (4) It is suggested that the Dionysius tc 
Heron dedicated his Definitions is a certain Dionysii 
was pmefectus urbi at Rome in a.I). 301. The grour 
these, (a) Heron addresses Dionysius ShS^dLoj/vcne Xa/zTTj 
where Xa/iTrporaroy obviously corresponds to the Latin ci 
muSj a title which in the third century and under Dio 
was not yet in common use. Further, this Dionysii 
curator aquarum and curator operum publicorum^ so 1 
was the sort of person who would have to do wi 
engineers, architects and craftsmen for whom Heron 
Lastly, he is mentioned in an inscription commemorat 
improvement of water supply and dedicated ‘ to Tib 
father of all waters, and to the ancient inventors of r 
lous constructions’ {repertorihus admirahilium fabri 
priiscis viris), an expression which is not found in am 
inscription, but which recalls the sort of tribute that 
frequently pays to his predecessors. This identification 
two persons named Dionysius is an ingenious conjectn 
the evidence is not such as to make it anything more.^ 

The result of the whole investigation just summariz( 
place Heron in the third century A.I)., and perhaps 1; 
anything, earlier than Pappus. Heiberg accepts this 
sion,^ which may therefore, I suppose, be said to hold tl 
for the present. 

Dionysius was of course a very common name. Diophantus d 
his Arithmetica to a person of this name {n fit dir are jioL ALoi/va-ie), v 
praised for his ambition to learn the solutions of arithmetical p 
This Dionysius must have lived in the second half of the third 
A.D., and if Heron also belonged to this time, is it not possi 
Heron's Dionysius was the same person ? 

^ Heron, vol. v, p. ix. 
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Heron was known as 6 *A\€^avSpev 9 (e.g. by Pappus) or 
0 pLrjxaviKo^ (mechanicus), to distinguish him from other 
persons of the same name ; Proclus and Damianus use the 
latter title, while Pappus also speaks of ot irept rbi/ "'Hpcova 

lirjy^avLKOL. 


Character of works. 

Heron was an almost encyclopaedic writer on mathematical 
and physical subjects. Practical utility rather than theoreti- 
cal completeness was the object aimed at; his environment in 
Egypt no doubt accounts largely for this. His Metrica begins 
with the old legend of the traditional origin of geometry in 
Egypt, and in the Dioptra we find one of the very problems 
which geometry was intended to solve, namely* that of re- 
establishing boundaries of lands when the flooding of the 
Nile had destroyed the land-marks : ‘ When the boundaries 
of an area have become obliterated to such an extent that 
only two or three marks remain, in addition to a plan of the 
area, to supply afresh the remaining marks.’ ^ Heron makes 
little or no claim to originality; he often quotes authorities, 
but, in accordance with Greek practice, he more frequently 
omits to do so, evidently without any idea of misleading any 
one; only when he has made what is in his opinion any 
slight improvement on the methods of his predecessors does 
he trouble to mention the fact, a habit which clearly indi- 
cates that, except in these cases, he is simply giving the best 
traditional methods in the form which seemed to him easiest 
of comprehension and application. The Metrica seems to be 
richest in definite references to the discoveries of prede- 
cessors ; the names mentioned are Archimedes, Dionysodorus, 
Eudoxus, Plato ; in the Dioptra Eratosthenes is quoted, and 
in the introduction to the Oatoptrica Plato and Aristotle are 
mentioned. 

The practical utility of Heron’s manuals being so great, it 
was natural that they should have great vogue, and equally 


books in particular gave scope tor expansion oy muiri] 
of examples, so that it is difficult to disentangle the 
Heron from the rest of the collections which have cor 
to us under his name. Hultsch's considered criteri' 
follows: 'The Heron texts which have come down 
time are authentic in so far as they bear the authoi 
and have kept the original design and form of Heron’ 
but are unauthentic in so far as, being constantly in 
practical purposes, they were repeatedly re-edited am 
course of re-editing, were rewritten with a view 
particular needs of the time.' 

List of Treatises. 

Such of the works of Heron as have survived have 
us in very different ways. Those which have come c 
the Greek are : 

I. The Metrica, first discovered in 1896 in a mai 
of the eleventh (or twelfth) century at Constantin 
R Schbne and edited by his son, H. Schone {Heronis 0 
Teubner, 1903). 

II. On the Dioptray edited in an Italian version by 
in 1814 ; the Greek text was first brought out by j 
Vincent^ in 1858, and the critical edition of it by H. Si 
included in the Teubner vol. iii just mentioned. 

III. The Pnewmatica, in two Books, which appeared 
a Latin translation by Commandinus, published ai 
death in. 1575; the Greek text was first edited by T 
in Vete7'um mathematicorum opera Graece et Latii 
(Paris, 1693), and is now available in Hero^iis Ope^-^ay i 
ner, 1899), by W. Schmidt. 

IV. On the art of constructing automata (rrepi ai 
TroL7]TLKr]s:)i or The automaton-theatre^ first edited in an 
translation by B. Baldi in 1589 ; the Greek text was i 
ill Th^venot's Vet, math,y and now forms part of . 
Operay vol. i, by W. Schmidt. 

V. Belopoelca (on the construction of engines of war) 

^ Notices et extraits des manuscrifs de la Bihlioth^que impSriale , : 
pp. 157-337. 
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by B. Baldi (Augsburg, 1616), Thdvenot {Vet math), Kochly 
and Riistow (1853) and by Wescher {Poliorcitique des Grecs, 
1867, the first critical edition). 

VI. The Cheirohalistra ('Hpoavos xeipo^aWtarpa^ KaracrKev^ 
Kal (TvpperpLa (?)), edited by V. Prou, Notices et extraits, xxvi. 2 
(Paris, 1877). 

VII. The geometrical works, Definitiones^ Geometria, Geo- 
daesia, Stereometrica I aiid II, Mensurae, Liber Geeq^nicus, 
edited by Hultsch with Variae collectiones {Heronis Alescan- 
drini geometrioorum et stereometricorum reliquiae, 1864). 
This edition will now be replaced by that of Heiberg in the 
Teubner collection (vols. iv, v), which contains much addi- 
tional matter from the Constantinople manusci'ipt referred to, 
but omits the Liber Geeponicus (except a few extracts) and the 
Geodaesia (which contains only a few extracts from the 
Geometry of Heron). 

Only fragments survive of the Greek text of the Mechanics 
in three Books, which, however, is extant in the Arabic (now 
edited, with German translation, in Heroruis Opera, vol. ii, 
by L. Nix and W. Schmidt, Teubner, 1901). 

A smaller separate mechanical treatise, the BapovXKos, is 
quoted by Pappus.^ The object of it was ‘ to move a given 
weight by means of a given force and the machine consisted 
of an arrangement of interacting toothed wheels with difterent 
diameters. 

At the end of the Dioptra is a description of a hodometer for 
measuring distances traversed by a wheeled \;ehicle, a kind of 
taxameter, likewise made of a combination of toothed wheels: 

A work on Water-clocks {rr^pi vSptcop ^poaKoireLcov) is men- 
tioned in the Pneumatica as having contained four Books, 
and is also alluded to by Pappus.^ Fragments are preserved 
in Proclus (Hypotyposisy chap. 4) and in Pappus's commentary 
on Book V of Ptolemy's Syntaxis reproduced by Theon. 

Of Heron's Commentary on Euclid's Elements only very 
meao’re frao-ments survive in Greek ('ProelusV but a lare’e 
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Besthorn and Heiberg {Codex Leidensis 399. 1, five 
which had appeared up to 1910). The commentary 
as far as ELem. VIII. 27 at least. 

The Catoptrica, as above remarked under Ptolemy, 
a Latin translation from the Greek, presumed to be by 
of Moerbeke, and is included in vol. ii of Heroni 
edited, with introduction, by W. Schmidt. 

Nothing is known of the Camarica (‘on vaulting 
tioned by Eutocius (on Archimedes, Sphere and Cylh 
Zygia (balancings) associated by Pappus with the A\ 
or of a work on the use of the astrolabe mentione 
Fihrist. 

We are in this work concerned with the treatises c 
matical content, and therefore can leave out of acco 
works as the Pneumatica, the Automata, and the B 
The Pneumatica and Automata have, however, an ii 
the historian of physics in so far as they employ th' 
compressed air, water, or steam. In the Pneumc 
reader will find such things as siphons, ‘Heron's f 
‘ penny-in-the-slot ' machines, a fire-engine, a water-o; 
many arrangements employing the force of steam. 

Geometry. 

(a) Commentary on Euclid's Elements. 

In giving an account of the geometry and me 
(or geodesy) of Heron it will be well, I think, 
with what relates to the elements, and first the 
tary on Euclid's Elements, of which we possess £ 
of extracts in an-Nairizi and Proclus, enabling us 
a general idea of the character of the work, 
generally, Heron's comments do not appear to have 
much that can be called important. They may be 
as follows : 

(1) A few general notes, e.g. that Heron would r 


jLv^ uj.jLv^ K>i.xKjx\jLi3 vKj kjkjxxijjcul ciJL o uj. cu w XI vjix u-ixicxcixu C3X\aca 

e diameter instead of on the same side), III. 12 (which is 
Euclid’s at all but Heron’s own, adding the case of 
nal to that of internal contact in III. 11^, VI. 19 (where 
riangle in which an additional line is drawn is taken to 
.e smaller of the two), VIL 19 (where the particular case 
ren of three numbers in continued proportion instead of 
proportionals). 

Llternative proofs. 

appears to be Heron who first introduced the easy but 
structive semi-algebraical method of proving the proposi- 

II. 2-10 which is now so popular. On this method the 
Dsitions are proved ‘ without figures ’ as consequences of 
corresponding to the algebraical formula 

a(&4-c + cZ-l-...) =a6 + ac4*ct(i4-... 

iron explains that it is not possible to prove II. 1 without 
ing a number of lines (i. e. without actually drawing the 
ngles), but that the following propositions up to 11. 10 
)e proved by merely drawing one line. He distinguishes 
varieties of the method, one by dissolutio, the other by 
ositio, by which he seems to mean splitting-up of rect- 
os and squares and combination of them into others, 
n his proofs he sometimes combines the two varieties, 
bernative proofs are givQju (a) of some propositions of 

III, namely III. 25 (placed after III. 30 and starting 
the arc instead of the chord), III. 10 (proved by means 

I. 9), III. 13 (a proof preceded by a lemma to the effect 
a straight line cannot meet a circle in more than two 

s)- 

class of alternative proof is (6) that which is intended to 
a particular objection {euaracrLsi) which had been or might 
tised to Euclid’s constructions. Thus in certain cases 
n avoids producing a certain straight line, where Euclid 
ices it, the object being to meet the objection of one who 
d deny our right to assume that there is any space 
able. Of this class are his proofs of I. 11, 20 and his 
on 1. 16. Similarly in I. 48 he supposes the right-angled 
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triangle which is constructed to be constructed on the s 
side of the common side as the given triangle is. 

A third class (c) is that which avoids reductio ad absurd 
e.g. a direct proof of 1. 19 (for which he requires and g 
a preliminary lemma) and of I. 25. 

(4) Heron .supplies certain converses of Euclid’s propositi 
e.g. of II. 12^, 13 and VIIL 27. 

(5) A few additions to, and extensions of, Euclid’s proposit 
are also found. Some are unimportant, e. g. the construe 
of isosceles and scalene triangles in a note on I. 1 and 
construction of two tangents in III. 17. The most impor 
extension is that of HI. 20 to the case where the angle at 
circumference is greater than a right angle, which gives 
easy way of proving the theorem of III. 22. Interesting 
are the notes on I. 37 (on I. 24 in Proclus), where H 
proves that two triangles with two sides of the one e 
to two sides of the other and with the included angles su2 
mentary are equal in area, and compares the areas where 
sum of the included angles (one being supposed greater i 
the other) is less or greater than two right angles, and on 1 
where there is a proof (depending on preliminary lemma 
the fact that, in the figure of Euclid’s proposition (see : 
page), the straight lines AL^ BG, CE meet in a point, 
last proof is worth giving. First come the lemmas. 


(1) If in a triangle ABC a straight line DE be dr 
parallel to the base BG cutting the sides AB, AG or t 
sides produced in D, E, and if F be 
middle point of BG, then the straight 
AF (produced if necessary) will also b 
BE, {HK is drawn through A parall 
BE, and HBL, KEM through B, E par 
to AF meeting the base in i, M vei 
tively. Then the triangles ABF, . 
between the same parallels are equal. So are the triai 



Tjiie couimuri vertex er wiu ne on tne aiagonai -£lx). 
ron produces AG to meet CFm. H, and then proves that 
f is a straight line, 
ice DF, GE are equal, so are 
dangles D GF, EGG. A dding 
triangle GGF, we hav^ the 
^les EGF, DGF equal, and 
IF are parallel, 
t (by I. 34 , 29 , 26 ) the tri- 
is ARE, GKD are congruent, 
at EK=KD ; and by lemma (1) it follows that GH^HF, 
►w, in the triangles FHB^ GHG, two sides {BF, FH and 
OH) and the included angles are equal; therefore the 
^les are congruent, and the angles BHF, GHG are equal, 
d to each the angle GHF, and 
BHF-\- L FHG = Z GHG + Z GHF = two right angles, 
prove his substantive proposition Heron draws AKL 
mdicular to jB(7, and joins EG meeting AK in M, Then 
ave only to prove that BMG is a straight line. 




mplete the parallelogram FAHO^ and draw the diagonals 
FH meeting in F. Through if draw PQ, SR parallel 
ctively to BA, AG, 
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Now the triangles FAH, BAG are equal in all respects ; 
therefore Z UFA = Z ABG 

= Z GAK (since AK is at right angles to BG), 

But, the diagonals of the rectangle FH cutting one another 
in F, we have FY = YA and AHFA = LOAF] 

therefore Z OAF = Z GAK, and OA is in a straight line 
with AKL, 

Therefore, OM being the diagonal of SQ, SA = AQ, and, if 
we add ZLilf to each, FM = MH. 

Also, since EG is the diagonal of FN, FM = MN, 

Therefore the parallelograms MH, MN are equal ; and 
hence, by the preceding lemma, BMG is a straight line. Q.E.D. 

(/3) The Definitions. 

The elaborate collection of Definitions is dedicated to one 
Dionysius in a preface to the following effect : 

‘ In setting out for you a sketch, in the shortest possible 
form, of the technical terms premised in the elements of 
geometry,* I shall take as my point of departure, and shall 
base my whole arrangement upon, the teaching ot' Euclid, the 
author of the elements of theoretical geometry; for by this 
means I think that I shall give you a good general under- 
standing not only of Euclid’s doctrine but of many other 
works in the domain of geometry. I shall begin then with 
the point! 

He then proceeds to the definitions of the point, the line, 
the different sorts of lines, straight, circular, 'curved’ and 
'spiral-shaped’ (the Archimedean spiral and the cylindrical 
helix), Defs. 1-7 ; surfaces, plane and not plane, solid body, 
Defs. 8-11; angles and their different kinds, plane, solid, 
rectilinear and not rectilinear, right, acute and obtuse angles, 
Defs. 12-22; figure, boundaries of figure, varieties of figure, 
plane, solid, composite (of homogeneous or non-homogeneous 


j^o/jLuoy cbxxu. u/ix/o yn c/vcftt/yyj il/vx u.i.iu.cu. lu^ 

four circular arcs, two concave and two convex, Defs. 27 - 38 . 
Eectilineal figures follow, the various kinds of triangles and 
of quadrilaterals, the gnomon in a parallelogram, and the 
gnomon in the more general sense of the figure which added 
to a given figure makes the whole into a similar figure, 
polygons, the parts of figures (side, diagonal, height of a 
triangle), perpendicular, parallels, the three figures which will 
fill up the fepace round a point, Defs. 39 - 73 . Solid figures are 
next classified according to the surfaces bounding them, and 
lines on surfaces are divided into (1) simple and circular, 
(2) mixed, like the conic and spiric curves, Defs. 74 , 75 . The 
sphere is then defined, with its parts, and stated to be 
the figure which, of all figures having the same surface, is the 
greatest in content, Defs. 76 - 82 . Next the cone, its ditterent 
species and its parts are taken up, with the distinction 
between the three conics, the section of the acute-angled cone 
C by some also called ’) and the sections of the right- 

angled and obtuse-angled cones (also called parabola and 
hyperbola), Defs. 83 - 94 ; the cylinder, a section in general, 
the spire or tore in its three varieties, open, continuous (or 
just closed) and ' crossing-itself which respectively have 
sections possessing special properties, ‘square rings’ which 
are cut out of cylinders (i. e. presumably rings the cross-section 
of which through the centre is two squares), and various other 
figures cut out of spheres or mixed surfaces, Defs. 95 - 7 ; 
rectilineal solid figures, pyramids, the five regular solids, the 
semi-regular solids of Archimedes two of which (each with 
fourteen faces) were known to Plato, Defs. 98 - 104 ; prisms 
of different kinds, parallelepipeds, with the special varieties, 
the cube, the beam, 5o/c6? (length longer than breadth and 
depth, which may be equal), the brick, 7r\Lv6h (length less 
than breadth and depth), the cr<p7]ULcrK09 or ^co/xlctko^ with 
length, breadth and depth unequal, Defs. 105 - 14 . 

Lastly come definitions of relations, equality of lines, sur- 
faces, and solids respectively, similarity of figures, ‘reciprocal 
figures’, Defs. 115 - 18 ; indefinite increase in magnitude, 
parts (which must be homogeneous with the wholes, so that 
e. g. the horn-like angle is not a part or submultiple of a right 
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or any angle), multiples, Defs. 119-21 ; proportion in 
tudes, what magnitudes can have a ratio to one a 
magnitudes in the same ratio or magnitudes in pro| 
definition of greater ratio, Defs. 122-5; transformai 
ratios (componendo, separando^ convertendo, alternan 
vertendo and ex aequali), Defs. 126-7 ; commensural 
incommensurable magnitudes and straight lines, De: 
129. There follow two tables of measures, Defs. 130— S 

The Definitions are very valuable from the point of ^ 
the historian of mathematics, fqr they give the differen 
native defi^nitions of the fundamental conceptions; tl 
find the Archimedean "definition' of a straight line 
definitions which we know from Proclus to be due tc 
lonius, others from Posidonius, and so on. No dor 
collection may have been recast by some editor or 
after Heron’s time, but it seems, at least in substance 
back to Heron or earlier still. So far as it contains c 
definitions of Posidonius, it cannot have been compiled 
than the first century B.c. ; but its content seems to be 
the main to the period before the Christian era. I 
adds to his edition of the Definitions extracts from 1 
Geometry, postulates and axioms from Euclid, extract 
Geminus on the classification of mathematics, the pri 
of geometry, &c., extracts from Proclus or some early 
tion of scholia on Euclid, and extracts from Anatoli 
Theon of Smyrna, which followed the actual definitions 
manuscripts. These various additions were apparently cc 
by some Byzantine editor, perhaps of the eleventh cent 

Mensuration. 

The Metrica, Geometrica, Stereometrica, Geodaesi 
MensuTde, 

We now come to the mensuration of Heron. < 
different works under this head the Metrica is th( 
important from our point of view because it seems, moi 


u uiieu 111 parucuiar cases ue taKen uo oe leet, cuDitSj 
ly other unit of measurement. Up to 1896, when a 
iscript of it was discovered by R. Schone at Constanti- 
it was only known by an allusion to it in Eutocius 
Archimedes's Measurement of a Circle), who states that 
way to obtain an approximation to the square root of 
Q-square number is shown by Heron in his Metrica, as 
as by Pappus, Theon, and others who had commented on 
Syntaxis of Ptolemy.^ Tannery^ had already in 1894 
vered a fragment of Heron's Metrica giving the particular 
in a Paris manuscript of the thirteenth century contain- 
Prolegomena to the Syntaxis compiled presumably from 
ommentaries of Pappus and Theon. Another interesting 
'ence between the Metrica and the other works is that in 
ormer the Greek way of writing fractions (which is our 
od) largely preponderates, the Egyptian form (which 
3 sses a fraction as the sum of diminishing submultiples) 
f used comparatively rarely, whereas the reverse is the 
in the other works. 

view of the greater authority of the Metrica, we shall 
it as the basis of our account of the mensuration, while 
ing the other works in view. It is desirable at the 
it to compare broadly the contents of the various collec- 
. Book I of the Metrica contains the mensuration of 
res, rectangles and triangles (chaps. 1~9), parallel-trapezia, 
ibi, rhomboids and quadrilaterals with one angle right 
L6), regular polygons from the equilateral triangle to the 
[ar dodecagon (17-25), a ring between two concentric 
is (26), segments of circles (27-33), an ellipse (34), a para- 
segment (35), the surfaces of a cylinder (36), an isosceles 
(37), a sphere (38) and a segment of a sphere (39). 
: II gives the mensuration of certain solids, the solid 
mt of a cone (chap. 1), a cylinder (2), rectilinear solid 
es, a parallelepiped, a prism, a pyramid and a frustum, 
3-8), a frustum of a cone (9, 10), a sphere and a segment 
sphere (11, 12), a spire or tore (13) the section of a 
der measured in Archimedes's Method (14), and the solid 

‘ Archimedes, vol. hi, p. 232. 13-17. 

* Tanneiy, MSmoires scientifiques, ii, 1912, pp. 447-54. 
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formed by the intersection of two cylinders with axes i 
angles inscribed in a cube, also measured in the Meth 
the five regular solids (16-19). Book III deals with tl 
sion of figures into parts having given ratios to one a 
first plane figures (1-19), then solids, a pyramid, a con 
frustum, a sphere (20-3). 

The Oeometria or Geometrumena is a collection base 
Heron, but not his work in its present form. The add 
a theorem due to Patricius^ and a reference to him 
Stereometrica (I. 22) suggest that Patricius edited both 
but the date of Patricius is uncertain. Tannery ic 
him with a mathematical professor of the tenth c 
Nicephorus Patricius ; if this is correct, he would be ( 
porary with the Byzantine writer (erroneously called 
who is known to have edited genuine works of Her 
indeed Patricius and the anonymous Byzantine might 
and the same person. The mensuration in the Georru 
reference almost entirely to the same figures as 
measured in Book I of the Metrica, the difference bei 
in the Geometry (1) the rules are not explained but 
applied to examples, (2) a large number of numerical i 
tions are given for each figure, (3) the Egyptian 
writing fractions as the sum of submultiples is f( 
(4) lengths and areas are given in terms of pa 
measures, and the calculations are lengthened by a c< 
able amount of conversion from one measure into i 
The first chapters (1-4) are of the nature of a genera 
duction, including certain definitions and ending with 
of measures. Chaps. 6-99, Hultsch ( = 5-20, 1 4, Heib.), 
for the most part corresponding in content to Me 
seem to have been based on a different collection, 
chaps. 100-3 and 105 (= 21, 1-25, 22, 3-24, Heib.) are 
modelled on the Metrica, and 101 is headed 'A d( 
(really ' measurement ') of a circle in another book of 
Heiberg transfers to the Geometrica a considerable an 

pnnffinf. nf* f.ViA Qri-Aft.llpvl T.nhfi/)/* a. 
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Heiberg puts side by side with corresponding sections of the 
Geometrica in parallel columns ; others he inserts in suitable 
places ; sections 78, 79 contain two important problems in 
indeterminate analysis (= Geom. 24, 1-2, Heib.). Heiberg 
adds, from the Constantinople manuscript containing the 
Metrica, eleven more sections (chap. 24, 3-13) containing 
indeterminate problems, and other sections (chap. 24, 14-30 and 
37-61) giving the mensuration, mainly, of figures inscribed in or 
circumscribed to others, e. g. squares or circles in triangles, 
circles in squares, circles about triangles, and lastly of circles 
and segments of circles. 

The Stereometrica I has at the beginning the title Eiaa- 
ycoyal tZp aTepeofierpovfiipcop "'Hpcopo^ but, like the Geometrica, 
seems to have been edited by Patricius. Chaps. 1-40 give the 
mensuration of the geometrical solid figures, the sphere, the 
cone, the frustum of a cone, the obelisk with circular base, 
the cylinder, the ‘pillar’, the cube, the a<f>7}VL<TKos (also called 
opv^), the peiovpop Trpoeo-KapKpevpiivop, pyramids, and frusta. 
Some portions of this section of the book go back to Heron ; 
thus in the measurement of the sphere chap. 1 = Metrica 
II. 11, and both here and elsewhere the ordinary form of 
fractions appears. Chaps. 41-54 measure the contents of cer- 
tain buildings or other constructions, e. g. a theatre, an amphi- 
theatre, a swimming-bath, a well, a ship, a wine-butt, and 
the like. 

The second collection, Stereometrica II, appears to be of 
Byzantine origin and contains similar matter to Stereometrica I, 
parts of which are here repeated. Chap. 31 (27, Heib.) gives 
the problem of Thales, to find the height of a pillar or a tree 
by the measurement of shadows; the last sections measure 
various pyramids, a prism, a ^cojjllo-ko^ (little altar). 

The Geodaesia is not an independent work, but only con- 
tains extracts from the Geometry] thus chaps. 1— 16 = Geom. 
5-31, Hultsch (=5, 2-12, 32, Heib.); chaps. 17-19 give the 
methods of finding, in any scalene triangle the sides of which 


ilub 111 iLs present lorm oe aue to Jrteron, aitnougn p« 
it have points of contact with the genuine works. S( 
measure all sorts of objects, e. g. stones of differer 
a pillar, a tower, a theatre, a ship, a vault, a hippodr 
sects. 28-35 measure geometrical figures, a circle and 
of a circle (cf. Metrica I), and sects. 36-48 on spheres, 
of spheres, pyramids, cones and frusta are closely < 
with iSterecmi, I and Metrica II ; sects. 49-59, giving 
suration of receptacles and plane figures of varior 
seem to have a ditferent origin. We can now takeu 

Contents of the Metrica. 

Book I. Measurement of Areas^. 

, The preface records the tradition that the first 
arose out of the practical necessity of measuring 
tributing land (whence the name ‘ geometry ’), afi 
extension to three dimensions became necessary in 
measure solid, bodies. Heron then mentions Eud 
Archimedes as pioneers in the discovery of diflBcult 
ments, Eudoxus having been the first to prove that i 
is three times the cone on the same base and of equ 
and that circles are to one another as the squares 
diameters, while Archimedes first proved that the s 
a sphere is equal to four times the area of a great ci 
and the volume two- thirds of the cylinder circumscr 

(a) Area of scalene triangle. 

After the easy cases of the rectangle, the rig 
triangle and the isosceles triangle, Heron gives twc 
of finding the area of a scalene triangle (acute-i 
obtuse-angled) when the lengths of the three sides ai 
The first method is based on Eucl. II. 12 and 13. 
be the sides of the triangle opposite to the angle 
respectively. Heron observes (chap. 4) that any angle 
acute, right or obtuse according as c^< = or >a^ + 
is the criterion determining which of the two propc 
applicable. The method is directed to determining 
segments into which any side is divided by the perj 


pencucuiar itseii*. vv e nave, in Tine cases ot zne triangle acute- 
angled at 0 and the triangle obtuse-angled at C respectively, 

+ 52 q: 2c6 . CD, 

or CD = { (a^ -h ^ } /2a, 




whence AD^ (= h^ — CD^) is found, so that we know the area 
{-^a.AD). 

In thfe cases given in Metrica I. 5, 6 the sides are (14, 15, 13) 
and ( 11 , 13, 20 ) respectively, and AD is found to be rational 
(= 12 ). But of course both CD (or BD) and AD may be surds, 
in which case Heron gives approximate values. Cf. Geom. 
53, 54, Hultsch (15, 1~4, Heib.), where we have a triangle 
in which a = 8 , 6=4, c = 6 , so that — = 44 and 

CD = 44/16 = 2 f^. Thus -4D*-^= 16~(2|^)2= I 6 - 7 I 3 -V 
= I tVj AD=: V (81 1 y\) = 2 |- J approximately, whence 

the area =:4x2|J = 11 |. Heron then observes that we get 
a nearer result still if we multiply AD^ by (fa)® before 
extracting the square root, for the area is then V (16 x Sff ^) 
or a/( 135), which is very nearly Ilf or llfx- 

So in Metrica I. 9, where the triangle is 10 , 8 , 12 (10 being 
the base), Heron finds the perpendicular to be 'v/63, but he 
obtains the area as V (f -4.D® . SC®), or (1575), while observing 
that we can, of course, take the approximation to V 63, or 
7f f I and multiply it by half 10, obtaining 39f f xV 
the area. 

Proof of the formula A = V {s (s—a) (s-b) (s — c)}. 

The second method is that known as the 'formula of 
Heron namely, in our notation, A = \/ { s (s — a) (s — 6) (s c) } . 
The proof of the formula is given in Metrica I. 8 and also in 


Let the sides of the triangle ABC be given in leng 
Inscribe the circle DEF, and let 0 be the centre. 

Join AO, BO, CO, DO, EO, FO. 

Then BC.0D = 2AB0C, 

CA.0E=2AC0A, 

AB.0F = 2AA0B-, 



whence, by addition, 

p.OD = 2A ABC, 

where p is the perimeter. 

Produce CB to H, so that BH = A F. 

Then, since AE = AF, BF = BD, and CE= CD 
CH^ip^s. 

Therefore CH.OD = A ABC. 

But CH . OD is the ‘ side ’ of the product CH'^ 
ViCE ^ . OD*), 


so that 


(AABCf = CHKOD\ 
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Draw OL at right angles to OG cutting BG in K, and BL at 
right angles to BO meeting OL in L. Join OL. 

Then, since each of the angles COL, GBL is right, COBL is 
a quadrilateral in a circle. 

Therefore Z GOB + Z CLB = 2 iJ. 

But Z.C0B + LAOF 2ii, because AO, BO, GO bisect the 
angles round 0, and the angles GOB, AOF are together equal 
to the angles AOG, BOF, while the sum of all four angles 
is equal to 4 jR. 

Consequently Z A OF = Z OLB. 

Therefore the right-angled triangles ZLOi^, GLB are similar ; 
therefore BO : BL = AF: FO 

^BHiOD, 

and, alternately, CB : BH = BL : OD 

= BK : KD ; 

whence, componendo, GH : HB = BD : DK. 

It follows that 

GW - : GH. HB = BD. LG: CD . DK 

= BD . DG : OD^, since the angle OOK is right. 
Therefore (A ABGJ^ = GW . OD^ (from above) 
^GH.HB.BD.DG 
= s(8--a) (s-Ij) (s — c). 

(^) Method of approximating to the square root of 
a non-square number. 

It is k propos of the triangle 7 , 8 , 9 that Heron gives the 
important statement of his method of approximating to the 
value of a surd, which before the discovery of the passage 
of the Metrica had been a subiect of unlimited com’ecture 



the next succeeding square number is 729, which hai 
its side, divide 720 by 27. This gives 26|. Add 27 
making 53f , and take half* of this or 26f The sid( 
will therefore be very nearly 26| <1. In fact, if we r 
26f ^ by itself, the product is 720^^^, so that the differ 
the square) is . 

‘ If we desire to make the difference still smaller thai 
shall take 720^^^ instead of 729 [or rather we shot 
26|| instead of 27], and by proceeding in the same 
shall find that the resulting difference is much less tha 

In other words, if we have a non-square number A 
is the nearest square number to it, so that A == a^± 6, 
have, as the first approximation to V A, 



for a second approximation we take 



and so on.^ 


' Metrica, i. 8, pp. 18. 22-20. 5. 

* The method indicated by Heron was known to Barlaarn ar 
Rhabdas in the fourteenth century. The equivalent of it wa 
Luca Paciuolo (fifteenth-sixteenth centuiy), and it was known tc 
Italian algebraists of the sixteenth century. Thus Luca Paci 
2J, 2^^ and 2 y^^^ as successive approximations to V'fi. He 

2 (2^Y — 6 

the first as 2+ 2~2' second as 2|- ' 2 

* The above rule gives |( 24 -f) = 2|, J(l + - 
i + = 23^^. 

The formula of Heron was again put foi-ward, in modern 
Buzengeiger as a means of accounting for the Archimedean a; 
tion to v3, apparently without knowing its previous history, 
also stated it in a treatise on arithmetic (1853). The meth( 
which Oppermann and Alexeieff sought to account for Ar( 
approximations is in reality the same. The latter method di 
the formula 

i(« + |3):V'(oO)= 


Alexeieff separated A into two factors ao, and pointed out t 


crQ> ^A>1 )q, 
9 A 

i ^ 0 ) ^ ^ „ ,-h 


2ao^o 
cto + W 


then, 


or 


iron does not seem to have used this formula with a nega- 
sign, unless in Stereom. I. 33 (34, Hultsch), where -/(GS) 
gain, if J (oo + bg) = , 2 A/{a„ + b„) = , 

9 A 

) on. 

V suppose that, in Heron’s formulae, we put « = Xo, A/ a == x^, 
Kj , A/o^^ — Xj, and so on. We then have 


1 ( ^ 
a + 








•^1 2 ' ^ 0 ^ -^0 ^0 


is, JCj, a?! are, respectively, the arithmetic and harmonic means 
en J?o, Xq ; Xg, are the arithmetic and harmonic means between 
L, and so on, exactly as in Alexeieff’s formulae, 
us now try to apply the method to Archimedes’s case, ^/Z, and we 
see to what extent it serves to give what we want. Suppose 
gin with 3>-v/3>l. We then have 


1(3 + 1) >v/3>3/-i (3 + 1), or 2>V'3>#, 


;om this we derive successively 




f we start from 4, obtained by the formula a+ <\/ (a^ + h), 

2a+l ^ ^ 

tain the following approximations by excess, 


econd process then gives one of Archimedes’s results, V^j but 
jr of the two processes gives the other, directly. The latter 


aowever, be obtained by using the formula that, if then 

\a + nc c 
h + nd d 

we can obtain from g j and thus : or from 

*ou4-y/ loo 


uTM: 


1060 

612 


rained from and thus : 


2 ^ 

153 
18817 + 97 


and so on. Or again can 


10864 + 56' 


18SH4 
10920 ' 


1351 
780 ' 


5 advantage of the method is that, as compared with that of con- 
1 fractions, it is a very rapid way of arriving at a close approxi- 
n. Griinther has shown that the (m + l)th approximation obtained 
iron’s formula is the 2i'ith obtained by continued fractions. (* Die 
atischen Irrationalitaten der Alten und deren Entwickelungs- 
)den' in AOhandlungen zur Geach, d. Math, iv. 1882, pp. 83-6.) 

5.2 Y 


326 


HEEON OF ALEXANDRIA 


is given as approximately S — In Metrica I. 9, ai 
have seen, V (63) is given as 7^ ^ ^ which was doub 
obtained from the formula (1) as 

1(8 + ^-) = ^(8 + 7 |) = 7 i 

The above seems to be the only classical rule which 
been handed down for finding second and further app] 
mations to the value of a surd. But, although Heron 
shows how to obtain a second approximation, namelj 
formula (2), he does not seem to make any direct us 
this method himself, and consequently the question how 
approximations closer than the first which are to be four 
his works were obtained still remains an open one. 

(y) Quadrilaterals. 

It is unnecessary to give in detail the methods of measn 
the areas of quadrilaterals (chaps. 11-16). Heron deals ' 
the following kinds, the parallel-trapezium (isosceles or 
isosceles), the rhombus and rhomboid, and the quadrilai 
which has one angle right and in which the four sides 1 
given lengths. Heron points out that in the rhombu 
rhomboid, and in the general case of the quadrilateral, 
necessary to know a diagonal as well as the four sides, 
mensuration in all the cases reduces to that of the recta 
and triangle. 

( 5 ) The regular polygons with 5 , 4 , 5 , 6, 7 , 8, 9, 10, 11 
or 12 sides. 

Beginning with the equilateral triangle (chap. 17), H 
proves that, if a be the side and p the perpendicular i 
a vertex on the opposite side, a^:p^ = 4: : 3, whence 

a^ :p^a^ = 4 : 3 = 16 : 12, 
so that : (A ABG)^ = 16:3, 

and (A ABG)^ = -^^a\ In the particular case taken = 


XUX V o XO iXCXC! X' UllC/ OXUC: X V/j tliC XXXOUXX^JVX V vyt> 

the same result as above^ for -If , 100 = 43^. 

The regular pentagon is next taken (chap. 18). Heron 
premises the following lemma. 

Let ABC be a right-angled triangle^ with the angle A equal 
to fjR. Produce AG to 0 so that C0 = AG 
If now AO is divided in extreme and 
mean ratio, AB is equal to the greater 
segment. (For produce AB to D so that 
AD = AO, and join BO, DO. Then, since 
ADO is isosceles and the angle a,t A 
/.ADO = /AOD = fiJ, and, from the 
equality of the triangles ABC, ^OBG, 

/AOB = LB AO = f jR. It follows that 
the triangle ADO is the isosceles triangle of Eucl. IV. 10, and 
AD is divided in extreme and mean ratio in B.) Therefore, 
says Heron, {BA + AG)^ = 5AC\ [This is Fuel. XIII. 1.] 
Now, since /BOG = fiJ, if BG be produced to E so that 
GE = BO, BE subtends at 0 an angle equal to |jR, and there- 
fore BE is the side of a regular pentagon inscribed in the 
circle with 0 as centre and OB as radius. (This circle also 
passes through D, and BD is the side of a regular decagon in 
the same circle.) If now BO = AB = r, OC = p, BE = a, 
we have from above, {T+p)^=5p^, whence, since is 
approximately we obtain approximately r = ^p, and 
= Ip, so that p = fa. Hence f pa = f a^, and the area 
of the pentagon = |a^. Heron adds that, if we take a closer 
approximation to V 5 than |, we shall obtain the area still 
more exactly. In the Geometry^ the formula is given as \^a^. 

The regular hexagon (chap. 19) is simply 6 times the 
equilateral triangle with the same side. If A be the area 
of the equilateral triangle with side a, Heron has proved 
that {Metrica I. 17), hence (hexagon)^ = -^^-a^. If, 

e.g. a = 10, (hexagon)^ = 67500, and (hexagon) = 269 nearly. 
In the GeoTnetry ^ the formula is given as --i-a^, while ‘ another 
book’ is quoted as giving 6(f + Y%)a^; it is added that the 
latter formula, obtained from the area of the triangle, (f + a^, 

represents the more accurate procedure, and is fully set out by 

' Geom. 102 (21, 14, Heib.). ^ Ib. 102 (21, 16, 17, Heib.). 
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Heron. As a matter of fact, however, 6 (| + exactly, 

and only the Metrica gives the more accurate calculation. 


The regular heptagon. 

Heron assumes (chap. 20) that, if a be the side and r the 
radius of the circumscribing circle, a = being approxi- 
mately equal to the perpendicular from the centre of the 
circle to the side of the regular hexagon inscribed in it (for \ 
is the approximate value of | \/3). This theorem is quoted b^ 
Jordanus Nemorarius (d. 1237) as an ‘Indian rule’; he pro 
bably obtained it from Abul Wafa (940-98). The Met'inct 
shows that it is of Greek origin, and, if Archimedes realb 
wrote a book on the heptagon in a circle, it may be due t< 
him. If then p is the perpendicular from the centre of th 
circle on the side (a) of the inscribed heptagon^ r/(f a) = 8/3- 
or 16/7, whence p^ / (^af — , and = (approxi 

mately) 14|/7 or 43/21. Consequently the area of th 
heptagon — 7,^pa— 7 . 



The regular octagon, decagon and dodecagon. 

In these cases (chaps. 21, 23, 25) Heron finds p by drawin 
the perpendicular 00 from 0, the centre of th 
circumscribed circle, on a side AB, and then makin 
the angle OAD equal to the angle AOD. 

For the octagon, 

Z ADO = -liJ, and p = ^a (1 + \/2) = ^a (1 + 

or -la .ff approximate!; 

For the decagon, 

A ADC = fiJ, and AD : DC =5:4 nearly (see preceding page 
hence AD : AC =5:3, and p> = (f + f) = f 
For the dodecagon, 

LADC = Jii, and_p = |a(2+ \/3) = \a{2 + ^) = 

approximate! 


presumably Hipparchus’s Table) is appealed to. If AB be the 
side {a) of an enneagon or hendecagon inscribed in a circle, AG 
the diameter through A, we are told that the Table of Chords 
gives § and as the respective approximate values of the 
ratio AB / AC. The angles subtended at the centre 0 by the 
side AB are 40"^ and respec- 

tively, and Ptolemy’s Table gives, 
as the chords subtended by angles of 
40° and 33° respectively, 41^^ 2' 33" 
and 34^ 4' 55" (expressed in 120th 
parts of the diameter) ; Heron's 
figures correspond to 4c0P and 33-^^ 

36' respectively. F or the e roueagon 
AC'^ = 9AB\ whence BC^ = SAB'^ 
or approximately and 

£(7 = -^-(,6 ; therefore (area of 
enneagon) = | . A JL 5 (7 = F or 

the hendecagon AC'^ = ^-^^-AB^ and BC^ = so that 

BO = and area of hendecagon = . AABG = 

An ancient formula for the ratio between the side of any 
regular polygon and the diameter of the circumscribing circle 
is preserved in Gee'jjon. 147 sq. (= Pseudo-Dioph. 23-41), 

namely = n^. Now the ratio na^/d^ tends to tt as the 

number { n) of sides increases, and the formula indicates 'a time 
when TT was generally taken as = 3. 

(e) The Circle. 

Coming to the circle {Metrica I. 26) Heron uses Archi- 
medes’s value for tt, namely making the circumference of 
a circle ^-^-r and the area where r is the radius and d the 
diameter. It is here that he gives the more exact limits 
for TT which he says that Archimedes found in his work On 
Plinthides and Cylinders, but which are not convenient for 
calculations. The limits, as we have seen, are given in the 
text as yvith Tannery’s alteration to 

-■iri-ij- < TT < are quite satisfactory.^ 



See vol. i, pp. 232-3. 
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(C) Segment of a circle. 

According to Heron {Metrica I. 30) the ancients n 
the area of a segment rather inaccurately, taking t 
to he -1(6 + h) h, where b is the base and h the heig 
conjectures that it arose from taking tt = 3, becaus 
apply the formula to the semicircle, the area becomej 
where v is the radius. Those, he says (chap. 31), w 
investigated the area more accurately have added 
to the above formula, making it ^{b + h)h + 
seems to correspond to the value 3-|. for tt, since, when 
to the semicircle, the formula gives ■|(3r^ + ^r^). ] 

that this formula should only be applied to segn 
a circle less than a semicircle, and not even to all of tl 
only in cases where b is not greater than Zh, Sup| 
that 6 = 60, = 1 ; in that case even 

which is greater even than the parallelogram with 
sides, which again is greater than the segment. Whe: 
fore h > 3 A,, he adopts another procedure. 

This is exactly modelled on Archimedes’s quadr 
a segment of a parabola. Heron proves {Metrica I. 2' 
that, if ADB be a segment of a circle, and D the mid( 
of the arc, and if the arcs A1 
similarly bisected at E, F, 

A ADB < 4 ( A AED + A D 
Similarly, if the same constr 
made for the segments AED, B 
of them is less than 4 times the sum of the two small 
in the segments left over. It follows that 

(area of segmt. ADB) > A ADB { 1 -i J + (|:)^+ . 

> I AADB. 

‘If therefore we measure the triangle, and add one 
it, we shall obtain the area of the segment as i 
possible.’ That is, for segments in which b > 3i 
takes the area to be equal to that of the parabolic 



than a semicircle, the second to a segment less than a semi- 
circle. 

In the Metrica the area of a segment greater than a semi- 
circle is obtained by subtracting the area of the complementary 
segment from the area of the circle. 

From the Geometrica'^ we find that the circumference of the 
segment less than a semicircle was taken to be \/(6^ + 4 h^) + 

or alternatively V (b‘-^ + 4:h^) + { V {h^ + 4 J } ^ • 

(tj) Ellipse, parabolic segment, surface of cylinder, right 
cone, sphere and segment of sphere. 

After the area of an ellipse {Metrica I. 34} and of a parabolic 
segment (chap. 35), Heron gives the surface of a cylinder 
(chap. 36) and a right cone (chap. 37) ; in both cases he unrolls 
the surface on a plane so that the surface becomes that of a 
parallelogram in the one case and a sector of a circle in the 
other. For the surface of a sphere (chap. 38) and a segment of 
it (chap. 39) he simply uses Archimedes’s results. 

Book I ends with a hint how to measure irregular figures, 
plane or not. If the figure is plane and bounded by an 
irregular curve, neighbouring points are taken on the curve 
such that, if they are joined in order, the contour of the 
polygon so formed is not much different from the curve 
itself, and the polygon is then measured by dividing it into 
triangles. If the surface of an irregular solid figure is to be 
found, you wrap round it pieces of very thin paper or cloth, 
enough to cover it, and you then spread out the paper or 
cloth and measure that. 

Book II. Measurement of volumes. 

The preface to Book II is interesting as showing how 
vague the traditions about Archimedes had already become. 

‘ After the measurement of surfaces, rectilinear or not, it is 
proper to proceed to the solid bodies, the surfaces of which we 
have already measured in the preceding book, surfaces plane 
and spherical, conical and cylindrical, and irregular surfaces 
as well. The methods of dealing with these solids are, in 
» Cf. Geom., 94, 95 (19. 2, 4, Heib.), 97. 4 (20. 7, Heib.). 
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view of their suipriaing character^ referred to Archimccloe by 
covtaiu writers who give the traditional account oE Ihoiu 
origin. But wlietlier they belong to Archimedes or another, 
it is nccoHsary to give a sketch of these methods as well* 

The Book begins with generalities about figui’es all the 
«:jections of which parallel to the base are equal to the bnso 
and similarly situated, wMle the centres of the sections are on 
a straight lino through the centre of the base, which may bo 
cither obliquely inclined or perpendicular to the base ; wliethor 
the said straight line (‘ the axis^) is or is not perpendicular to 
the base, the volume is equal to the product of the area of tho 
biiso and tho perpoadicular height of tho top of tho figure 
from the base. The term ‘height* is thenceforward rcBtrictcd 
to tho loDgtli of the perpendicular from tho top of tho figure 
on tho base. 

(a) ConCy cylindery lyaralldepipexl (pTi8m)y and 

frudum, 

II. 1-7 deal with a cone, a cylinder, a ‘parallelepiped* (tl)o 
base of which is not restricted to tho parallelogram but is in 
tho illustration given a regular hexagon, so that the figure is 
more properly a prism with polygonal bases), a triangular 
prism, a pyramid with base of any form, a frustum of a 
triangular pyramid ; the figures are in general oblique. 

{^) ]Ved(ie-iiliapeii solid (/Soo^/V/co? or (T(pr\u(iTKos:). 

II. 8 is a case which is perhaps worth giving. It is that of 
a rectilineal solid, tlie base of which is a rectangle ABGD and 
has opposito to it another rectangle EFGHy the sides of which 
are respectively parallel but not necessarily proportional to 
those of ABVD. Take AK equal to EFy and BL equal to FG. 
Bisect BKy CL in K, Wy and draw KRPUy VQOM parallel to 
ABy and LQIIN, \WFT parallel to AB. Join FKy GJty LGy 
GVy HN. 

Then the solid is divided into (1) tho parallelepiped with 
ARy EG as opposite faces, (2) tlie prism with KL as baso and 
FG as tho opposite edge, (3) tho prism with NU as base and 
Gif as opposite edge, and (4) the pyramid with RLClf as base 
and Or as vertex. Let h be the ‘height* of the figure. Now 
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lie puraiielepipecf (I) m on ylii a« base and has height h ; the 
risin (2) is e((ual to a pavallelopiped on KQ as base and with 
eight h ; the piisiri (3) is equal to a parallelepiped with N'P 
fl base and heiglit A; and finally the pyramid (4) is equal to 
parallelepiped of lieight k and one- third of RC as base. 



Therefore the wliole solid is equal to one parallelepiped 
7ith lieight h and base equal to {AR'\‘KQ-\-j}fP’{-JiO + ^RO) 
r AO + iRO. 

Now. if AB ^a^BO:^ K ^ c. FQ = d. 

4 F ^ (a + c). == ^(6 + rf), RQ = ^ (a -«c), RP = \ (b-^cl). 

Therefore volume of solid 

= {i(a + c) ib^il)-\‘j\{a-^c){b^d)}k 

The solid in question is evidently the true ^(oiifcrKo? ('little 
Itar'), for the formula is used to calculate the content of 
^<ofi((rKo^ in Stei^eom, II. 40 (68. Ileib.) It is also, I think, 
he (r(f)7}v(<rKos (Mittle wedge*), a measurement of which is 
iven in Sierenm. I. 26 (26, Hcib.) It is true that the second 
evm of the first factor (^i — c) (6 — d) is tlioro neglected, 

lerhaps because in tlio case taken (a = 7, 6 = 6, c = 5, d = 4) 
Ins term (= is ainall compared with the other (= 30). A 
(articular er^rjufaKo?, in which cither c = a or d = b, was 
ailed tlio second torui in the factor of the content 

anishes in this case, and, if e.g. c = a, the content is J(6 + d)aA. 
Liiobher ISaipifcrKo? is measured in Stereovi. I. 36 (34, Heib,), 
/here tlio .solid is inaccurately called ‘a pyramid oblong 
h^pofjL'qKt)?) and truncated (/c^Aoupo?) or hal f -per feet 
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The mothod in the same muiatis mutandis as that uflocl in 
IL 6 for the frustum of a pyramid with any triangle for base, 
and it is applied in II. 9 to the case of a frustum of a pyramid 
with a square base, the formula for which is 

[ ( ^(a + a ') }® + i { - “O ) 

where a, a' are the aides of the larger and smaller bases 
respectively, and h the hoiglit; the expression is of course 
easily reduced to + + 

(y) Frustum of cone, s^yhere, and segment thereof 

K f'l'ustum of a cone is next measured in two ways, (1) by 
comparison with the corresponding frustum of the circum- 
scribing pyramid with square base, (2) directly as the 
difference between two cones (chaps. 9, 10). The volume of 
tlio frustum of the cone is to that of the frustum of the 
circumscribing pyramid as the area of the base of the cone to 
that of the base of the pyramid ; i,e. the volume of the frus- 
tum of the cono is J n, or times the above expression for 
tlio frustum of the pyramid with as bases, and it 

reduces to + where a, a* are the dia/meters 

of the two bases. For the sphere (cliap. 11) Heron uses 
Archimedes's proposition that the circumscribing cylinder is 
IJ times the sphere, wlience the volume of tho sphere 
^ % .d or \ for a segnient of a sphere (chap. 12) he 
likewise uses Archimedes's result (On the Sphere and Oyiinder, 
II. 4 ). 

((?) A'iichor-ring or tm^e. 

The anchor-ring or tore is next measured (oliap. 13) by 
means of a proposition which Heron quotes from Dionyso- 
dorus, and which is to tho effect that, if a he the radius of either 
circular section of the tore through tlie axis of revolution, and 
c the distance of its centre from that axis, 

: ac = (volume of tore) ; ttc^ . 2a 

[whence volume of tore ^ 27 r^ca^]. In the particular case 
taken cf. = 6, c = 14, and Heron obtains, from the proportion 
1134*84= 7:7892, 7= 9966f. But ho shows that ho is 
aware that the volume is the product of the area of the 
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?ibing circio and tho length of the patli of its centre, 
ho says, since 14 is a radius (of the path of the centre), 
its diameter and 88 its circumferonee, *If then tho tore 
-raiglitened o\it and made into a cylinder, it will have 88 
Is length, and the diameter of the base of the cylinder is 
so that the solid content of the cylinder is, as wc have 
, 996G4’ (=:r 88 144^. 

(e) The two special solids of Archimedes^s ' Method ^ 

laps. 14, 15 give the me^isureinont of the two remarkable 
s of Arcliimedos's Method^ following Archimedes’s results. 

(^) The five regulcir solids, 

i chaps. 16-18 FIcron meusuroa the content of tho five 
lar .solids after tho cube. He has of course in each case 
nd the perpendicular from tho centre of tho circumscrlb- 
spliero on any face. Lot p bo this perpendicular, a tho 
I of tho solid, T the radius of tho circio circumscribing any 
Then (1) for tlio tetrahedrom 

3r^ p^ = = |a^ 

[n the case of blio OGtahedroHy which is the sum of two 
il pyramids on a square base, tho content is ono-third 
that base multiplied by tho diagonal of the figure, 
\Ai^,V2a or J \/2 . ; in tho case taken a = 7, and 

on takes 10 as an approximation to \/(2.7^) or n/ 98, tho 
It being 10.49 or 163^. (3) In tho case of the icosa- 

'on Heron merely says that 

ct 93 ; 127 ^tho real value of tho ratio is ^ v/5^^ 

In the case of tho dodeca/ieclrou. Heron says that 

= 9:8 (the true value is ~ if VS is 

equal to Heron's ratio is readily obtained), 

ook II ends with an allusion to tho method attributed to 
bimedos for measuring the contents of irregular bodies by 
lorsing thorn in water and measuring the amount of fluid 
doccd. 
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Book III. Divisions of figures. 

This book has much in common with Euclid’s book On divi- 
Siam (of jiffUTes)^ tho problem being to divide various figures, 
plane or solid, by a straight lino or piano into parts having 
a given ratio. In IIL 1-3 a triangle is divided into two parts 
in a given ratio by a straight line (1) passing througii a vortex, 
(2) parallel to a side. (3) through any point on a side. 
III. 4 is worth description: 'Cdven a triangle ABC, to cut 
out of it a triangle DEF (where D, E, F are points on tho 
sides respectively) given in magnitude and such that the 
triangles AHF, BFD, CKD may be equal in area/ Heron 
asfiwnes that, if /), E, F divide the sides so that 

AF: FB ::::: BD:DO ^ GE: EA, 


the latter three triangles are equal in area. 

Ho then has to find tho value of 
each of the three ratios which will 
result in tho triangle DEF having a 
given area. 

Join AD. 

Since BDxCD^OR.EA, 
BC/CD^ OAiAE, 
and ^ABC: /sADC^^ADC: A A DA*. 



Also ^ABOt^ABD =: AADCi AEDC. 


But (since tho area of the triangle DEF ia given) AEDC is 
given, as well as A ABC, Therefore AABD x A ADO is given. 
Therefore, if AH be perpendicular to RC, 

AIJ ^ . J?D . DC is given ; 

therefore BD.DC is given, and, since BO is given, D is given 
in position (we have to apply to BO a rectangle equal to 
BD DC and falling short by a square)* 

As an example Heron takes AB = 13, BC = 14, OA = 16, 
ADEF ^ 24. A ARC is then 84, and AH = 12. 

Thus A EDO - 20, and AIP.BD. DC 4 . 84 . 20 = 6720; 
therefore BD . DO — 6720/144 or 46| (tho text omits tho •§). 
Therefore, .say.s Heron, BD = 8 approximately. For 8 we 
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ouicl apparently have 8 since DC is iinniediately stated to 
(not G). That is, in solving the equation 

= 0 . 

lioli privosa‘ = 7+ Heron apparently substitu ted 2-1 or 

for 2^, tliereby obtaining as an approximation to tlic 
r<l. 

(The leinnm assumed in this proposition is easily proved, 
it VI : a bo the ratio ^7^’: FB = BI) : DC = OF: FA. 

Tl^cn yl F= vio/(vi + 7t), 7^7? = no/(vi + n), OF = mb /(vi + a), 

FA — u6/(m-h a)» i^'c. 

nice 

iFK/AABC = = A UDF/AABO^ ACDh’/AA iiO, 

cl tlio triangles AFF, BDF, CDF are ecpial. 

Pappus^ has the proposition Unit the triangles /17J6', DFF 
ve tlie same centre of gravity.) 

Flcroji next .s))o^ya how to divide n parallel -trapopiium into 
o parts in a given ratio by a straight lino(l) through the 
int of intersection of the non-parallel sitlos, (2) tlirough a 
^oii point on one of Urn parallel sides, (3) parallel to tlie 
L’allol sides, (4) tlirough a point on one of tlie non-parallel 
os (III. 6~8). III. 9 shows how to divide tlio area of a 
elo into parts wliicli have a given ratio by means of an 
lor circle witli the same centre. For the problems begin- 
Lg with HI. 1 0 Heron says that numerical calculation alone 
longer sufHcos, hut geometrical methods must he applied, 
roe problems are reduced to problems solved by Apollonius 
his treatise Oa cuttivg qffan area. The first of those is 
. 10, to cut off from the angle of a triangle a given 
iporbion of tlie triangle by a straight lino through a point 
the opposite side produced. III. 11, 12, 13 sliow liow 
cut any quadrilateral into parts in a given ratio by a 
aight lino through a point (1) on a side (a) dividing the 
G in the given ratio, (i) not so dividing it, (2) not on any 
0 , (a) in the case whore the quadrilateral is a trapezium, 
has two sides parallel, (b) in the ease whore it is not; the 
; case (h) is reduced (like III. 10) to the ‘ cutting-oft'of an 

> PEippna, viii, pp. 1034-8. Of. pp, 430-2 post. 
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area’. These propositions arc ingenious and interesting. 
111. 11 shall be given as a specimen. 

Given any quudvilatcral A BCD and a point K on ilve side 
AD, to draw tluougli A’ a straight line JCF which simll cut 

the (juadrilatcral into two parts in 
Uio ratio of A/? to ED. (Wo omit 
the analysis.) Draw CG parallel 
to DA to meet AB produceil in 0. 

Join B/i, and draw Gli parallel 
to BE meeting BC in D. 

Join CE, E]r, EG. 

Then AGBEt= AUBE and, adding A ABE to eacli, we have 
A (quadrilateral ABHE), 

Therefore (quadr. A DUE) : AGED = A GAE: AGED 

:^AE:ED. 

But (quadr. ABUE) and AGED .are parts of the quadri- 
lateral, and they leave over only the triangle EllG. We have 
therefore only to divide AEHG in the same ratio AE:ED by 
the straiglit line EF. This is done by dividing HG atA^in 
the ratio A E\ ED and joining Eh\ 

The next proposition (III. 12) is easily reduced to tliis. 

AK: ED 18 not equal to the given ratio, lot F divide AD 
ill the given ratio, and through F 
draw FQ dividing fcliG quadri- 
lateral in the given ratio (111. 11). 

Join EQ, and draw FJI parallel 
to EG. liCt FU meet BO in //, 
and join EU. 

Then is Elf the required straight 
lino through E dividing t!\e quad- 
rilateral in the given ratio. 

For AFGE ^ AHGE. Add to each (quadr. GEDC). 

Therefore (quadr. GGFD) = (quadr, GHED). 

Therefore EH divides the quadrilateral in the given ratio, 
just as FQ does. 

The case (III. 13) whore E is not on a side of the quadri- 
lateral [(2) above] takes two different forms according as the 
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oppoi^ite sides which the required straight line cuts arc 
parallel or (/;) not parallel. In the first ease (a) the 
loin reduces to drawing a straight lino through E inter- 
ng the parallel sides in points I*\ 0 such that BF-\-AG 


B 



qual to a given longth. In the second ease (i) where 
AD arc not parallel Heron supposes them to meet in H. 
angle at If is then giveiij and the area AJilL It is then 
acstion of cutting off from a triangle with vortex If a 
nglo IlFG of given area by a straight Hue drawn from 7?, 
is again a problem in Apollonius's Cuiiing-off of an 



i. TIio auxiliary problem in case {a) is easily solved in 
10, Measure AH equal to the given length. Join BH 
bisect it at M. Then EM meets BG, AD in points such 
4 G = the gi ven length. For, by congruent triangles, 

= Gir 

*ho same problems are solved for tlic case of any polygon 
II. 14, 1 6. A sphere is then divided (III. 17) into segments 
li that their surfaces are in a given ratio, by means of 
ihimodos, On the Sphere and Cylinder^ 31. 3, just as, in 
23, Prop. 4 of the same Book is used to divide a sphere 
D segments having their volumes in a given ratio. 

IL 18 is interesting because it recalls an ingenious pro- 
ition in, Euclid's book On Divisions. Heron's problem is 
) divide a given circle into three equal parts by two straight 






lines*, ami lie observes that, ‘as tlin problem is clearly not 
rational, wo shall, for practical convonicnce, make the division, 

as exactly as possible, iti the follow- 
ing way.* AB is the siclo of an 
equilateral triangle inscribed in the 
circle. Let CD be the pamllol 
diameter, 0 the centre of tho circle, 
and join AO, BO, AD, DB, Then 
shall the segment ABD bo very 
nearly one-third of tho circle. For, 
since AB is the side of an equi- 
lateral triangle in tlie circle, the 
sector OAEB is ono-tinrd of tho 



circle. And the triangle AOB forming part of Iho sector 
is ctjual to the triangle ADB\ therefore the segment ABB 
'l^lus the triangle ABD is equal to one-tliird of tho cii'clo, 
and the segment ABl) only differs from this by the small 
segment on BD as base, which may be noglcetecl. EucruVs 
proposition is to cut off one-third (or any Iraction) of a circle 
lietween two parallel chords (sec vol. i, pp. 429-30). 

111. 19 finds a point D within any triangle ABO such that 
Iho triangles LJJC, DOA, DAB are all equal ; and then Horon 
passes to the division of solid figures. 

The solid figures divided in a given ratio (besides tho 
sphere) arc the pyramid with base of any form (III. 20), 
the cone (III. 21) and the frustum of a cone (III. 2B), tho 
cutting planes being parallel to the base in eacli case. The&o 
problems involve the extraction of the cube root of a number 
which is in general not an exact cube, and the point of 
interest is Heron*s method of approximating to the cubo root 
in such a case. Take the case of the cone, and suppose that 
the portion to be cut off at the top is to the rest of the cone as 
m to n. Wo have to find tho ratio in which the height or tho 
edge is cut by the plane parallel to the base which cuts 
the cone in t!\e given ratio. Tho volume of a cone being 
where c is the radius of the base and h tho height, 
we liavo to find the height of the cone the volume of whicli 

ia — ; — AncVi, and, as the height h* is to the radius o'" of 
m + n ^ ^ 

its base as A is to o, we have simply to find where 
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— m/{vi + n). Or, if wo take the edges e, e' instead 
Lhe heights, In the case taken by 

■on yjt : /I = 4 : 1 , and 6 =s: n. Coiiaequently e'^ = . 6^ = 1 00. 
sreforc, says llcroti, e' ^ approximately, and in 111. 20 

iliows how this is arrived at. 

Ap 2 )roXLmat{oii to the cube root of a noU'Cube momber. 

Take the nearest eubo numbers to 100 both above and 
)w; those arc 126 and G4. 

'hen 126- 100 = 26, 

100- 04 = 36. 

[ultlply 6 into 36; this gives 180. A.dd 100, makinjj 280. 
vide 180 by 280) ; this gives Add this to the side of 
smaller cube : this ^tves 4^^. This is us nearly as possible 
cube root (‘^ cubic side'') of 100 units.* 

hrtve to conjecture Heron’s formula from this example, 
icrally, if < A <{a-y 1)^ suppose that A — and 

1)3 -A = d<^s The best auggostiou that has been made 
V^ortheim*8,^ namely that HoiWb formula for the approxi- 

,0 cube root was a+ , — r • The 6 multiplied 
(a-f- 1) + 

) the 36 might indeed havo been the square root of 25 or 
2 , a!Kl tlm 100 added to the 180 in the denominator of tlie 
ition jnight havo been the original number lOO(A) and nob 
6 Qv but Wortbeim’s conjecture is the more satisfactory 
luse it can bo evolved out of quite elomontary considera- 
iS. This is sliown by G. linestrbin as follows.^ Using tlie 
0 notation, Encstroni further supposes tliub x is the exact 
le of \/A . and that (a; — ^ (6+ 1 -xf ^ 

bus 

0 ;^ — 3 + 3 xu^ — and 3 ax(x — a) = x'^ *- . 

imiliirly from 5^ = 1 wo derive 

3(a+ l)aj(a+ I -x) = (a+ l)^-a;^-'52 = 
he ref ore 

^2 _ 1)^^« 1 —x) _ (a+ 1) { 1 — (ft;— a) I 

•~S^ 3 (f ft; (a; — a; . a{x — cc) 

_ a + 1 {t + 1 ^ 

— a) a ’ 

* ^eitschi'.f, Muth. h. PhjsiK^ xliv, 1899, hifit.ditt. Abt, pp. 1-3. 

^ bibliotheca Alathamtica^ viiij, 1907-8, pp. 412-18. 

Z 
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and, solving £oi‘ x-a, we obtain 

(tt + lUdJ^S^) 


Q}^a = j — 


or 


(a-hl)(cti--3j) + a(t/ji-^2) 

yA =: ry 4- — ~ ^ ^ ^ ^l) _ 


Since , ^2 are in any ease the cubes of fractions, wo may 
neglect thein for a first approximation, and we have 

=a + -J.“+iK_ 

(a + l)rfi + acL 


G 



HI. 22, wliioh shows how to cut a frustum of a cone in a gi von 
ratio by a section parallel to the bases, shall end our account 
of the Mcirica. I shall give the general formulae on tho loft 
and Heron's case on tho right. Let ABED be the frustunu 
let the diameters of tlie bases bo «, a\ and tl^e height A» 
Complete the cone, and let the height of ODE be x. 

Suppose that the frustum has to bo cut by a piano FO in 
such a way that 

(frustum DG) : (frustum FB) = m : n. 

In the case taken by Heron 

a = 28, =z 21, A = 12, m = 4, n ^ l. 

Draw DH perpendicular to AB, 


DIVISIONS OF FIGURES 


343 


(DO ) : (h'B) = m : ,i, 

(DB ) : (DO) = (m + ii):m. 

(«- + ua' + 

/}G>= --~(DB). 

m + 71 

bo blie height (CM) of tho 

T 

T, 

DJl-.AH^OK-.KA. 
(a~a') = (x + /t) ; 

! is known. 


’ FG= (CD /(!)-{■ 


m 


'ylR=(Cm’) + (/)«). 

iay.s Iloron, 

+ {CDK) lx + k)^ + x^ 


IDB), 


FO) 


V" 


ij^hfc Imvc said simply 
)E)-.{CFG)=^i3A\y'.] 
ives y ov Cilf, 
jM ia known. 

yl/F + DI/* 

= U(a-a')}* 

ID is known. 

bro DF = , ad i.s 

h 


(DG)-.{Fn) = 4 : 1 , 
(DB ) : (DG) = 6 : 4 . 

(DB) = sons, 
{DG)~ 4668 |. 


I • < • >2 

« + - - 46. 


and js = 48 - 1 2 = .SG. 

(cone GDJ'J) =1168, 

(cone C'W) = 4I68 + 4668|.= 8 ri 6 |, 

(cone OA /I) = 4168 + 5698 = 9966. 


y3 


■ . ( 48 » + . 36 «) 

9866 + 4168 ^ ^ 


= 871 6 | • 

whouce y = 46 approx imatoly. 
Thevofovo LM = y — oj = 10. 


(3^)H 12^ 


= 156.i, 

and ylD=rl2j. 
Thoroforti {§. 
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iiMadraiic equations solved in Heron. 

We have already met with one Much equation (in Mdrim 
III, 4)» namely 4r>§ = 0, the result only (x 8-^) 

being givem There arc others in the Geometvica where tfic 
process of solution is shown. 

(1) Geometrica 24, 3 (Heib.). ‘Given a square sucli that tlio 
sum of it-s area and perimeter is 890 feet: to separate the area 
from the perimeter’: i.e. 4 . 40 ; = 896* Heron takes half of 
4 and adds its scjuaro, completing tlio sqviaro on the loft sido. 

( 2 ) Geometrica 21, 9 and 24, 40 (Hoib.) give one and the sjimc 
equation, Geoni, 24, 47 another like it. ‘Given the sum of 
tlio diameter, perimeter and area of a circle, to find each 
of them,' 

The two equations arc 

= 212 , 

and = 67^. 

Our usual method is to begin by dividing by tln’oughout, 
so as to leave d- as the first term. Heron’s to midiipbj by 
such a number as will leave a square as tlio first teria. In tliis 
case he multiplies by 164, giving lUisn 212. 164 

or 67^.164 as the case may be. ComploLing the square, 
he obtains (lld+ 29)2= 32048 + 8 11 or 10395 + 841. Tima 
1 Jf/ + 29 =: ^/(33‘i89) or v'fU^^C), that is. J83 or 106. 
Thus lUi = 164 or 77, and d = 14 or 7, as tlic case may bo. 

Indeterminate problems in the Geometrica. 

Some very interesting indeterminate problems are now 
included by Heiberg in the Geometrical Two of them (cha]). 
24, 1^2) were included in the Geeponicus in Hultsoh’s edition 
(sections 78, 70); the rest arc new, Imving been found in the 
Constantinople manuscript from which Sclidno edited the 
Matrica. As, however, these problems, to whatever period 
thc}^ belong, are more akin to algebra than to mciisurntion, 
they will be more properly desenhed in a later chapter on 
Algebra. 

* Heronis Alexaudrhii Opera, vol. iv, p, 414, 28 sq. 
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The Dioiitva (TrepJ 5i^trrpa9)» 

Ilia treatise begins with a careful description of tlio 
)tYa, an instrument which served with the ancients for 
saine purpose as a tlieodolitc with us (chaps. 1-6). Tlie 
)lems with wliicli the treatise goes on to deal are 
problems of ‘heights and distances', (6) engineering pro- 
is, (c) problems of mensuration, to which is added 
p. 3-1) a description of a ‘ hodometer or taxamoter, con- 
ng of an arrangement of toothed wheels and endless 
\vs on the same axes working on the teeth of the next 
els respectively. 'J'ho book ends with the problem 
p. 37), ‘With a given force to move a given weight by 
ns of interacting toothed wheels", which really belongs 
nechanics, and was apparently added, like agme other 
)leins (e.g. 31/ to meiisure tho outflow of, i.o. the volume 
;ater issuing from, a spring'), in order to make tlio book 
e comprehensive. The essential problems dealt with are 
I as tiic following. To detorininc tlie difleronco of level 
^oen two given points (6), to draw a straight line connect- 
two points the one of which is nob visible from tlie other 
to measure tlie least breadth of a river (9), the distance of 
inaccessible points (10), the height of an inaccessible point 
to determine the diflcrcncc between the heights of two 
cossible points and the position of the straight line joining 
1 (13), the depth of a ditch (14); to boro a tunnel through 
mntain going straight from one mouth to tho other (16), to 
a shaft through a mountain perpendicularly to a canal 
ing undornoath (10) ; given a subterranean canal of any 
i, to find on the ground above a point from which a 
ical shaft must be sunk in order to reach a given point 
ho canal (for tho purpose o.g. of removing an obstruction) 

; to construct a harbour on the model of a given segment 
circle, given tlio ends (17), to construct a vault so that it 
have a spliorical surface modollod on a given segment 
The mensuration problems inelndo tho following : to 
3 ure an irregular area, wliich is done by inscribing a 
lineal figure and then drawing perpondiculars to the 
\ at intervals to meet the contour (23), or by drawing one 
gilt line across tho area and erecting perpendiculars from 
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that to mnet the contour on both sides (24) ; given that all 
the boundary stones of a certain area have disappeared except 
two or three, but that the plan of the area is forthcoming, 
to determine the position of the lost boundary stones (25). 
Chaps. 2G-8 remind us of the Mtirica: to divide a given 
ai ea into given parts by straiglit lines drawn from one point 
(26); to measure a given area without entering it, whether 
because it is tliickly covered with trees, obstructed by houses, 
or ontiy is forbidden! (27); chaps. 28' 30 = Metnca III. 7, 
III, 1, and I. 7, the last of these tlirec propositions being tho 
proof of the ‘ formula of Heron ' for the area of a triangle in 
terms of the sides. Chap. 36 shows how to find the distance 
between Rome and Alexandria along a great circle of tho 
earth by means of tho observation of the same eclipse at 
the two places, the analemma for Romo, and a eoneavo liomi- 
sphere constructed for Alexandria to sliow tho position of the 
sun at the time of tlie said eclipse. It is here mentioned that 
the estimabi by Eratosthenes of the earth’s eircumferouco in 
his book On the Meumrement of the Earth was the most 
accurate that had been made up to date.^ Some liold that 
the chapter, like some othci's which have no particuUvv con- 
nexion with the real subject of tho Dioptra (e.g. chaps. 31, 34, 
37-8) were probably inserted by a later editor, ' in order to 
make the treatise as complete as possible 

The Mechanics, 

It is evident that tho Mechanics, as preserved in the Arabic, 
is far from having kept its original form, especially in 
Book I. It begins with an account of the arrangement of 
toothed wheels designed to solve the problem of moving a 
given weiglit by a given force; this account is tho aamo as 
that given at tlie end of the Greek text of the Dioptra, and it 
is clearly the same description as that which Pappus ® found in 
tho work of Heron entitled (‘weight-lifter’) and 

himself reproduced with a ratio of force to weight altered 
from 6 : 1000 to 4 : 160 and with a ratio of 2 ; 1 substituted for 
6 : 1 in the diameters of successive wheels. It would appear 
that the chapter from the BapovXKo^ was inserted in place of 

' Heron, vol. iii, p, 302. 13-17. Ib, p, 302. 9. 

* PappuB, viii, p. 1060 sq. 
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first chapter or chaptors of the real Mechanics which had 
1 lost Tlic treatise would doubtless begin with generalities 
oduciory to mechanics such as we find in the (much 
rpoluted) beginning of Pappus, Book VI JL It must then 
areiitly have (Uialt with the properties of circles, cylinders, 
spheres with reference to their importance in mechanics ; 
in Book 11. 21 Heron says that the oirclo is of all figures 
most movable and most easily moved, the same thing 
lying also to tiio cylinder and sphere, and he adds in 
port of this a reference to a proof ‘ in the preceding Book ^ 
s reference may be to I. 21, but at the end of that chapter 
says that ‘cylinders, oven when heavy, if placed on the 
Lind so that tlicy touch it in one line only, arc easily 
led, and the same is true of spliores also^ a matter which 
have already discussed*) the discussion may have come 
ier in the Book, in a chapter now lost. 

‘he treatise, beginning with chap, 2 after the passage 
>rpolatcd from the BapouXK^s, is curiously diBcoimeeted, 
ips. 2--7 discuss the motion of circIoB or wlicels, equal or 
qual, moving on different axes (e.g. interacting toothed 
jels), or fixed on the same axis, much after the fashion of 
Aristotelian Mechanical yroUems, 

AHstoiys }XhceL 

n particular (chap. 7) Heron attempts to explain the puz/lc 
he ‘ Wheel of Aristotle \ wliich romuincd a puzzle up to quite 
lorn times, and gave rise to the proverb, • rotam Aristotelis 
jis torquorc, quo rnagis torquerotur *Tho (jucstion is says 
Aristotelian problem 24, ‘ why docs the greater circle roll an 
al distance with the lesser circle when tlioy are placed about 
same centre, wheveas, when they roll separately, as the 
of one ia to tlio size of tlie other, so are the straight linos 
/evsed by them to one another Lot AC^B D be quadrants 
lirclcs with centre 0 bounded by tho same radii, and draw 
gents AE, BF at A and B. In tho first case supposo tho 
le BD to roll along BF till J) takes tho position If; then 
radius ODG will bo at right angles to AE, and 0 will be 
9, a point such that /G is equal to BR. In tho second 

Sgc Van Oapollo, Ariatoiclis qttaest tones mechauiccte, 1812, p. 268 sq. 

A l ist, }fech{tuicc(, 855 a 28. 


348 


HERON OK ALEXANDRIA 


c-asQ suppose the eircle AC to roll along AK till ODO Ukos 
the position O'FJi; then D will be at F whore AF = BF, 
And similarly if a whole revolution is performed and OBA is 
again perpendicular to AE. Contrary, therefore, to the prin- 
ciple that the greater circle moves (juickor than tlio snmllor on 
the same axis, it would appear that the movement of the 



smaller in this case is as quick as that of the gioater, since 
BJI ^ AG, and BF AF Heron’s explanation is tliafc, o,g. 
in the case where the larger circle rolls on AF, the lesser 
circle maintains the tta\ue speed as, the greater beeause it lias 
two motions; for if we regard the smaller circle as moroly 
fastened to the larger, and not rolling at all, its centre 0 will 
move to 0' traversing a distance 00' equal to and BF; 
hence the greater circle will take the lesser with it over an 
equal diatauco, the rolling of the lesser circle having no clfect 
upon this. 


The 2 >(iTaUelo(jrain of velocities. 

Heron next proves the parallelogram of velocities (chap, 8); 
he takes the ease of a rectangle, but the proof is applicable 
generally. 

The way it is put is tliis. A 
point moves with uniform velocity 
along a straight line AB, from A 
to while at the same time AB 
moves with uniform velocity always 
parallel to itself with its exfcroniity 
A describing the straight line AC. 
Suppose that, when the point arrives at B, the straiglR line 
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Lches the position CD, Lot EF bo any intormediate 
iition of A B, and G the position at tho Hiimc instant 
tho moving point on it. Th(5n clearly AEiAC^EOiEF; 
)re{oi'c AE:EG - AC:EE AC:CD, and it follows that 
lies on tlie diagonal AD, which is tlicrofore the actual path 
the moving point. 

3lmps, 9-19 contain a digression on the construction of 
-ne and solid figures similar to given figures but greater or 
3 in a given ratio. Heron observes tliat tlic case of plane 
ures involves tlie finding of a mean proportional between 
3 sbraiglit lines, and the ease of solid figures the finding of 
) mean proportionals ; in cliap. 1 1 ho gives his solution of 
) latter problem, which is preserved in Pappus and Eutocius 
well, and lias already been given above (vol. i, pp. 262-3). 
rhe Gild of cliap. 19 contains, quite inconscquenfcJy, the am- 
uction of a toothed wheel to move on an ondlesB screw, 
or which chap. 20 makes a fresh start with some obsorva- 
118 on weights in equilibrium on a horizontal plane but 
ding to fall when the plane is inclined, and on the ready 
bility of objects of cylindrical form which touch the plane 
one lino only. 


Motion on an inclined plane. 

IVhon a weight i.s hanging freely by a rope over a pulley, 
force applied to tlio otlier end of tho rope less than the 
ight itself will keep it up, but, if tho weight is placed on an 
lined piano, and both the plane and the portion of the 
Ight in contact with it arc smootli, tlie case is different, 
ppose, e,g., that a weight in tho form of a cylinder is placed 
an inclined piano so tliafc tho line in which tlioy touch is 
rizontal ; then the force required to be applied to a ropo 
ullol to tho lino of greatest slope in the plane in order to 
jp tho weight in equilibrium is less than tho weight. For 
; vertical plane passing through the lino of contact between 
s ejdinder and tlio pla/io divides tlio cylinder into two 
jqual parts, tlmb on the downward side of tlie plane being 
I greate, so that tho cylinder will tend to roll down ; but 
i force required to support tlie cylinder is tho ‘ equivalent \ 

1 ; of tho weight of the whole cylinder, but of tho difference 
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between the two portions into whicli the vertical plane cuts it 
(chap, 23). 

On the centre of ijravity. 

This brings Heron to the centre of gravity (chap. 2^). Here 
a definition by Posidonius, a Stoic, of the * centre of gravity * 
or ' centre of inclination ' is given, namely * a point sucl\ that, 
if the body is hung up at it, the body is divided into two 
equal pai'ts’ (he should obviously have said * divided hy ftny 
vertical 'plane through the point of suspension into two equal 
parts *)» But, Heron says, Archimedes distinguislied hotwoon 
the ‘centre of gravity^ and the ‘point of suspension', defining 
the latter as a point on the body such that, if the body is 
hung up at it, all the parts of the body remain in equilibrium 
and do not oscillate or incline in any direction. ‘ Bodies", said 
Arcliimodes, ‘‘ may rest (without inclining one way or another) 
with cither a line, or only one point, in the body fixed Tlie 
* centre of inclination says Heron, ‘ is one single point in apy 
particular body to which ail the vortical lines through the 
points of suspension converge.* Comparing Simplicius’s quo* 
tation of a definition by Archimedes in his K^urpo^apiKd, to 
the effect that the centre of gravity is a certain point in tlio 
body such that, if the body is hung up by a string afctaclicd to 
that point, it will remain in its position without inclining in 
any direction,^ wo see that Heron directly used a certain 
treatise of Archimedes. So evidently did Pappus, who hoe 
a similar definition. Pappus also speaks of a body supported 
at a point by a vortical stick : if, ho says, the body is in 
equilibrium, the line of the stick produced upwards must pass 
through the centre of gi’avity.^ Similarly Heron says that 
the same principles apply when the body is supported as wlien 
it is suspended. Taking up next (chaps. 25-31) the question 
of ‘ supports *, lie considers cases of a heavy beam or a wall 
supported on a number of pillars, equidistant or not, even 
or not oven in number, and projecting or not projecting 
beyond one or botli of the extreme pillars, and finds how 
much of the weight is supported on each pillar. He says 
that Archimedes laid down the principles in his Bewk on 

' SimpUciuB on De caelo. p. 648, 81-4, Heib. 

* Pappus, viii, p. 1032, 6-24. 
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ports’, As, liowevcr, tho principles arc the same whether 
body is supported or hung up, it does not follow that 
was a (Hfibrent work from that known as nepl {uywu* 
ps. 32-3, which arc on the prineiples of the lever or of 
riling, end with an explanation amounting to tho fact 
- * gi’cator circles overpower smaller when their movement 
bout tho same centre a proposition whioh Pappus says 
. Archimedes proved in his work ire pi In chap. 32, 

Heron gives as his awtliority a proof given by Archimedes 
the same work. With I. 33 may be compared II. 7, 
ro Heron returns to the same subject of the greater and 
3 r circles moving about the same centre and states the 
that weiglils reciprocally proportional to their radii are 
squi librium when suspended from opposite ends of the 
zontal diameters, observing that Archimedes proved the 
loaition in hi.s work ‘On tlie equalization of inclination’ 
isunuibly laopporrlaiy 

Book 11. Tim five mechanical powers* 

fevon deals with the wheel and axle, tho lover, the pulley, 
wedge and the screw, and with combiimtions of these 
rors* Tho description of the powers comes first, cliaps. 1-0, 
then, after II. 7, the proposition above referred to, and the 
3ry of tho several powers based upon it (chaps* 8-20). 
)lications to spccifici cases follow. Thus it is shown how 
move a weight of 1000 talents by means of a force of 
alonts, first by tlie system of wheels described in tlie 
oovXk6^, next by a system of pulleys, and thirdly by a 
ibination of levers (chaps. 21-6). It is possible to combine 
different powers (other than the wedge) to produce the 
ic result (chap. 29). Tho wedgo and screw arc discussed 
h reference to tlieir angles (chaps. 30-1), and chap, .32 refers 
lie effect of friction. 

Mechanics in daily Life; queriea and answers. 

Vfter a prefatory chapter (33), a number of queries rosem- 
ig tho Aristotelian problems arc stated and answered 
ap, 34), o.g. ‘Wliy do waggons with two wheels carry 
veight more easily tlian those with four wheels?’, ‘ Wliy 
' Pappus, viii, p, 1068. 20-3, 
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do great weights fall to tlie ground in n shorter time tlian 
lighter ones?’, * Why does a stick hrcalc sooner wlion one 
puts one’s knee against it in the middle V, 'Why' do people 
USB pincers rather than the hand to draw a tooth ?\ 'Why 
is it easy to move weights which are suspended?*, and 
‘ Wliy is it the more difficult to move such weights the fartlier 
the hand is away from them, right up to the point of suRpensiou 
or a point near it?*, ' Wliy are great ships turned by a rudder 
although it is so small?’, 'Why do arrows penetrate armour 
or metal plates but fail to penetrate cloth spreatl out?' 

Problems on the venire of gravity^ c&c. 

II. 3C, 3(), 37 show how to fiiid the centre of gravity of 
a triangle, a quadrilateral and a pentagon respectively^ Tlion, 
assuming tliat a triangle of uniform thickness is supported by 
a prop at each angle, Heron finds what weight is supported 
by each prop, (a) when the props support the triangle only, 
(6) wlien they support the triangle plus a given wciglit placed 
at any point on it (chaps. 38, 39). Lastly, it known weights 
are put on the triangle at each angle, he finds the centre of 
gravity of the system (chap. ‘10) ; the problem is then extoiulcd 
to the case of any polygon (chap. 4 1 ). 

Book III deals with the practical construction of ongiucs 
for all sorts of purposes, maehincR employing pulleya with 
one, two, or more supports for lifting weights, oil-presses, &c. 

The Cato2)^rica. 

This work need not detain us long. Several of the theorotlcal 
propositions which it contains are the .same as propositions 
in the so-called (Jatoptrica of Euclid, which, as we have 
seen, was in all probability Oie work of Thcon of AloxaTidria 
and therefore much later in date. In addition to theoretical 
propositions, it contains problems the purpose of whicli is to 
construct mirrors or combinations of mirrors of sucli almjie 
as will reflect objects in a particular way, o.g, to make the 
right side appear as the right in the picture (instead of the 
reverse), to enable a person to see his back or to appear in 
the mirror head downwards, with face distorted, with three 
eyes or two noses, and so foi'th. Concave and convex 
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(Irical mirrors play a part in thoso arraii^otnenla TIio 
u tlicory of course ultimately depemls on the main pro- 
ions i and 5 that tho angles of incidence and reflection 
iqual wliether the mirror is plane or circular. 

ni'B ^Yi'oof of equality of anyles of incidence and reflection. 

it AB ha a plane mirror, C tlie oyo, !) the object seen, 
argument rests on tlio fact that nattirc ‘ does nothing in 
Thus light travels in a straight lino, timt is, by the 
kost road. Therefore, oven 
II the ray is a lino broken 
point by reflection, it must 
Ic the aliortest broken lino 
le kind connecting the eye 
the object. Now, says 
:>n, I n^aiutain that the 
test of the broken lines 
ken at the mirror) which 
lect 0 and D is the lino, as 
), the parts of which make equal angles with the mirror, 
J)A and produce it to meet in 7'^ the perpendicular from 
I AB. Lot B bo any point on the mirror other than A, 
joiii FBy HI), 

o\v IEAF:= lliAD 

= ICAPJ, by hypothesis. 

Imrefore the triangles AJiF, AEC, having two angles equal 

AE common, are equal in all respects, 

horeforo CA = AF, ami CA^ADr^ DV, 

inco FE — ECy and BE is perpoiuliculai* to FC, BF = BC. 

hevofore OB + BD FB 4- BD 

>FD, 

i.o. > CA ^AD. 

ho proposition was of course known to Arohimedea. We 
ler from a scholium to tlio Psoudo- Euclidean Catoptrica 
. he proved it in a difterent way, namely by reductio ad 
mluni, thus: Denote the anglos CAE^ DAB by a, /3 re- 
;tively« Then, of is > = or < /3. Sxipposc of > /3. Then, 



864 


HERON OF ALEXANDRIA 


reversing tlift ray 80 that tlic eye is at D instead of C, and the 
object at 0 instead of D, we must have (3 > &. But 0 wm 
less than a, whicli is impossible. (Similarly it can bo proved 
that OK is not less than /?.) Therefore or = /3. 

In the Pseudo-Euclidean Cato])tHca the proposition is 
practical I assumed; for the third assumption or postulate 
at the beginning state.s in effect that, in tho above figure, if A 
be the point of incidence, GK : KA = DH : HA (whore /)if is 
perpendicular to AB), It follows instantaneously (Prop, 1) 
that /.(JAE^ IDAH. 

If the mirror is the convex side of a circle, the same result 


followR a fortiavi. Let OA^ AD meet 
\ g tho arc at equal angles, and BD at 

_ \mequal angles* Let AJ? be ilie tan- 

/y\\ ^ ^(cnt at A, and complete the figure. 

W \\ Then, says Heron, (the angles GAO, 

^ BAD being by hypothesis equal), it wo 

subtract the equal angles GAE^ BAF 
from the equal angles GAG, BAD (both 
pairs of angles being * mixed', be it 
observed), we have I BAG = /. FAD, Tlierefore OA-hAD 
< GF-^FD and a fortiori < OB^BU, 

The problems solved (though tl\e text is so covmpt in places 
that little cun be made of it) were such as the following: 
11, To construct a right-handed mirror (i.e. a mirror which 
makes the right side right and the left side left instead of 
tlie opposite); 12, to construct the mirror called potyiheoron 
('wlbli many images'); 16, to construct a mirror inside tho 
window of a house, so that you can see in it (wliilo inaido 
the room) everything that passes in the street; 18, to arrange 
mirrors in a given place so that a person who approaches 
cannot actually see either himself or any one else but can see 
any image desired (a ‘ghost-seer'). 
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: have seen that the Golden Age of Greek geometr}' 

I with tlie time of Apollonius of Perga. But the influcnee 
did, Archimedes and Apollonius continued, and for some 
bhcve was a succession of quite competent mathematicians 
althougli not originating anything of capital importance, 
up the tradition. Besides those who were known for 
•ular investigations, e.g. of now curves or surfaces, there 
such men as Gominus who, it cannot bo doubted, were 
ughly familiar with the great classics, Qeminus, as wo 
seen, wrote a comprehensive work of almost encyclopaedic 
ctor on the ciassili cation and content of mathematics, 
ling the history of the development of each subject, 
ho beginning of the Christian era secs quite a different 
of things. Except in spliacrie and nstronoiny (Menolaus 
Ptolemy), production was limited to elementary text- 
i of decidedly feeble quality. In the meantime it would 
that the study of higlior geometry languished or was 
lotcly in abeyance, until Pappus arose to revive interest 
i subject. From the way in which he thinks it necessary 
scribe the contents of the classical works belonging to 
treasury of Analysis, for example, one would suppose 
by his time many of tliem wore, if not lost, completely 
tten, and that tlie great task which ho set himself was 
i-establishment of geometry on its former higli plane of 
v^emont. Presumably such interest as ho was able to 
0 soon flickered out, but for us his work lias an in- 
able value as constituting, after the works of the great 
ematicians whieli have actually survived, the most im- 
nt of all our sources. 
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Dato of Pappus, 

Pappus lived at the end of the third century A,]>. The 
authoi'iiy for bins date is a marginal note in a Loyden tnami- 
script of elironologieal tables by Theon of Alexandria, wliere, 
opposite to tlie name of Diocletian, a scholium says, ‘ In liis 
time Pappus wrote'. Diocletian icigned from 2S4 to 306, 
and tins must therefore be the period of Pappus's literary 
activity. It is true that Suidas makes him a eoutemponuy 
of Theon of Alexandna. adding that they both lived under 
Theodosius I (379-395). But Suidas was evidently nob well 
acqiiainbed with the works of Pappus; though he mentions 
a description of tlio earth by liim and a commentary on four 
Books of Ptolemy's is, he has no word aljout his greatest 
work, the Synuf/of/e, As Theon also wrote a comincnUry on 
Ptolemy and incorporated a great deal of the commentary of 
Pappus, it is probable that Suidas had Thoon's commentary 
before him and from the association of the two names wrongly 
inferred that they were contemporaries. 

Works (commentaries) otlier than tho Collection* 

Besides t)ie <SV/ua^o^6, whicli i.s tlie main subject of this 
cliapter, Pappus wrote several commentaries, now lost except for 
fragments which have survived in Greek or Arabic. One was 
a commentary on tlie Elements of Euclid. This jnust presum- 
ably have been prottj^ complete, for, while Proclus (on Eucl, I) 
quotes certain things from Pappus which may be aBSumed to 
have come in the notes on Book I, fragments of hia commen- 
tary on Book X actually survive in the Arabic (see above, 
vol. i, pp. 164-6, 209), and again Eutocius in liis note on Archi- 
medes, On the ^phe^'e and Cylhuh)\ 1. 13, sa3'8 that Pappus 
explained in his commentary on the Elements how to inscribe 
in a circle a polj^gon similar to a polygon inscribed in another 
circle^ which problem would no doubt be solved by Pappus, as 
it is by a scUoUast, in a note on XII. 1. Some of the references 
by Pvoclus deserve passing mention. (1) Pappus said that 
the convoi'se of Post, 4 (equalitj^ of all right angles) la not 
true, i.o. it is not true that all angles equal to a right angle are 
tliemselves right, since the ‘angle' between tlie conterminous 
arcs of two semicircles which ax'e equal and have their 


WORKS OTHER THAN THE COLLECTION' 357 


ters ab right angles and terminating at one point is 
to, but Is not, a riglit angle.^ (2) Pappus said that, 
lition to tlic genuine axioms ot Euclid, tlicro were others 
cord about unequalH added to 
j and e({uals added to unequals, 
s given by Pappus are (says 
is) involved by the definitions, 

Hit 'all parts of tho plane and of 
ttraight lino coincide with one 
er', that ‘a point divides a lino, 
a surface, a!\d a surface a solid and that * the infinite 
tainedj in magnitudes both by addition and diminution'.^ 
iippus gave a pretty proof of Eucl. I. 5, which modern 
“s liavo spoiled when' introducing it into text-books. If 
i(J arc the ecpml sides in an isosceles triangle, Pappus 
ires the triangles ABC and AOB (i.e. as if he wore com- 
g the triangle ABC seen from tho front with the same 
jle seen from the buck), and shows that tlioy satisfy tho 
tions of L 4, so that they are e(iual in all respects, whence 
jsult follows.^ 

rinus at tho end of his commentary on EuclkPs Bata 
I to a commeiitary by Pappus on that book, 
ppus's commentary on Ptolemy's Syntaxta lias already 
mentioned (p. 274) ; it seems to have extended to six 
a, if not to the whole of Ptolemy’s work. Tho Eihriat 
that lie also wrote a commentary on Ptolemy’s Plant- 
rhmi, which was translated into Arabic by Thabit b. 
i. Pappus himsoU* alludes to his own commentary on 
[nalenvaia of Diodorus, in the course of which he used tho 
loid of Nicomedes for tho purpose of trisecting an aiiglo. 
i come now bo Pappus's great work, 

Tho Synar/oyc or Colleclion, 

(a) Character of the ivork; wide ranije, 

iviously written witli the object of reviving the classical 
k geoniobiy, it covers practically the whole field. It is, 

ProcluB on Eucl, I, i)p. 189-90. * /6., pp. 197. 6-108» 16. 

^ /6., pp. 249. 20-250. 12, 

i-'j A a 
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however, a linudhook or guide to Greek geometry rather thn.u 
an encyelopacdia; it was intended, that is, to be read with the 
original works (whore still extant) rather than to enable tliom 
to be dispensed with. Thus in the case of the treatises 
included in the Trea8n/ry of Analybia there is a general intro- 
duction, followed by a general account of tlic contents, with 
lonnnos, &c., designed to facilitate the reading of tlio troatises 
themselves. On tlie other hand, where the history of a subject 
is given, e.g. that of the problem of the duplication of the 
cube or tlie finding of tlie two mean proportionals, the various 
solutions themselves arc reproduced, presumably because they 
were not easily accessible, but had to be collected from various 
sourceB. Even when it is some accessible classic which is 
being described, the opportunity is taken to give alternative 
methods, or to make improvements in proofs, extensions, and 
so on. Without pretending to great originality, tlie whole 
work sliows, on the part of the author, a thorough grasp of 
all tlie subjects treated, independence of judgement, inustory 
of technique ; the style is terse and clear ; in short, Pappus 
stands out as an accomplished and versatile mathcmaticinii, 
a woi-ttiy representative of the classical Greek geometry, 

(i9) TAiii of authoTn mentioned. 

Tlie immense range of the Collection can be gathered from 
a mere enumeration of the names of the various piatheinatioianB 
quoted or referred to in the course of it. The greatest of 
them, Euclid, Archimedes and Apollonius, are nf course con- 
tinually cited, others are mentioned for some particular 
achievement, and in a few cases the mention of a name by 
Pappus is tlie whole of the information wo possess about tUo 
person mentioned. In giving the list of the names occurring 
in the book, it will, I think, be convenient and may economize 
future references if I note in brackets the particular occasion 
of the reference to the writers who are mentioned for one 
achievement or as the authors of a particular book or investi- 
gation. The list in alphabetical order is : Apollonius of Perga, 
Arcliimedes, Aristaeus the older (author of a treatise in five 
Books on the Elements of Conics or of * five Books on Solid 
Loci connected with the conics^), Ai'istarehus of Samos {On the 
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^cs and didances of the min and moon), Aiitolycus {On the 
wing siiJiGre), Carpus ot* Antioch (wlio is quoted as having 
id that ArchiuHidcs wrote only one mecluinical hook, that 
spheic-inaldng, since he held the mechanical appliancca 
nch inad() him famous to be nevertheless unworthy of 
itten description : Carpus Inmsclf, who was known as 
^jchanicus, applied geometry to other arts of this practical 
nd), Charmandriis [who added tlireo Hiinple and olwious loci 
those which formeil the beginning of the PUme Loci of 
)olloniufl), Conon of Samos, the friend of Archimedes (cited 
tlio propounder of a tlicoroin about the spiral in a plane 
Hch Arcliiinedcs proved : this would, however, seem to be 
uistake, as Arcliiincdos says at the beginniug of his treatise 
it lie sent ccrtiiin theorems, without proofs, to Conon, who 
)uld certainly have proved them bad he lived), Demetrius of 
Bxaiiclria (mentioned as tlio author of a work called ‘Linear 
isiderabions', ypafifiiKal inicrTaaet?, i.c. considerations on 
woH, as to wliioh nothing more is known), Dinostratus, 

} brother of llcnacchmus (cited, with Nicomedes, as having 
;d the curve of IlippiiiB, to wliich they gave the iiunio of 
udixdrix, T^Tpayci}u[^ov(Tat for the «t)uaring of the circle), 
Ddorutt (mentioned as the author of an AneZcninia), Erato- 
iones (wliosc mean-Jindcr, an appliance for fiiuiing two or 
y number of geometric means, is doscribed, and who is 
•ther mentioned as the author of two Books ‘On means* 

.1 of a work entitled ‘ Loci with roforonce to means '), 
j'cinus (from whoso Parculoxa arc (juotccl various problems 
mi Mg at first sight to bo inconsistent with End 1. 21, it 
ng shown that atraiglit lines can bo drawn fi*oni two points 
tlic base of a triangle to a point within the triangle which 
. together greater than the other two sides, provided that the 
nts in tlie base niay bo points other tlmn the extremities), 
did, Qominus tho mathematician (from whom is cited a 
mrk on Archimedes contained in hia book ‘ On tho classifica- 
ii of the mathematical sciences sec above, p. 223), Horaclitus 
)m wliom Pappus ({uotos an elegant solution of a 
,h reference to a square), Hcrinodorus (Pappus's son, to 
om he dedicated Books VII, VIII of hia Collection), Heron 
Alexandria (whose mechanical works are extensively quoted 
m), Hicrius tho philosopher (a contemporary of Pappus, 
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wlio is nicubioiied as having asked Pappus’s opinion on the 
nUeiapted solution by ‘piano’ methods of tlio problem of the two 
means, which actually gives a method of approximating to 
a solutioiP), Hipparchus (quoted aa pracbicahy adopting Uirec 
of the hypotheses of Aristarchus of Samos). Hegothion (to 
whom Pappus dedicated Book V of his Collection), Menclaus 
of Alexandria (quoted as the author of SphaeHca and as having 
applied the name napaSo^o^ to a certain curve), Nicoinaclius 
(on tlirco means additional to the first tliree), Nicomedos, 
Pandrosion (to wliom Book HI of the Collection is dedicated), 
Pericles (editor of Euclid’s Data), Philon of Byzantium (men- 
tioned along with Heron), Pinion of Tyana (mentioned as the 
discoverer of certain complicated curves derived from the inter- 
weaving of pJectoid and otlier surfaces), Plato (witli reforonce 
to the five regular solids), Ptotem}*, Theodosius (author of the 
Sphacvica and On Daya ami Niyhta), 

(y) Trandaiion^ and editions* 

The first published edition of tlie GoUection was tho Latin 
translation by Connnandlnus (Venice 1680, bub dated at the 
oud * Pisauri apud Hicrouynmm Coucordiam 1683’; reissued 
with only tho title-page changed ‘ Pisauri . . . 1602 ’). Up to 
187G portions only of the Greek text hud appeared, namely 
Books Yll, VIII in Greek and German, by C. J. GcrUuvdt, 1871, 
chaps. 33-105 of Book V, by Eisemnann, Paris 1824, chaps. 
46-62 of Book IV in loseiyhi Torclli Veronends Geomelrka, 
1769, the remains of Book II, by John WalUs (in Ojwm 
matliematica, III, Oxford 1C99); in addition, the restorers 
of works of Euclid and Apollonius from tho indications 
favnitthed by Pappus give extracts from the Greek text 
relating to the particular works, Breton le Champ on Euclid’s 
Dorisms, Halley in his edition of the Conics of Apollonius 
(1710) and in lus translation from tho Arabic and restoration 
respectively of tlic De sectione raiionis and Dc sect tone spuiii 
of Apollonius (1706), Camerer on Apollonius’s Tactioncs (1796), 
Sinvsotv and Horsley in their restorations of Apollonius’s PUine 
Loci and Inclinaliones published in tlic years 1749 and 1770 
respectively. In the years 1876-8 appeared tho only com- 


' Sue vol. i, UP- 268-70. 


THE aOLLKCTJO^^, BOOKS I. 11, III 


361 


Gi'cek text, with apparatus., Latin translation, coiU' 
ly, appendices and indices, hy Friedrich Hultsch ; this 
edition is one of the first inonuincntis of the revived 
of the liiatory of Greek luatlicinaticH in the last half 
ninoteeuth century, and has pro[)crly forincd the model 
licr definitive editions of tlio Greek text of the otlier 
!al Greek inatheinaticians, e.g. tlic editions of Euclid, 
inedes, Apollonius, Ac., by Heiberg and others. The 
: index in this edition of Pappus deserves special mention 
se it largely serves as a dictionary of imitliematical 
used not only in Pappus but by the Greek inathe- 
ians generally. 

(S) Sxi'iavuD'y of conieals. 

the beginning of the work. Book I and the first 13 pro- 
ons (out of 26) of Book II arc missing. The first 13 
isitions of Book II evidently, like the rust of tlie Book, 
with Apollonius's mctliod of working with very large 
jers oxpi’cs.scd in successive powers of the myriad, 10000. 
sysLein lias already been dc.scribed (vol. i. pp. 10, 54^7). 
York of Apollonius seems to have contained 20 proposi- 
(25 leading up to, and the 2(3 tli containing, Uuj final 
nued multiplication). 

ok III consists of four sections. Section (1) is a sort of 
ry of the problem of Jindiny two meaxi 'proporUorndH, in 
nued lyivportion^ between txvo given straight lines, 
begins with sumo general remarks about the distinction 
eon theorems and problems. Pappus observes that, 
eas tlio ancients called tliom all alike by one naino, some 
xling them all as problems and others as theorems, a clear 
tiction Wiis drawn by those who favoured more exact 
inology. According to the latter a problem i.s that in 
h it is proposed to do or consirxict something, a theorem 
in which, given certain hypothescH, wo investigate that 
h follows from and is necessarily implied by them, 
efore he who propounds a theorem, no matter how he hivs 
me aware of the fact which is a necessary conse(]Uoncc of 
[ircmisses, must state, us the object of inquiry, the right 
It and no otlier, On the other hand, lio who jiropounds 
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a problem may bid us do something wliicli is in fact m* 
possible, and that without neccssaril}' laying himself open 
to blame ov cvitleiam. For it is part of iho solver's duty 
to determine the conditions under wliich the probloni is 
posgiblo or impossible, and, ‘if possible, when, how, ixnd in 
how many way^s it is possible When, however, a man pro* 
fesses to know inatliematics and yet commits some oloincnlary 
blunder, he cannot escape censure. Pappus gives, us m 
example, the case of an unnamed person ‘ who was thought to 
he a gi'eat geometer^ but who showed ignorance in that ho 
claimed to know how to solve the problem of tlie two moan 
proportionals by * plane' methods (i.e. by using the straiglit 
line and circle only). Ho then x’eproduccs Die argumont of 
the anonymous person, for the purpose of showing that it 
docs not solve the problem as its author clain\a. Wo have 
scon (vol. i, pp. 2G9-70) how the method, tliougli not actually 
solving the problem, docs furnish a scries of successive approxi* 
mations to the real solution. Pappus arlds a few simple 
lemmas as.sumcd in tixe exposition. 

Next comes tlie pjissage', already referred to, on tlio dis* 
tinction drawn by the ancients between (1) plane problems or 
problems which can be solved by means of the straight lino 
and circle, (2) solid problems, or those which re(|uiro for their 
solution one or more conic sections, (3) linear probloma, or 
those whicli necessitate recourse to Ixighei* curves still, curves 
with a more complicated and indeed a forced or unnatural 
origin (/JcjSiacr^lvrji/) such as spirals, quadratviecs, cocldoids 
and cissoids, which have .many surprising properties of thoir 
own. The problem of tlie two mean proportionals, being 
a solid problem, required for its solution either conics or some 
equivalent, and, as conics could not hn constructed by purely 
geometrical means, various mechanical devices were invented 
such as that of Eratosthenes (the vfiean-fmier), those described 
in the Mechanics of Pinion and Heron, and that of NicomedcK 
(who used the ‘ cochloidal ' curve). Pappus proceeds to give the 
solutions of Eratosthenes, Nicomedcs and Hcjron, and then adds 
a fourth which he claims as his own, but which is practically 
the same as that attributed by Eutocius to Sporus. All thcfto 
solutions liave been given above (vol. i, pp. 268-64, 2G6-8). 

* Pappus, iii, p, 64. 7'22. 
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Soction (2)» The theory of 'iueann. 

«xt follows a accbion (pp. 69-106) on the theory, of tho 
;ont klndy of meam, Tlie discusaion takes its origin 
tlio statcinonb of the ‘second problem which was that 
xliibiting the three means' (i,e. the arithmetic, geometric 
liannoiiic) 'in a semicivclo’. Pappus first gives a con- 
ition by which another geometer [dWo^ rty) eluinied to 
solved this problem, but lie does not seem to have under- 
1 it, and returns to tho same problem later (pp. 80-2)» 
tho moan time ho begins with the definitions of tho 
> means and tiion shows liow, given any two of three 
8 Hy by c in aritlunetical, geometrical or harmoiiical pro- 
lion, tl\c tliird can be found. Tho definition of tho moan 
f three terms a, 6, c in harmonic progreasion being that it 
fies tho relation a :r;=:a — 6 : 6— d, Pappus gives alternative 
litions for the arithmetic and geometric means in corro- 
ding form, namely for the arithmetic moan — — c 

for tlie geometric a\h^a — b:h-^o, 

le construction for the Imrmonic mean is perhaps worth 
ig. Let ABy BG bo two given straiglit lines. At A draw 
i perpendicular to ABy and make J)Ay AE equal. Join 
BE, From ff draw Gl*’ at right 
tjs to meeting DB in F, 

EF meeting AB in G, Then 
a tho required harmonic mean. 

)r 

BG^DA:FG 
^EA:FG 
= AC:GCr 

{AB^BG) ',{BG-BG). 

milurly, by moans of a lilco figure, wo cun find BG when 
BC are given, and AB when J5<7, BG are given (in 
latter ease tho perpendicular DE is drawn through G 
iad of Ay 

ion follows a proposition that, if tho three moans and tho 
ral extremes are ropresontod in one sot of lines, there must 
VO of tlicm at least, and, after a sot of five such lines have 
found in the smallest possible iutogers. Pappus pusses to 
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the problem of represcutiny the tlirce means witli l!ic respective 
extremes by aix lines drawn in a aemicircle. 

Given a scmicirclo on the diameter AC^ and B any point on 
the diameter, draw BD at right angles to AC. Let tlie tanvout 

H V 

V K 



at D meet AG produced in G, and measure Dll along the 
tangent equal to DG. Join lUi meeting the radius OD in K* 
Lot BF be perpendicular to OD* 

Tlien, exactly as aVjove, it itS shown that OK is a harmonic 
mean between OjPand OD, Also BD is the geometric mean 
between AJi^ BC^ while OG (= OD) is the arithmetic mean 
between AB, BO, 

Therefore the sia; lines DO {= OC). OK, OF, AJi, BO, BD 
supply the three means witli the respective extremes. 

But Pappus seems to liave failed to observe that the * certain 
other geonieter *, who has the same figure excluding the dotted 
lines, supplied the same in five lines. For he said that I)F 
is 'a haianonic mean'. It is in fact the harmonic mean 
between AB, BC, as is easily seen thus. 

Since OOB is a right-angled triangle, and BF perpendicular 
to 01), 

DF: BD BD : DO, 

or DF. DO = BJ)^ = AB . BO. 

Bub DO BO); 

thcreFore DF , (Ali + BG) = 2 AB . BC. 

Therefore AB, == BC . (AB^ DF), 

that is, AB:BO= (AB-^DF ) : (DF^BC), 

and DF is the harmonic mean between AB, BC. 

Consequently the Jive linos D0{^ OG), DF, AB, BC\ Bl) 
exhibit all the three means with the extremes. 
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appuH (loG 9 nol seem to Imve seen this, for lie observes 
; the geometer in question, tliou^h siiying that DF is 
armonic mean, docs not say liow it is a harmonic mean 
letween what straight linos. 

i the next chapters (pp. 84-'104) Pappus, following Nlco- 
hus and others, defines seven more moans, three of which 
e ancient and the last four more modern, and shows how 
sail form all ten means as linear functions of a, jS, y, where 
J, y are in geometrical progression. The exposition has 
ady been described (vol. i, pp. 86-9). 

■ Section (3), The ^ Paradoxa^' of Erychviis, 

he third section of Book III (pp. 104 -30) contains a series 
ropositions, all of the same sort, which are curious rather 
1 g(iometrically important. They appear to have been 
m direct from a colicctiou of Paradoxes by one Eryeinus.* 
first set of these propositions (Props. 28-34) arc connected 
1 Euel. I. 21, which says that, if from the extremities 
he base of any triangle two straight lines bo drawn meeting 
ny point within the triangle, the straight lines arc together 
than tlie two sides of the triangle otlicr than the base, 
contain a greater angle. It is pointed out that, if the 
ight lines are allowed to be drawn from points in the base 
ir tlian the extremities, their sum may be greater than the 
IV two sides of the triangle. 

he first case taken is that of a right-angled triangle ABC 
it-angled at B. Draw AD to ^ny point D on BC. Ifeasuro 
t 7)7? equal to AB, bisect ^7? 
and join FC, Tlnm shal! A 

DF^FChd >7M + yia 

or EFi^FC^AF + FC>AC, 

dd 77.^ and AB respectively, 
we have 

DF+FC > BA+AC. ® 

Lore elaborate propositions are next proved, such as the 
Dwing. 

n any triangle, except an equilateml triangle or an isosceles 
' PappuB, iii, p. 106. 5-9. 
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tnang;lc with base Iors than one of the otliei’ sulos^ it is posRihlo 
to construct on the base and within the triangle two straight 
lines meeting at a pointy the sum of which is equal to the sum 
of tlie other two sides of the triangle (Props. 29, 30). 

2. In any triangle in which it is possible to constvvict two 
straight lines from the base to one internal point tlie sum 
of which is equal to the sum of the two sides of the triangle, 
it is also possible to construct two other such straight lines tho 
sum of wliich is greater than that sum (Prop. 31). 

3. Under the same conditions, it the base is greater than either 
of the other two sides, two .straight lines can bo so constructed 
from tlm base to an internal point which are 

greater than the other two sides of the triangle ; and the linos 
may be constructed so as to be rcs}>cctively equal to the two 
sides, if one of those two sides is less than t!\e other and each 
of them is leas than the base (Props. 32, 33)* 

4. The lines may be so constructed that their sum will bear to 
the sum of the two aides of tlie triangle any ratio less than 
2 : 1 (Prop. 34). 

As examples of the proofs, wo will take the case of the 
scalene triangle, and prove the first and Part 1 of the tliird of 
tho above propositions for such a triangle. 

In the triangle ABC with base BO let AB bo greater 
than AG* 

Take 1) on BA such that 7?D — J (BA AO). 



On DA between D and A take any point E, and draw EF 
parallel to J30, Let (3 bonny point on EF\ draw OH parallel 
to AB and join GO. 
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[ow l^A+A(!> 

> FGi-GO and > GO, a fortiori. 

roducii GC to K bo that GK EA-k'AC, and with Q as 
Lre and GJ{ an radius describe a circle. Tliis circle will 
t nC and UG, because GII = KB > BI) or + AO and 
jfK, a fortiori. 

heu KG + GL = EA ^ AG ^ BA + AG. 

'o obtain tAvo straight lines KG\ G'L such that JIG^ -h G'Ij 
^A-\-AC, we have only to choose G' so that J/G', G'L 
oso the straiglit lines IlG, GL completely. 

(ext suppose t!\at, given a triangle A BG in which BO > BA 



10, wo are reqinrcd to draw from two points on BC to 
internal point two straight linos greater re$}:>eclively than 
, AC. 

Vi til B us centre and BA as radius describe tho arc ABF. 
:e any point K on it, and any point B on BJC produced 
witiiin the triangle. Join DC, and produce it to G so 
b DO = AC. Then with D as centre and DG as radius 
ivibe a circle. This will meet both BO and BJ) bearuse 
> ylG, and a/oi^lioH DB > DO, 

hen, if L bo any point on BK, it is clear that BJ), DL 
two straight lines satisfying tho conditions. 

L. point 7/ on DIf can be found such that 7)7/ is eq^ial 
AB hy marking off on DB equal to A B and drawing 

!i /) as centre and J)N as radius a circle meeting BJf 
7. Also, if D7/ bo joined, 777/ ^ AC. 

‘ropositions follow (36-9) liaving a similar relation to the 
tulate in Archimedes, On the Sphere ancl Cylinder, I, 
ut conterminous broken lines one of wliicli wholly eneloees 
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tlie otlier, i.e. it is shown that broken lines, consisting of 
several straight lines, can be drawn witli two points on the 
base of a triangle or parallelogram as extremities, and ot 
greater total length than the remaining two sides of the 
triangle or tlirec sides of the parallelogrann 

Props. 40-2 show that triangles or parallelograms am bo 
constructed with sides respectively greater than those of a given 
triangle or parallelogram but having a less area* 

Section (4). The inacribimj of the Jive regular solids 
in a sphere. 

The fourth section of Book IIT (pp. I32-G2) solves the 
problems of inscribing each of the five regular solids in a 
given sphere. After some preliminary leinnuis (Props, 43-53), 
Pappus attacks the substantive problems (Props. 54-8), using 
the method of analysis followed hy synthesis in the case ot 
each solid. 

(a) In order to inscribe a regular pyramid or tetrahedron in 
the sphere, ho finds two circular sections equal and pax*nMol 
to one another, each of wliicli contains one of two opposite 
edges us its diameter. If bo the diameter of tlic sphere, the 
parallel circular sections have d* as diameter, where 

{h) In the case of the cube Pappus again finds two parallel 
circular sections with diameter d* such that a square 

inscribed in one of these circles is one face of the cube and 
the square with sides parallel to those of the first square 
Inscribed in the second circle is tlie opposite face. 

(c) In the case of the octahedron tlie same two parallel circular 
sections witli diameter d' such that arc used ; nn 

equilateral triangle inscribed in one circle is one face, and the 
opposite face is an equilateral triangle inscribed in tlio otlicr 
circle but placed in exactly the opi)osito way. 

(tZ) In the case of the icosahedron Pappus finds four parallel 
circular sections each passing through tlircc of the vortices of 
the icosahedron ; two of these arc small circles circumscribing 
two opposite triangular faces respcetively, and the other two 
circles are between these two circles, parallel to them, and 
equal to one another. The pairs of circles are determined in 
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1 way. If rZ be the diameter of tlie sphere^ flefc out two 
>\gUt Unea x, y Buch that cZ, a*, y are in the ratio of the Bides 
the regular pemtagon, liexagon and decagon respectively 
bribed in one and the same circle* The amalier pair of 
los have r as radius where and the larger pair 

e r as radius whore 

In the case of the dodecahedron the same four parallel 
ular sections are drawn as in the case of tho icosahedi’on. 
bribed pentagons set the opposite way are inscribed in the 
\ smaller circles; these pentagons form opposite faces, 
fular pentagons inscribed in the laiger circles with vertices 
he proper points (and again set the opposite way) determine 
more verticc.s of the inscribed dodecahedron. 

'lie constructions are quite different from those in Euclid 
[I. 13, 15, 14, 16, 17 respectively, whore the problem is first 
construct the particular regular solid and tlien to ‘com- 
iicnd it in a sphere*, i.e, bo determine tlic circumscribing 
ere in each ease. I have sot out Pappus’s propositions in 
[lil olsowhorc.’ 

Book IV. 

it the beginning of Book IV the title and preface are 
sing, and tho first section of tho Book begins iniincdiately 
h an enunciation. Tho first section (pp. 176-208) contains 
^positions 1^12 which, with tlie exception of Props. 8-10, 
m to be isolated propositions given for thoir own eakos and 
connected by any gontival plan. 

Section (1). Extension of the theorem of Pythagoras* 

riie first proposition i.s of great int6i;eet, being the general iza- 
1 of Eucl. I. 47, as Pappus himself calls it, which is by this 
e pretty widely known to mathematicians* Tho enunciation 
ts follows. 

If ABC bo a triangle and on AB^ AU any parallelograms 
atever be described, as ABDE, ACFGt and if J)E^ FQ 
iduced meet in Jl and HA be joined, then the parallelo- 
.ms ABDEf AOFO are togetlicr equal to the parallelogram ! i 

Vhk notes to KucliirR proroeitiona in The 'Thirteen Booha of Euclid's '■'] 

ments, pp. 478, 480, 477, 489-91, 501-3. 
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contained BG^ HA in an angle which is equal to the sum of 
the angles ABC, DIIA' 

Produce HA to meet BC in K, draw BL, CAf piivallol to KH 
meeting DE in L and FG in M, and join LNM, 

Then BLHA is a parallelogram, and HA is equal and 
parallel to BL. 



Similarly HA, QAT are equal and parallel ; therefore OAf 
are equal and parallel 

Therefore BLAIO is a parallelogram ; and its angle JjBK is 
equal to the sum of the angles ABC, DHA, 

Now □ AJiDE 5= O BLIIA, in tlic same parallels, 

C3 BLNK, for the same reason. 

Similarly UAGFG = a AGAIH = a NKGM, 

Therefore, by addition, a ABDE^^ a AGFQ = a BLMG. 

It has been observed (by Prpfessor Cook Wilson ') that the 
parallelograms on AB, AQ need not nccceeavily l>e erected 
outwards from AB, AG. If one of them, o.g. that on AG, be 
drawn inwards, as in the seeond figure above, and Pappuses 
construction bo made, we have a similar result with a negative 
sign, namely, 

□ BLMO = a BLNK - a GMNK 
^fmABDE^ciAGFG. 

Again, if both ABDK and AGFG wore drawn inwards, their 
sum would be equal to BLMG drawn ouhuards. Qenovally, \i 
the areas of the parallelograms described outwards are regarded 
os of opposite sign to those of parallelograms drawn inwards, 

' Mathematical Gazette, vii, p, 107 (May 1918). 
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ly say that tho algebraic sum of tlie three parallelograms 
al to 550V0. 

lUgh Pappus only takes one case, as was the Greek habit, 
no reason to doubt that ho was aware ot* tho results 
other possible cases. 

ps. 2, 3 arc noteworthy in that they use tlie method and 
jology of Eucb X, proving that a certain lino in one 
is the irrational called (see Eucl. X. 76), and 

,ain lino in another figure is ‘ tho excess by which tho 
dal exceeds the straight line lohich produces with a 
lal area a medial whole * (Euch X. 77). The propositions 
lid 11-12 arc quite interesting aa geometrical exercises, 
loiv bearing is not obvious : Props. 4 and 1 2 are remark- 
n that they are cases of analysis followed by synthesis 
id to the proof of theorems. Props. 8-10 belong to tlie 
it of ianycticies^ being the sort of propositions that would 
as particular cases in a book such as that of Apollonius 
'ontacts; Prop. 8 sliows that, if there are two equal 
j and a given point outside both, the diameter of tho 
passing through the point and touching both circles 
the proof is in many places obscure and assumes 
as of the sanio kind as those given later ^ propos of 
onluaa treatise; Prop. 10 purports to show how, given 
unequal circles touching one another two and two, to 
Jic diameter of tlie circle including them and touching 
reo. 

Section (2). On circles inscribed in the dpprjXo? 

{* shoemaker^ 8 knife*). 

3 next section (pp. 208-32), directed towards tho domon- 
on of a theorem about tho relative sizes of successive 
3 inscribed in tho Ap^rjXos (slioenmker’s knife), is ox- 
ily interesting and clever, and I wish that I had space 
produce it coinplotoly. The dp^jjXo^y which wo have 
ly mot with in Archimedes's ^Book of Lemmas’, is 
\d thus. BG is tlie diameter of a semicircle BOG and 
a divided into two parts (in general unequal) at Z); 
irclos are described on BD, DO as diameters on tho same 
)f BG os BGO is ; the figure included between the three 
Irclos is tho dp^r^Xos. 
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Til ore ift, says Pappus, on record an ancient proposition to 
tlio following effect. Lot successive circles be inscribed in the 
fpjS))Ao 9 touching tlie semicircles and one another ixs sliown 
in the figure on p. 376, tlicir centres being A, P, 0 .... Then, if 
Pif P:i perpendiculars from the centres A» P, 0... 

on BC and rfj, 6 ^ 2 . the diameters of the corresponding 
circles, 

= 7 )., 

He begins by some lemmas, tlie course of wliich I shall 
reproduce as shortly as I can. 

I. If (Fig. 1 ) two circles with centres A, C of which the 
former is the greater touch externally at 7i, and anotlior circle 
with centre 0 touches the two circles at K, J 4 respectively, 
tlion KL produced cuts the circle BL again in D and meets 
AG produced in a point E such that AB : BO - AE : EC. 
This is easily proved, because the circular segmeuis DLy LK 
are similar, and CD is parallel to AG. 'J'hcvcfore 

AB:BG^ AK : CD ^ AE .EC. 

Also KE. EL = 

For AE:EC^ABxBG^AB:CF= {AE-^AB ) : {EC-OF) 

= BE.EF. 



mi AE: EC KE : ED ; therefore RE : ED = BE : EF. 
Therefore KE . EL : EL . ED = BE ^ : BE . EF. 

And EL . ED = BE , EF\ therefore KE . EL = EB^. 
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Let (Eig. 2) BC\ BD, being in ono straight line, be tlic 
.CIS of two scuueivclcft BQC, BED, iu\d let any circle as 
jouch both semicircles, A being the centre of the circle. 
bo tlio foot of the perpendicular from A on BC\ r the 
of the circle FOIL There are two cases according 
lies along BC or B lies between D and C; i.c* in the 
Lsc the two semicircles are the outer and one of the inner 
;clcs of the dp^7]\os, wliile in the second case they are 
0 inner semicircles; in the latter case the circle FOH 
thcr include the two acmielvclca or be entirely external 
n. Now, says Pappus, it is to bo proved that 

(1) BAf : r = (BG^BD ) ; 

ease (2) BiM : r {BG^BD ) : {BO-^BD), 



will confine ourselves to ilic first ease, ropresonted in 
arc (Fig. 2). 

V through A the diameter NF parallel to BG, Then, 
;he circles BGG, HQF touch at G. and BO, IIF avo 
I diameters, GHB, GFG are both straight linos. 

E bo the point of contact of the circles FGII and BED; 
iinilarly, BEF, IIED are straight lines. 

HK, FL be drawn pcvpcucUcular to BG 

he similar triangles BGC, BKH wo have 

BG\BQ^ BID: BK, or GB . BK ^ GB , Bli ; 

^ tho similar triangles BLF, BED 

BF: BL = BD : BE, or DB . BL = FB . BE. 

\^h 
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But OB.Bll = FB.BE\ 
thGi-oforc CB . BK = DB . BL, 

or Ba:BI) = BLiBK. 

Therefore (BO + BD) : (BO- BD) = (BL + BK) : (Bh-BK) 

= 2BM:KL 

And KL = NF=2r\ 

therefore BM : r = (BO + BD) : (BO - BD). (a) 

It is next proved that BK . LG = AM\ 

For, by similar triangles BA'//, FLO, 

BK : KH = FL : LG, or BK . LG = KH . FI. 

= AM\ (h) 

Lastly, since BO : BD = BL : BK, from above, 

BO : GD = BL : KL, or BL.GD^BG. KL 

= B0.2r. (c) 

Also BD:GD = BK : KL, or BK .GD=BD. KL 

= B/).2r. (d) 

III. Wo now (Fig. 3) take any two cirele.s touching the 
soinicircles BOO, BED and one another. Lot tlioir centres bo 
A and P, II thoir point of contact, d, d' their diainctcre respec- 
tively. Then, if AM, PjV are drawn perpendicular to BO, 
Pappus proves that 

{AM-i-d):d= PN:d'. 

Draw BF poi'pendicular to BO and tlici-cfore toucliing the 
semicircles BOO, BED at B. Join AP, and produce it to 
meet BF in F. 

Now, by II. (a) above, 

(BO+BB):(BO-BB) = BM-.AH, 
and for tho same reason = BN ; PJI ; 
it follows that AH : PH BM ■ BN 

= FA : FP. 
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MT.forc (Lcitiina I), if tlio two circles touch the serni- 
BED in M, E respectively, FRE is a strnig’ht lino and 

= Fm. 

L EF. FR = FB^- -, therefore FH = FB. 

Aow HH meets PN iu 0 and MA piorlucecl in S, we have, 
inilar triangles, FH: FB ~ PH: PO = AH :AS, whence 
= PO and BA = AH, so tliat 0, <S are the intersections 
V, AM with the respective circles. 


F 



n BP, and produce it to moot MA in K. 
iw BM :BH FAiFP 

:= AH: PH, from above, 

^AS:P0. 

d BMiBN= BKHIP 

= KS:P0. 

eroforo KB = AB, and KA = d, the diameter of the 
EHG. 

Btly, MK:KB = PN:P0, 

is, {AM+d):kd^ PN:hd', 

(AyUd):d = PN:d'. 
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IV, Wo oow come to the HubsUntivc theoroio. 

Lot FGH be the circle toucliing all three semicircles (Fig, 4). 
Wo have then, as in Leniiiui 11, 

and for the same reason (regarding FGH as touching tho 
ficmicircles BGO, DUC) 

BC.GL^Cn.CK. 

From the first relation wc have 

BG iBD^ BL : BK, 



Fia. 4, 


whence DC ; BD = KL : BK^ and invoracly BD : DC^BK : KU 
wliilo, from the second relation, BC : CD ~ CK : 67/, 
whence BD : DC KL : CL, 

Consequently BK :KL KL : CL, 

or BK . LG ^ KL\ 

Bui wc saw in Lemma II (i>) that BK . LG = 

Therefore KL ^ AM, or ^ ^i* 

For the second circle liCnnna HI gives ns 

(p, + rf,):rf, 

whence, since 

For the third circle 

{jl)^ + d^)-.d.i = 2h-^k< 

whence = Sdg* 

And so on ad iiifinit'H/m, 
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The sHino proposition holdH wlicn the successive circles^ 
istead of being placed between the largo and one of the small 
jmicirclcs, come down between the two Hitiall semicircles. 
Pappus next deals witli special cases (1) where the two 
nailer semicircles become straight lines perpendicular to the 
iametcr of the other semicircle at its extremities, (2) where 

0 replace one of the smaller semicircles by a straight line 
irough /) at right angles to BC, and lastly (3) where instead 
r Llic semicircle DUC we simply have tlic straight lino DO 
fid make the lirst circle touch it and the two other semi- 
rcles. 

Pappus’s propositions of course include as particular cases 
le partial propositions of tlie same kind included in the * Book 

1 Lemmas’ attributed to Archimedes (Props. 6, 6); cf. p. 102. 

Sections (3) and (4). MethodH of squariny the circle, and of 
iriBeGtinij {or dividing in any ratio) any given angle. 

Tlio last sections of Book IV (pp. 234-302) arc mainly 
evoted to the solutions of the problems (1) of squaring or 
ictifying the circle and (2) of trisecting any given angle 
i' dividing it into two parts in any ratio. To this end Pappus 
ivcH a short account of certain curves which wore used for 
1 C purpose. 

(a) The Archimedean spwaL 

He begins with the spiral of Archimeclos, proving some 
f the fundamental properties. His niotliocl of finding the 
rea included (1) between the first turn and the initial line, 
2) between any radius vector on the first turn and tlie curvo, 
1 wortli giving because it difleiB from the method of Archi- 
\edca. It is the area of the ^Yl\o\e first turn whlc)\ Pappus 
,'Orks out in detail. We will take the area up to the radius 
ector 07i, say. 

With centre 0 and radius OJi draw the eirclo A* BCD. 

Let BC be a certain fraction, say 1 /ntli, of the arc BQDA\ 
nd CD the same fraction, OC, OD meeting the spiral iu E 
Dspectivcly. Lot K8, SVhc the same fraction of a straight 
no KR, the side of a square KNLR. Draw ST^ VW parallel 
D KN meeting tho diagonal KL of the square in f7, Q respec^ 
ively, and draw MU, PQ parallel to KR. 
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With 0 as centre and OE, OF as radii draw arcs of circles 
meeting 0i\ OB in 11, G respectively. 

For brevity we will now denote a cylinder in wliich r is the 
radius of the base and h the height by (cyl. r, h) and the cono 
with the same base and height by (cone r, A), 




By tile property of the spiral, 

OB : BQ ^ (arc A' BCD) : (arc CR) 

= JIK : KB 

. ^NK:KM, 

whence OB:OG^ NK ; NM. 

Now 

(sector OBC) : (sector OGF) = : OG^ = : AIiT^ 

== (cyl. KN, NT) : (cyl. MN, NT). 

Similarly 

(sector OCD) : (sector OEH) = (cyl. ST, TW) : (cyl. FT, TW), 
and so on. 

The sectors 0J5U, OCD form tlie sector OA^DB, and the 
sectors OFQ, 0A7/... form a figure inscribed to the spiral. 
In like manner the cylinders {KN, TN), {ST, TW) ... form the 
cylinder {KN, NL), wliile the cylinders {MN, NT), {PT, TW) 
form a figure inscribed to the cono {KN, NLy 
Consequently 

(sector OA^DB)\{^g. insci‘, in spiral) 

= (cyl. KN, NL):{i\g, inscr. in cono KN, NL), 
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have a similar proportion connecting a figure circum- 
:1 to tlie spiral and a figure circumscribed to the cone, 
increasing n tlic inscribed and circumsevibccl figures can 
npressed together, and by the usual method of exhaustion 
VC ultimately 

r OA'DB) : (area of spiral) = (cyl. KN, NL ) : (cone KNy NL) 

~3: I, 

ea of spiral cut oft’ by OB) ^ (seetor OA^DB), 

i ratio of the sector OA*DB to the complete circle is that 
i angle wliich the radius vector (Icscribes iii passing from 
^sition OA to the position OB to four riglit angles, that 
tile property of the spiral, r : a, where r = OB, a 0^1. 

wefove (area of spiral cut off by OB) = 

lilarly the area of the spiral cub oft' by any otlicr radius 



3rcforc (as Pappus proves in his next proposition) the 
.tea is to tho second as to r'^, 

isiclering the areas cut ofl' by the radii vectorcs at the 
3 where the revolving line has passed through angles 
, TT, Itt and 2 it respectively, wo see that tho areas arc in 
itio of (J)^ (^)^ (1)^ 1 or 1, 8, 27, 6d, so that tho areas of 
piral included in tlie four quadrants arc in tho ratio 
7, 19, 37 (Prop. 22). 

(/3) The conchoid of Nicomedes, 

0 conchoid of Nicomodcs is next dosoribed (chaps, 26-7), 
b is shown (cliaps. 28, 29) how it can be used to find two 
tttrlc means between two straight lines, and consequently 
cl a cube having a given ratio to a given cube (see voh i, 
J00~2 and pp. 288-40, where I liave also mentioned 
us’s remark that the conchoid which ho describes is the 
conchoid, while tliero also exist a second^ a third and a 
h which are of use for other theorems). 

(y) The quadmi't'ix, 

e quadrairicty is taken next (chaps. 30-2), with Sporus^s 
ism questioning tho construction as involving a petitio 
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prinGipii. Ity use for Hquaring the circle is attributed to 
Dino.strabus and Nicoinedcs. The whole substance of this 
subsection is given above (vol. i, pp. 226-30). 


Two constructions foT the quadratrkc by means of 
‘ surface-loci *. 

In the next chapters (chaps. 33, 34, Props. 28, 29) Pappus 
gives two uitornativo ways of producing the quadratrix ‘by 
means of surface-loci', for which he claiina the merit that 
they are geometrical rather than ‘ too rnechanicaJ ' tis the 
traditional method (of Hippias) was. 

(1) The first method uses a cylindrical helix time. 

Lot ABC bo a quadrant of a circle with centre A and 

let BD be any radius. Suppose 
that EF, drawn from a point E 
on the radius BD perpendicular 
to BC, is (for all such radii) in 
a given ratio to the arc DO, 

‘ I say *, says Pappus, * that the 
locus of E is a certain curve.* 
Suppose a right cylinder 
erected from tlic quadrant and 
a cylindrical helix OQll drawn 
upon its surface. Let DH bo 
the generator of this cylinder tlirough D, meeting the helix 
in H. Draw BL^ El at right angles to the plane of the 
quadrant, and draw JIIL parallel to BD, 

Now, by the property of the helix, EI{^ DH) is to the 
arc CD in a given ratio. Also (arc CD) = a given ratio. 

Therefore the ratio EFxEl is given, ^ud since Ef^^ ^7 arc 
given in position, FI is given in position. But FI ia perpen- 
dicular to BO, Therefore FI is in a plane given in position, 
and 80 therefore is 7. 

But J is also on a certain surface described by the line LJU 
which moves always parallel to the piano ABC, with one 
extremity L on BL and the other extremity // on the helix. 
Therefore 7 lies on the intersection of this surface with the 
plane through FI, 
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Hcnco I lies on a certain curve. Therefore /^, its projection 
on the piano ABC, also lies on a curve. 

In the particular caso where the given ratio of EF to tlie 
arc CD is equal to the ratio of BA to the arc GA^ the locus of 
E is a quadrairix^ 

[The surface described by the straight line LH is a 'pleoiold. 
The shape of it is perhaps best realized as a continuous spiral 
staircase, i.o. a spiral staircase with infinitely small steps. 
The quadratrix is thus produced as the orthogonal projection 
of the curve in which the plcctoid is intersected by a piano 
through BG inclined at a given angle to the plane ABC. It is 
not diflicult to verify the result analytically.] 

[2) The second method uses a right cylinder the base of wliicli 
is an Archimedean spiral. 

Let be a quadrant of a circle, as before, and EF, per- 
pendicular at J’to BG, a straiglit ^ 
line of such length that EF is 
to the arc DC as AB is to the 
irc ADC. 

Let a point on AB move uni- 
formly from A to B while, in the 
mine time, AB itself revolves 
aniformly about B from the position BA to the position BO* 
riie point thus describes the spiral AOB. If the spiral cuts 
BD in 0, 

BA\BO^ (arc ADC) : (arc DO), 

)r BG : (arc DC) = BA : (are ADO)* 

Thoroforo BQ ^ EF, 

Draw QK at right angles to the plane ABC and equal bo BO. 
riion GK, and therefore K, lies on a right cylindor witlx the 
ipiral as base. 

But BK also lies on a conical siirfnco with vortex B such that 
ts generators all make an angle of ^tt with the piano ABC. 

Consequently K lies on the intersection of two surfaces, 
ind therefore on a curve. 

Through K draw LKI parallel to BD, and let HLy El be at 
dght angles to the plane ABC* 

Then LKI, moving always parallel to the plane ABC, with 
me extremity on BL and passing through K on a certain 
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cuvvD, describes ii certain piccioid, wlucii tlicretore contains U^e 
point L 

Also 11^ = PJF, /Fis perpend iciilar to JiC\ and hence IF, and 
therefore /» lies on a fixed plane through BC inclined to A BQ 
at an angle of ^tt. 

Therefore I, lying on the intersection of the picetoid and the 
said piano, lies on a certain curve. So thoroforo does tho 
projection of I on ABC, i.c» the point 
The locus of liJ is clearly the quadratrix, 

['nm result can also be vorifiecl analytically,] 


(5) Digression: a spiral on a sphere. 

Prop. 30 (chap, 36 ) in a digression on the subject of a certain 
spiral described on a sphere, suggested by the cliscussion of 
a spiral in a plane. 

Take a hcinisplicx'e bounded by the groat circle KLM, 
with 11 as polo. Suppose that the quadrant of a groat circle 
IWK revolves uniforndy about the radius 110 so that K 
describes the circle KLM and returns to it,s original position 
at K, and ,suppoae that a point moves uniformly at the same 



time from // to K at such speed that the point arrives at K 
at the same time that JIK resumes its original position, The 
point will thus describe a spiral on tlie surface of the sphere 
between the points // and K as shown in the figure. 

Pappus tlien sets himself to prove that tlio portion of the 
surface of the sphere cut off towards the pole between the 
spiral and the arc HNK is to the surface of the hemisphere in 
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Lain ratio shown iti the second tfiguro wlicre ABC is 
drant of a circle equal to a great circle in tho spliere, 
y the ratio of the segment ABO to tlio sector DABC, 



iw tlm tangent CF to the quadrant at 0, With C as 
3 and radius CA draw the circle AEF mooting CF in F. 
en tho sector OAF is equal to tlie sector ADC (aineo 
while lACF^^lADG). 

ia required, therefore, to prove that, if B bo the area cut 
^ tliG spiral as above desevihed, 

(surface of iiomisphero) = (segmt, ABC) : (sector OAF). 

L KL bo a (small) fraction, say 1 /ni\\, of tho circum- 
ee of tho circle KLM, and lot HPL be the quadrant of tlio 
circle through //, L meeting tlio spiral in Then, by 
roper ty of tlie spiral, 

(ai*c HP) : (arc HL) = (arc XL) :(circumf. of XLAf) 

— 1 :7i. 

t the small circle NPQ passing througli P bo closcribed 
i tho pole //. 

;xt let FE bo tlio same fraction, 1 /nth, of tho arc FA 
KL ia of tlio oircuinforenco of tho circlo KLM, and join EC 
Ing tho arc ABO in L. With 0 as centre and OB as 
IS doBcribo tlio arc BQ meeting OF in Q, 
on tho arc OB is the same h^action, l/nth, of tho arc 
tliat the arc FE ia of FA (for it is easily aeon tliat 
E = \IBD0, while LFOA = \10DA). Therefore, since 
OB A) = (arc HPL), (arc CB) == (arc HP), and chord OB 
lord HP. 
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Now (sector HFN on splioro) : (sector HKL on sphere) 

== (chord (chord ULf 

(a consequence of Archimedes, On Sphere and Cylinder, 1. -12). 
And l{P^:HU^Cn’^^CA^ 

= CB ^ : GPP. 

Thoreforo 

(sector IIPN) : (sector UKL) = (sector CBO ) : (sector CPJF'). 

Similarly, if the arc LI/ bo taken equal to tlie arc KL and 
the groat circle through 7/, i^'ciita tlio spiral in P\ and a small 
circle described about H and through P^ meets the arc HPL 
in if likewise the arc BB* is made equal to the arc BC, 

and CR' is produced to meet AP' in 7?', while again a circular 
arc witli 0 as cent)*e and DB* as radius meets CB in b, 

(sector HP']) on sphere) : (sector IILTJ on sphere) 

:= (sector OB'h ) : (sector OP/ B). 

And so on. 

Ultimately then we shall got a figure consisting of sectors 
on the sphere circumscribed about tl\o area S of the spiral and 
a figure consisting of sectors of oiroles circumscribed about the 
segment CBA ; and in like manner we shall have inscribed 
figures in each case similarly made up. 

The method of exhaustion will tlion give 

S : (surface of hemisphere) = (segmt. ABC ) : (sector CAF) 

= (segmt. ABC ) : (sector DAO), 

[We may, as an illustration, give the analytical equivalent 
of this proposition. If p, oi bo the spherical coordinates of P 
with reference to 7/ as pole and the arc HNK as polar axis, 
the equation of Pappus's curve is obviously co = 4p, 

If now the radius of tlic splierc is taken as xinity, wo have as 
the element of area 

dA =: (ia)(l — cosp) — 4rfp (1 — cosp). 

ri" 

Tlierefore ^ “ J 4 (Zp ( 1 — co.s p) = 2 tt — 4 . 
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jrcfore 


8Ui'l'aoe of heirii^phoro) 


27r^4 

27T 


Jtt 


__ (segment 
“ (sector 

3 second part of the last scor.ion of Book IV (eliaps. 36-41, 
70-302) is mainly coiiconicd witli tlio prohlcm of tri- 
g any given angle or dividing it into parts in any given 
Pappus begins with another account of the distinction 
on pla/ne, solid and linear problems (cf. Book IIT, chaps, 
according as they require for their solution (1) the 
ht lino and circle only, (2) conics or their equivalent, 
glier curves still, ‘ whicli Imvo u more complicated and 
1 (or unnatural) origin, being pro<liiccd from more 
liar surfaces and involved motions. Such are the curves 
i are discovered in the so-called loci on surfaces^ as 
IS others more complicated still and many in number 
^ored by Demetrius of Alexanrlria in Ins Linear con^ 
Ulom and by Philoji of Tyana by means of the inter- 
f of plcctoids and other surfaces of all sorts, all of which 
s possess many I'omarkable pi’oporties pcouliar to tliain. 
of these curves have been thought by the more recent 
i‘s to be worthy of considerable discussion ; one of them is 
wiiich also received from Mcnolaus the numo of tho 
logical c\irvc. Others of the same clas.s arc spirals, 
utriciis, coclilouls and cissokis/ Ho adds tho often-quoted 
irion on tho error committed by geometers when tliey 
a problem by moans of an Mnappropriato clasa’ (of 
or its GC|ui valent), illustrating this by tho use in 
onius, Rook V, of a rectangular hy 2 )erbola for finding the 
)f normals to a pamhola passing through one point 
0 a circle would servo tho purpose), and hy the assump- 
3y Archimedes of a tolid in his book On Spirals 

hove, pp. 6/5-8). 


\isection {or division in any ratio) of any angle. 

& method of trisecting any angle based on a certain 

Jct described, with the solution of tho reucriy itself by 
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means oi a hyperbola which has to be coofitvuctod from certain 
data, namely the asymptotes and a certain point through 
which the curve must pass (this easy construction is given in 
Prop. 33, chap. 41-2). Then the problem is directly solved 
(chaps. 43, 44) by means of a hyperbola in two ways prac- 
tically equivalent, the hyperbola being determined in the one 
case by the ordinary Apollonian property, but in the other by 
means of the foaiis-direclrix property. Solutions follow of 
the problem of dividing any angle in a given ratio by means 
(1) of the quadratrix^ (2) of the spiral of Archimedes (chaps. 
45, 46). All these solutions have been sufficiently described 
above (voL i, pp. 236-7, 241-3, 226-7). 

Some problems follow (chaps, 47-61) depending on tliese 
results, namely those of constructing an isosceles triangle in 
which either of the base angles has a given ratio to the vertical 
angle (Prop. 37), insci'ibing in a circle a regular polygon of 
any number of sides (Prop. 38), drawing a circle the circum- 
ference of which shall be equal to a given straight line (Prop. 
39), constructing on a given straight line AJi a segment of 
a circle such that b)ie arc of the segment may have a given 
ratio to the base (Prop. 40), and (ionstructing an angle incom- 
mensurable with a given angle (Prop. 41). 


Section (6) . of ihe i^eOcriy of ArcldmedeSj ‘ On S 2 )i/r(ih\ 

Pro})* S, by means of co?uc8. 

Book IV concludes with the solution of the which, 

according to Pappus, Arcliimedes unnecessarily assumed in 
On SjtnraJs, Prop. 8. Axxhimedes's assumption is this. Given 
a circle, a cliord (BC) in it less tlian the diameter, and a point 
A on the circle the perpendicular from which to BO cuts BO 
in a point D such that BD > DO and meets the circle again 
in it is possible to draw through A a straight lino ARP 
cutting BO in R and the circle in P in such a way that HP 
shall be equal to DE (or, in the pliraseology of to 

place between the straight line BC and the elrcuinferenco 
of the circle a straight line equal to DE and verging 
towards A). 

Pappus makes the pi'oblcm rather more general by not 
requiring I^lt to be equal to DEy but making it of any given 
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i (consistent with a real solution). The problem is beat 
I ted by means of analytical geoinotry. 

= a, DC =6, AD (so that DE = afe/c), we have 



I tlie point R on HC sucli that AR produced solves tlie 
m by making PR equal to k, say. 

DR = X, Tlien, since BR . RG == PR,RAf wo have 

(a — x) (6 + a;) + 

obvious expedient is to put y for + when 
ve 

(a-ic)(h*f a;) = % (l) 

= ( 2 ) 

so equations represent a parabola and a hyperbola 
tively, and Pappus does in fact solve the problem by 
of the intersection of a parabola and a hyperbola ; ono 
proliininary lemmas is, liowever, again a little more 
J. In the above figure y is represented by RQ, 
first lemma of Pappus (Prop. 42, p. 298) states tliat, if 
a given point A any straight line bo drawn meeting 
ght lino BG given in position in R, and if RQ be drawn 
ht angles to BC and of lengtli bearing a given ratio 
, the locus of Q is a hyperbola. 

draw AD perpendicular to BG and produce it to A' 
t 

QR \RA = A'D\DA = the given ratio. 
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Measure DA" along DA equal to DA'. 

Then, if QN be perpencliculnr to AD, 

{AW -A D=) : [QW - A'D'^) = (const.), 
that is, qm : A'N . A"N - (const ), 

and tlie locus of Q is a hyperbola. 

Tlie equation of the hyperbola is clearly 

= //(y2-e*), 

where is a constant. In the particular case taken by 
Archimedes QR ~ RA, or = 1, and tlie hjqierbola becomes 
the rectangular hyperbola (2) above. 

The second lemma (Prop. 43, p. 300) proves that, if BO is 
given iu length, and Q is such a point that, when QR i.s drawn 
perpendicular to BG, BR.RC=lc.QR, where It is a given 
length, the locus of Q »8 a parabola. 

Let 0 be the middle point of BO, and let OK be drawn at 
right angles to BG and of length such that 

OC^^k.KO. 

TiOt QN' be drawn perpendicular to OK. 

Tlien QN'"'- = OJi* 

= 0W~Blt.RG 
= k,{KO~QU), by hypothesis, 

^k.KW. 

Therefore the locus of Q is a parabola. 

The equation of the parabola referred to DB, DB us axes of 
X and y is obviously 

winch easil}^ reduces to 

(a — re) (i + a;) == ky^ as above (1). 

In Arehiinefles's particular case k ~ ah/c. 

To solve the problem tlion we Imve only to draw the para- 
bola and hyperbola in question, and their intersection then 
gives Q, whence ii, and therefore A RP, is deterniined. 
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Book V. Preface on the Sagacity o£ Bees. 

characteristic of tlui great Greek mathoinaticianti that, 
ver they wore free from the reatiuint of the technical 
go of niatliematujs, as wlion for instance they had occa- 
' write a preface, they were able to write in language of 
gheat literary quality, comparable with that of the 
)pher«, historians, and poets. We have only to recall 
t]’od actions to Archiinedes^a treatises and the prefaces 
diHcreut Books of Apolloniuses Conics. Heron, though 
ly practical, is 210 exceptio/i wlio)> he lias any general 
ation, historical or other, to give* Wo have now to 
like case in Pappus, namely tlie preface to Book V of 
Election. The editor, Hultsch, diUAvs attention to the 
cc and purity of tlie language ami the careful writing ; 
»ter is illustrated by the studied avoidance of hiatus.^ 
ibject is one which a writer of taste and imagination 
naturally find attractive, namely the practical intclli- 
^hown by bees in selecting the hexagonal form for tho 
\ the honoycouib. Pappus does not disappoint us ; the 
0 is as attractive as tlio subject, and deserves to be 
need. 

is of course to men that God has given tho best and 
crfcct notion of wisdom in general and of inathematical 
in particular, but a partial share in these things lie 
:1 to some of tho unreasoning animals as wolh To men, 
Lg endowed with reason, lie vouchsafed that they should 
rything in the lii^litof reason mul donionstration, but to 
her animals, while denying tlicni reason, ho granted 
ach of tlicm should, by virtue of a certain natural 
t, obtain just so much as is needful to support life, 
istinct may be observed to exist in very many otiior 
of living creatures, but most of all in bees. In the first 
lioir orderliness and their submission to the queens who 
their state are truly admirable, but much more adniirahlo 
their emulation, tho cleanliness they observe in tlio 
ing of lionoy, and tho forethought and houecwifoly care 
evote to its custody. Presumably because they know 
Ives to bo entrusted with the task of bringing from 
ds to the accomplished portion of mankind a share of 


' PappuB, vol. iii, p, 1283. 
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ambrosia in this form, they do not tliink it propor to pour it 
cavoleasly on ground or wood or any otKor ugly and irregular 
material ; but, fii'st collecting tho sweets of the moat beautiful 
flowers which grow on the earth, tlicy make from thorn, for 
the reception of the honey, the vessels which wa call honey- 
combs, (with cells) all equal, similar and contiguous to one 
anotlier, and hexagonal in form. And tliat they liavo con- 
trived this by virtue of a certain geometrical forethought wo 
may inter in this way. They would necessarily think that 
the figures must be such as to be contiguous to one anotlier, 
that is to say, to have their sides common, in order that no 
foreign matter could enter the interstices between them and 
so defile the purity of their pi oduce. Now only three recti- 
lineal figures would satisfy tho condition, I mean regular 
figures which arc e(|uilateral and equiangular; for the beca 
would have none of the figures whicli are not uniform. . . . 
There being then three figures capable by them selves of 
exactly filling up the space about the same point, tho boos by 
reason of their instinctive wisdom chose for tlio construction 
of the hono 3 ^comb the figure which lias tlio most angles, 
because tliey conceived that it would contain more honey than 
oitlier of the two others, 

' Pecs, then, know just tliis fact wliich is of service to thorn- 
solves, tliat the hexagon is greater than tlie square and the 
triangle and will hold more honey for tho same oxponclituro of 
material used in constructing tlio diftercut figures. We, how- 
ever, claiming as wc do a greater share in wisdom than bees, 
will invofitigate a problem of still wider extent, namely that, 
of all equilateral and equiangular plane figures liaving an 
equal perimeter, that which has the greater number of angles 
is always greater, and the greatest piano figure of all those 
which have a perimeter equal to tliat of the jiolygons is tho 
circle.* 

Book V then is devoted to what wo may cal! iboperimetryt 
including in the term not only tho comparison of the areas of 
diflbront plane figures with the same perimeter, but that of the 
contents of different solid figures with equal surfaces. 

Section (1), IsopeHmei'i'y after ^enodoi^. 

The first section of the Book relating to plane figures 
(chaps. 1-10, pp. 308-34) evidently followed very closely 
the exposition of Zenodorus laofiirpw <r)(7jfx(£r(op {see 
pp. 207-13, above) ; but before passing to solid figures Pappus 
inserts the proposition that of all circular segments having 
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le bdme ciTCV/mfeve'fico the ssmiciTcle is the ijreaiest, with some 
reliminary lemmas which deaorvo notice (chaps. 15, 16). 

) il56' is a ti-iunglo right-angled at B. With C as centre 
ad radius OA deaeribo the arc 
D cutting CB produced in J). 
o prove that (Jt denoting a right 
iglc) 

ector CAB) : (area ABB) 

> R:lBCA. 



Draw AF at right angles to CA meeting CD produced in F, 
id draw BH perpondicular to AF. With A as centre and 
B as radius describe the arc GBB, 

Now (area EBF) : (area EUH) > (area EBF) : (sector ABE), 
id, componendu, AFBH : {EBJ1)> AABF:(ABE). 

But (by an easy loiiiina which has just iircceded) 
AFBJI:(EB1I) = A ABF -.(ABB), 
hence A ABF: (ABB) > A ABF: {ABE), 

id {A BE) > {ABB). 

Therefore {A BE) -.{ABG) > {ABB):{A BO) 

> {ABB) :AABC, a fortiori. 
Therefore { BAF: I BAG > {ABB) : A ABC, 
lienee, inversely, AAB0:{ABB) > Z BAC'-.lBA F. 
id, componeMlo, (sector ACD):{ABD) > li-.LBCA. 

[If o( be the circular measure of LBCA, tliis gives (if AC=h) 


^ab'^ :{^ab'^—^ sin a cos a. t*) > ^n: a, 

2a : (2a — sin 2a) > n-:2ai 

at is, 0/(0 — sin d) > 7r/0, where 0 < 0 < tt.] 

(2) ABC is again a triangle right-angled at B. With C as 
itrc and CA as radius draw a circle AB meeting BC pro- 
ced in B. To prove that 

(sector CAB) : (area ABB) > R : ZAOB. 
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Draw AE at riglit aiiglea to AG, With A hh ccntro and 
AC as radius describe the circle FGE meeting AB produced 
in /'and AEin E, 

Then, since I AG I) > ICAE, (sector ACD) > (sector AGE), 

Therefore {AGD) : d, A BG> {ACE) : A ABC 

> (xlCE ) : (AGF), a fortiori, 

> lEACilGAB. 

Inversely, 

AABCiiACD) < /.OAB:AEAC, 
and, co'ovponendo, 

{ABD ) : {ACD) < I EAB , L EAC. 

Jnven^cly, {ACD):{ABJ)) > /.JCAOilEAB 

> R:lAGD. 

We conic now to the application of those lemmas to tho 
proposition comparing tho area of a semicircle witli that of 
otlior segments of equal circumference (chaps. 17, 18). 

A mmici/rde is the greatest of all segments of m'cles which 
have the same cwcnmferencc. 

Let ABC bo a semicircle witli centre G, and DEF another 
segment of a circle such that tlic circumference DEF is equal 


E 



to tile circuinforence ABC, I say that the area of ABO is 
greater than the area of DEF, 

Let H be the centre of tho circle DEF. Draw EHK , at 

right angles to DF, AG respectively. Join DU, and draw 
LHM parallel to DF, 
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icn LU : ylCr = (arc LE) : (arc JS) 

“ (arc LE) : (arc DE) 

= (sector Ll{E):[iA&ciov BHE), 

HO IjH’^ : AG^ = (sector LEE) : (sector AGB). 

icreforc the sector LEE is to the sector AGB in tlie 
duplicate of that wliich tlie sector LEE lava to tlie 
r DEE. 
erefore 

tor LEE ) : (sector DEE) = (sector DEE ) : (sector ylCri^). 

)w (1) in the case of the segment less tliaii a somicircle 
[2) in tlie ease of the segment greater than a semicircle 

(sector EDH ) : {EDK) > R : I DUE, 

iC lemmas (1) and (2) respectively, 
lat is, 

or EDE ) : {EDK) > L LEE: I DEE 

> (Hcctor LEE) : (sector DEE) 

> (sector A’i)//) : (sector AGB), 

from above. 


loreforc the lialf segment EDK is less than the half 
circle AGB, wlienco tlio semicircle ABC is greater than 
ioginent DEF, 

c have already described tlic content of Zunodorus’s 
Jse (pp. 207-13, above; to which, so far as plauo figures 
concerned, Pappus added nothing except the above pro^ 
jon relating to segments of circles. 


ion (2). C'omparisou o/ vohivics of mlida havi'og their 
surfaces equal. Case of the sj^herc. 

fie portion of Book V dealing witli solid figures begins 
150. 20J with the statement that the plulosophors wlio 
idered that tlie creator gave tlio universe the form of a 
re because that was the most beautiful of nil shapes also 
rted that the sphere is the greatest of all solid figures 
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which have their surfaces equal; this, however, they had not 
proved, nor could it bo proved without a long investigation* 
Pappus himself does not attempt to prove that the sphere is 
greater than all solids with the same surface, but only that 
the spliere is greater than any of the five regular solids having 
the same surface (phap* 10) and also greater than either a cone 
or a cylinder of equal surface (chap. 20). 

Section (3). Diyression. on the somi-vegidav solida 
of ArcMmedeti, 

He begins (chap. 19) with an account of tho thirteen semi^ 
Tegular solids discovered by Archimedes, wliicli arc contained 
by polygons all equilateral and all equiangular but not all 
similar (see pp. 98-101, above)^ and ho shows how to dctorniino 
tlie number of solid angles and tho number of edges which 
they have respectively ; ho then gives them the go-by for his 
pre^sent purpose because they are not completely regular; still 
less docs be compare tho splioro with any irregular solid 
having an equal surface. 

The sphere is greater than any of the regxdav solids vjkich 
has its surface equal to that of the sphere* 

The proof that the sphere is greater than any of the regular 
solids with surface equal to that of the apheni is the same iis 
that given by Zonodorus. Let P be any one of tho regular solids, 
S the sphere with surface equal to tliat of P* To prove that 
S > P* Inscribe in the solid a sphere s, and suppose that r is its 
radius. Then tho surface of P is greater than the surface of t?, 
and accordingly, if 11 is the radius of S, 11 > r* But tho 
volume of S is equal to the cone with base equal to tlie surface 
of S, and therefore of P, and height et^ual bo 11 ; and the volume 
pf P is equal to the cone with base equal to tlie surface of P 
and height equal to r. Therefore, since R >x\ volume of > 
volume of P. 

Section (4), Propositions the lines of Archiniedes^ 

‘ On the Sphere and Cylinder'. 

For tlie fact that the volume of a sphere is oquQ.1 to tho cone 
with base equal to the surface, and height equal bo the radius, 
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le splieie, Pappus quotes Archimedos, On the Sphere and 
idei\ but thinks proper to add a series of propositions 
)s. 20--43, pp. 362-410) on much the same linceas those of 
Iniedes and leading to the same results as ArchimedcB 
ns for the surface of a segment of a sphere and of the whole 
re (Prop, 28), and for the volume of a sphere (Prop. 36). 
. 36 (chap. 42) shows how to divide a sphere into two 
ents such that their surfaces are in a given ratio and 
, 37 (chap. 43) proves that the volume as well as the 
,ce of the cylinder circumscribing a sphere is times 
of the sphere itself. 

nong the lomniatie propositions in this acetion of the 
: Props. 21, 22 may bo mentioned. Prop. 21 proves that, 
E be two points on the tangent at II to a semicircle such 
CH == HE, and if CD, EF be drawn perpendicular to the 
eter AB, then {CD -f EF) GE — AB. DF\ Prop. 22 proves 
c result where G, E arc points on tlio semicircle, CD, EF 
IS before perpendicular to AB, and EH is the chord of 
irclc subtending the arc which with CE makes up a semi- 
j ; in this case {CD + EF) CE — EH . DF^ Both rcsultxS 
Diisily seen to be the equivalent of the trigonometrical 
ula 


sin (a4*J/)4“Siu (a'*-2/) = ^sin .^jcosy, 
certain different angles be taken as a;, y, 
sin cr + sinj/ 


cos 7/ — cos a; 


cot-|(cr-7/). 


ction (6). Of regular solids with su^rfaces equal, that is 
greater which has more faces. 

^turning bo the main problem of the Book, Pappus shows 
of the five regular solid figures assumed to have tlicir 
Lces equal, that is greater winch has the more faces, so 
the pyramid, the cube, the octahedron, tlie dodecahedron 
the icosahedron of equal surface are, as regards solid 
3 ni, in ascending order of magnitude (Props. 38-56). 
)U8 indicates (p. 410. 27) that *sonie of the ancients’ had 
:ed out the proofs of these propositions by tho analytical 
lod; for himself, ho will give a method of his own by 
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ayntheiical dctiuction, for wiiieii iic claims that it is clearer 
and shorter. We have first propositions (witii auxiliary 
lemmas} about tlie perpendiculars from tlie centre of the 
circumscribing sphere to a fac(i of (((^) the octahedron » (b) the 
icosahedron (Pixips, 39, 4.3), then the proposition that, if a 
dodecahedron and an icosahedron be inscribed in the same 
sphcj’e, tJic tidtiiQ small circle in the sphere cii'cuniscribes boUj 
the pentagon of the dodecahedron and tlie triangle of tho 
icosixhodron (Prop. 48); tliis last is the proposition proved by 
Hypsielcs in the so-called 'Book XIV of Euclid’, Prop. 2, and 
Pappus gives two inetliods of proof, the second of which (chap. 
66) corresponds to that of Hypsielcs. Prop. 49 proves that 
twelve of the regular pentagons inscribed in a circle are together 
greater than twenty of tho ec|uilatcrnl triangles inscribed in 
the same circle. The final propositions proving that the cube 
is greater than the pyramid with the same surface, tho octa- 
hedron greater than the cube, and so on, arc Props. 62-6 
(chaps. 60-4). Of Pappus’s auxiliary propositions, Ih'op. 41 
is practically contained in Ilypsicles’a Prop. 1, and Prop. 44 
in Hypsiclcs’n last lemma; but otherwise the exposition ia 
difl'erent. 


Book VL 

On tlio contents of Book VI we can be brief. It is mainly 
astronomical, dealing with the treatises included in tlio so- 
called Little AstroiLomy^ that is, tho smaller astronomical 
treatises which wore studied as an introduction to tho great 
iSyntaxia of Ptolemy. Tho preface says that many of those 
who taught the Tream't'y of Astronomy^ tiirough a careless 
understanding of the propositions, added some things as being 
necessary and omitted others as unnecessary. Pappus mentions 
at this point an incorrect addition to Theodosius, Bphaerica, 
HI. 6, an omission from Euclid’s Phaenomenu, Prop. 2, an 
inaccurate representation of Theodosius, 0/x Bays and j^iglUSi 
Prop. 4, and the omission later of certain otlior things as 
being unnecessary. His object is to put tliese mistakes 
right. AlluftionB are also found in tho Book to Menclaus’s 
SphaeHcUy e.g. the statomeiit (p. 476. 16) that Mcnolaus in 
hia Sphacrica called a spherical triangle TpiTrXevpoy, three- side. 
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^phaevica of ThoodoRuis rlcalt with at sojno length 
a. 1-20, Propa. 1“27)» and so are the theoreina of 
ycua On tlic moving Sphere (chaps. 27'“9), Theodosius 
ays and ?liykts (clmps. 30-6, Props. 29-38), Aristarchus 
e sizes and distances af (he Swn and Moon (chaps. 37-40, 
ling a proposition, Prop. 39 with two lemmas, which is 
pt at tiio end and is not really proved), Euclid’s Ojytics 
41-C2, Pro])s. 4 2-54), and Kuclid’.s PAacuome^itt (chaps. 
, Pj-ops. 66-*r)l). 

Prohlem arising ovi of EuelicVn 'Optics', 

n'c is little in the Book of general matlionmtical interest 
h tlie following propositions wliich occur in the section on 
I’a 0j>iics, 

0 propositions are fundamental in Bolid geometry, 

iy: 

from a point A above a plane yliJ be drawn povpen- 
.r to the piano, and if from B a straight line BD bo 

1 perpendicular to any straight lino EF in the plane, 
kvill AD also be perpendicular to 7?/^ (Prop. 43). 

from a point A above a plane AB he drawn to the piano 
ot at riglit angles to it, and AM be drawn perpendicular 
^ plane (i.e. if BM be the orthogonal projection of BA on 
ane), the angle ABM is the least of all the angle.s whicli 
lakes with any straight linos through B, us J3P, in the 
; the angle A BP increases as BP moves away from BM 
t\\Q\\ side ; and, given any straight lino BP making 
}ain angle with i}A,only one other slraiglit lino in the 
will make the same angle with BA, namely a straight 
on tlie otlicr side of IBlf making the same angle with 
t BP doe.s (Prop. 44), 

^so arc tlic first of a series ot lemmas leading up to blic 
problem, the investigation of the apparent form of 
lie as seen from a point outside its plane. In Prop. 50 
Lielid, Optics, 34) Pappus proves the fact that all the 
jters of tJio circle will appear equal if the straight line 
ii from tliG point representing the eye to tlie centre of 
role is either (a) at right angles to the plane of the circle 
, if not at riglit angles to the plane of the circle, is equal 
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in length to the radiua of the circle. In all other enaes 
(Prop. 61 =:Eucl. Optica, 36 ) the diameters will appear unequal. 
Pappus’s other propositions carry farther Euclid’s remark 
that the circle seen under these conditions will appear 
deformed or distorted {nap^aTrafTp^vos), proving (Prop, 63 , 
pp. 688 - 92 ) that the apparent form will he an ellipse with its 
centre not, ‘as some think’, at the centre of the circle but 
at another point in it, determined in tliis way. Given a circle 
ABDE with centre 0> let the eye be at a point F above the 
plane of the circle such that FO is neither perpendicular 
to that plane nor equal to the radius of the circle. Draw FQ 
perpendicular to the plane of the circle and let ADQ be the 
diameter through (?. Join AF^ DF, and bisect the angle AFD 
by the straight lino FC meeting AD in G. Through O draw 
BE perpendicular to AO, and lot the tangents at .B, E meet 
AQ produced in K, Then Pappus proves that C (not 0) is the 
centre of the apparent ellipse, that AO, BE are its major and 
minor axes respectively, that the orclinabos to AO are parallel 
to BE both really and apparently, and that the ordinates to 
BE will pass through K but will appear to be parallel to AO. 
Thus in tlie figure, 0 being the centre of tlie apparent ellipse, 





it is proved that, if LGM is any straight lino through 6', LC is 
apparently equal to CM (it is practically assumed— a proposi- 
tion proved later in Book VII, Prop. 168 — that, if LK meet 
the circle again in 0, and if PM be drawn perpendicular to 
AO to meet the circle again in il/, LM paB,ses through 0). 
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test of apparent equality is of course that the two straight 
should subtend equal angles at F, 

10 main points in tlie proof arc these. The plane through 
is perpendicular to the planes BFE^ PFM und LFR\ 
e CF is perpendicular to BE, QF to PM and HF to LR, 
ice BO and GE subtend equal angles ai F : so do LH\ HR, 

PQ. QM. 

nco FG bisects the angle AFD^ and AG\ CD ^ AK : KE 
he polar property), /.OFK is a right angle. And OF is 
intersection of two planes at right angles, namely AFK 
BFE, in the former of which FK lies; therefore KF is 
Bndicular to the plane BFE^ and therefore to FN. Since 
jfore (by the polar property) LN : NP = J^K : ICP, it 
wfi tliat the angle LFP is bisected by FN\ hence LN, NP 
ipparently equal. 

ruin LG:GM^LN:NP^LF:FP^LFiFM. 

lercfore the angles LFC, GF^f are equal, and LG, CM 
apparently equal. 

istly lR:PM^LKiKP^LN:NP=^LF:FP\ therefore 
isosceles triangles FLR, FPM are equiangular; there- 
the angles PFM, LFR, and consequently PFQ, LFH, are 
1. Hence LP, RM will appear to be parallel to AD, 
e have, based on this proposition, an easy method of 
ng Pappus's final problem (Prop. 64), ‘ Given a circle 

)E and any point within it, to find outside the plane of 
lirele a point from which the circle will have the appear- 
of an ellipse witli centre C! 

e have only to produce the diameter AD through 0 to the 
K of the chord BE perpendicular to AD and then, in 
)lano through AK perpendicular to the plane of the circle, 
iscribe a semicircle on GK as diameter. Any point F on 
semicircle satisfies the condition. 

Book VII. On the 'Treamry of A^ialyeie\ 

>ok VII is of much greater importance, since it gives an 
int of the books forming what was called the Tream'i'y of 
Vysis {apa\v6y€VQ^ r^rro?) and, as regards those of the books 
h are now lost, Pappus's account, with the hints derivable 
the largo collection of lemmas supplied by him to each 

i 
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book, practically constitutes our only source of information. 
The 13ook begins (p. 634 ) with a dofinition of analysis and 
synthesis which, as being tlie moat elaborate Greek utterance 
on the subject, deserves to be quoted in full, 

'The so-called 'AvaXvofi^vo^ is, to put it vsiiortly, a special 
bod 3 ^ of doctrine provided for the use of those who, after 
finishing the ordinary Blomcnts, are desirous of HC([inring the 
power of solving problems which miy be set them involving 
(the construction of) lines, and it is useful tor this alone. It is 
the work of three men, Euclid the author of the Elements, 
Apollonius of Perga and Aristacus tlio elder, and proceeds by 
way of analysi^s and synthesis.* 


Definition of Analysis and t^ynthesis. 

^Analysis, then, takes ilmt wliich is souglit as if it were 
admitted and passes from it through its successive conse- 
qvwnces to something which is aihnittcd us the result oE 
synthesis: for in analysis we assume that which is sought 
as if it were already done (yeyoi/o?), and we iiupiire wdiat it is 
from which this results, and again what is the antecedent 
cause of tlio latter, and so on, until l>y so retracing our steps 
we come upon something already known or belonging to t)ic 
class of first luinciples, and such a method we call analysis 
as being solution backwards {auaTraXit* Xvaiv), 

‘But in synthesis, reversing the process, wo take as alroad}' 
done that which was last arrived at in the anal^^sis and, by 
arranging in their natural order as consequences what before 
wore antecedents, and successively connecting thorn one with 
another, we arrive finally at the construction of what was 
sought; and this we call synthesis. 

‘Now analysis is of two kinds, the one directed to searcliiiig 
for the truth and called theoreiical, the other directed to 
finding what wo are told to find and called problcmatirAd- 

(1) In tlie theoretical kind we assume what is sought as if 
it wore existent and true, after which wo pass throngdi its 
successive consequences, as if they too were true and established 
by virtue of our hj^pothesis, to something admitted: then 
(a), if tliat something admitted is true, that wliicli is sought 
will also be true and the proof will correspond in tho reverse 
order to the analysis, but (6), if wo come upon somotlnng 
admittedly false, that which is sought will also bo false, 

(2) In the '/yrohleniatical kind we assume tliat which is pro- 
pounded as if it wore known, after which we pass through its 
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iSHivc conHe([iionceH, taking them an true, up to Boinething 
ttecl: if tlicn (a) what is admitted is possible and obtain- 
that is, what mathematicians call given^ what was 
nally projxjsod will also be possible, and the proof will 
\ correspond in the reverse order to the analysis, but if (6) 
omo upon something admittedly impoSHiblo, the problem 
also be iiripossible.’ 

lift HlatoniGut could hardly bo iinprovetl upon except that 
ght to be added timt each step in the chain of iuforcncc 
c analysis must be nnaoiuiiiwuaU^ convertible; that In, 
i in tlie analysis wo say that, if A is true, li ia true, 
imst be sure that oach atatoment is a necessary Conse- 
co of the other, so that tlie truth of A cciually follows 
the truth of £. This, however, is almost implied by 
US when ho says that we inquire, not what it is (namely 
dwell follows from yl, but what it ia (JS) from which A 
iVri, and so on. 

List of works in ike ‘ Trcttsiiry of Analysis \ 

ppus adds a list, in order, of the books forming tho 
ui/icroy, namely : 

uclicVs Data, onci Book, Apollonius a Oidtiny-off of a ratio, 
Books, Cutting -off of an areuy two Books, 7jcter/Hma^a 
5)1, two Books, Contacts, two Books, Euclid’s Porisvis, 
Books, Apollonius’s Inclinations or Vergings (r€va€t 9 ), 
Books, tho s^uno author’s Plane Loci, two Books, and 
;s, eight Books, Arisbaeus’s Holid Loci, five Books, Euclicrs 
ice-Loci, two Books, Eratosblicnes’s On means, two Books. 

3 are in all tliirty-three Books, tlio contents of wliicli up 
B Conics of Apollonius I havo sot out for your considera- 
including nob only the number of the propositions, tho 
snii and the cases dealt with in each Book, bub also tho 
as which arc required ; indeed I have not, to tlic best 
belief, omitted any question arising in tho study of tho 
s in question,’ 

Description of ike treatises, 

on follows tlie short dascription of the contents of tJie 
us Books down to Apollonius’s Oonios; no account is 
of Ariataeus’s £o[id Loci, Euclul’s Surface-Loci and 
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Eratostliencs’a On means, nor arc there any lemmas to these 
works except two on tho Stirface-Looi at tlte end of the Rook. 

The contents of the various works, including those of tho 
lost treatises so far as thoy can bo gathered from Pappus, 
liave been described in the chapters dovotod to their authors, 
and need not be further referred to hero, except for an 
addendmi to the account of Apollonius’s Gonics whicli is 
remarkable. Pappus has been speaking of the ‘ locus with 
respect to three or four lines' (whicli is a conic), and proceeds 
to say (p. 678. 26) that we may in like manner liave loci with 
reference to five or six or oven more linos ; these had not up 
to Ills time become generally known, thougli tho synthesis 
of one of them, not by any means the most obvious, had been 
worked out and its utility shown. Suppose that there are 
five or six lines, and that p^, p^, p,^,p ^ , p^. or Pi.p 2 tPz> 2 ^ 4 ^ Jh^Pfi 
are tho lengths of straiglit lines drawn from a point to moot 
tho five or six at given angles, then, if in tho first case 
P) Piih = ^ J ^4 Po^ (where X is a constant ratio and a a given 
longtli), and in the second case 2 hP 2 PQ “ ^PilkP^* locus 
of tlm point is in each case a certain curve given in position, 
Tlio relation could not bo expressed in tho sanici form if 
there wore more lines than six, because there are only three 
dimensions in geometry, although certain recent writers had 
allowed thomsolvea to speak of a rectangle multiplied by 
a square or a rectangle without giving any intelligible idea of 
what they meant by such a thing (is Pappus hero alluding to 
Heron’s proof of the formula for the area of a triangle in 
terms of its sides given on pp, 322-3, above ?), But the system 
of compounded ratios enables it to bo expressed for any 

number of linos thus, for = X. Pappus 

proceeds in language not very clear (p. 680. 30) ; but tlxe gist 
seems to be that the investigation of these curves had not 
attracted men of light and leading, as, for instance, the old 
geometers and tho best writers. Yet there were other impor- 
tant discoveries still remaining to bo made. For himself, he 
noticed that every one in his day was occupied with the olemonts, 
the first principles and the natural origin of the subject- 
matter of investigation ; ashamed to pursue such topics, he had 
himself proved propositions of much more importance and 
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In justification of this statement and • in order that 
my not appear empty-handed wlien leaving the subject', 
ill present his readers with the following, 

{Anticipation of Guldin^s Theorem.) 

le enunciations are not very clearly worded, but there 
I doubt as to the sense, 

^ignres geixeratecl hy a complete revolution of a plane figure 
t an axis arc in a ratio compouTided {!) of the ratio 
le areas of the figures^ and (^) of the ratio of the straight 
\ similarly dragon to (i.e. drawn to meet at the same angles) 
axes of ro^a^^o?^ from the respective centres of gravity, 
trea generated hy incomplete revolutions are in ike ratio 
wunded {!) of the ratio of the areas of the figures and 
of the ratio of the arcs dekcrihed by the centres of gravity 
le respective figures, the latter ratio being itself com^iounded 
f the ratio of the straight lines smiilarly drawn [from 
respective centres of gravity to the axes of rotation) and 
)/ the ratio of the angles contained {Le. described) abmt 
uxes of revolution hy the extremities of the said straight 
? {Le. the centres of gravity)' 

e, obviously, we have the essence of the celebrated 
rem commonly attributed to P. Quldin (1677^1643), 
Lutitas rotunda in viam rotationis ducta produeit Pote- 
Rotundam uno grado altiorem Potestate sivo Quantitate 
ita 

kippus adds that 

m propositions, which are practically one, include any 
iber of theoremn of all sorts about curves, surfaces, and 
Is, all of which are proved at once by one demonstration, 
include propositions both old and now, and in particular 
le proved in tlio twolftli Book of these Elomonbs/ 

Lultaoh attributes the whole passage (pp« 680. 30-682, 20) 
in interpolator, I do not know for what reason ; but it 
as to mo that tlio propositions are quite beyond what 
d be expected from an interpolator, indeed I know of 
Greek mathematician from Pappus's day onward except 
pus himself who was capable of discovering such a pro- 
ition. 

* Cenifvharycaf Lib. ii, chap, viii, Prop. 3. Vionnao 1641. 
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It* the paRsage is genuine, it seoins to indicate, what ia not 
elsewhere eonfirmed, that the Collection originally eon tinned, 
or was intended to contain, twelve Books, 

hemma8 to the different treatises. 

After the doRcription of ttie treatises forming tlio Treasu'i^j 
of Analysis come the collections of lemmas given by Pappus 
to assist the student of eacli of the books (except Euclid’s 
Data) down to Apollonius s ConicHy with two isolated loimnos 
to the iSur/ucc-Lort of EucU<l. It i« difficult U) give any 
summary or any general idea of these loiuinas, because they 
are very numerous, extremely various, and often (|uito diffi- 
cult, requiring first-rate ability and full command of all tho 
j‘eaourees of pure geometry. Tlieir nninhor is also greatly 
increased by the addition of alternative proofs, often requiring 
lemmas of their own, and by the separate fonnulation of 
particular cases wlioro by tho use of algebra and conventions 
with regard to sign wc can make one proposition cover all the 
cases. 'J'ho style is admirably torse, often so condensed as to 
make the argument diflicult to follow without some little 
filling-out; the hand is that of a master througliout. The 
only misfortune is that, the books elucidated being lost (except 
the ConicH and the Cuitiiuj-ojf of a ratio of Apollonius), it is 
difficult, often impossible, to see the connexion of tho loimnas 
with one another and the problems of tho book to wliich they 
relate. In the circumstances, all that I can hope to do is to 
indicate tlio types of propositions inehidcd in the lemmas and, 
by way of illustration, now and then to give a proof wlioro it 
is sufficiently out of the common. 

(a) Pappus begins with Lemmas to the ^^ectio rationis ami 
Sectio apatii of Apollonius (Props. 1-21, pp. 684- 704). The 
first two show how to divide a straight line in a given ratio, 
and how, given the first, second and fourth terms of a pro- 
portion between straiglit lines, to find the third term. The 
next section (Props. 3-12 and 16) shows how to manipulate 
relations between greater and less ratios by transforming 
thorn, e.g. com2miendOy convertendoy &c., in tlie same way 
as Euclid transforms equal ratios in Book V ; Prop. 16 proves 
that, according as a:b > or < cid^ ad > or < bo. Props. 
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deal with three straight lines a, 6» c in gcomobi'ical 
Lission, showing how to nmrk on a straight line containing 
; as segments (including the whole among ' aeginents '), 
IS equal tqa-\-c±2 \/(uc ) ; the lengtlis are of course equal 
■c±2d rcsjjectivoly. These lemmas are preliminary to 
roblom (Prop. 21), Given two straight lines AB, BO 
ng between A and B)^ to find a point /) on BA produced 
tiuit BD : DA = CD : (AB^ nC^2 VABTBU). This is, 
iirsc, equivalent to the quadratic equation (aq-a;):a; 
-o + x):(a-^c—2V ac), and, after marking oft' A E along 
pml to tl\o fourth term of this proportion, Pappus solves 
uation in tlio usual way by application of areas. 

Lemmas to the ' Determinate Section' of Apollonius. 

\ next set of Lemmas (Props. 22--64, pp. 704''70) belongs 
i Dciet'^ninaie Section of Apollonius. As we have seen 
80-1, above), this work seems to have amounted to 
'n'y of Involvbiion, Whether the application ot certain 
)pus’s lemmas corresponded to the conjecture of Zeuthon 
t, W6 have at all events in this set of lemmas some 
kablo applications of * geometrical algebia They inay 
id eel into groups as follows 

>ps. 22, 25, 29 

a the figure AD. DC = Bl) . Dlf thou 
BD :DE = AB.BC: AE. EC. 

q 9 ^ B 

proofs by proportions are not difticulb. Prop. 29 is an 
ativo proof by means of Prop. 26 (see below). The 
aic equivalent may be oxprosHcd thus: if ax = by^ then 
b _ (a-fy(6 + aj) 
y ~ («+2/)(fl;+2/) 

ops. 30, 32, 34, 

1 tlic saino figuri) AD . DK = BD . DC, tlien 

BD ■. DU =AB. BB’-.LV . CA. 

> U cl 


(Props. 31, 33 respectively). The algebraic eqmval 

stated thus : if aa; = hy, then - = {h—x) ^ 

^ y {oo + y){a-y) 

III. Props. 35, 36. 

li AB. BE =GB. BD, then AB-.BE=DA. Ai 
and GB : BD AO » GJE: AD . DEy results equiva' 
following : if aaj = hy, then 

a _ ja-y) (a-b) , 6 _ (a--6) (b-x) 
X (b-x) {y-^x) 2/ (a-2/) iy-^) 

IV. Props. 23, 24, 31, 67, 58. 

§ c E p 

If AB = GDy and E is any point in CD, 

AG.GD = AE. ED + BE.EG, 

and similar formulae hold for other positions of . 
between B and C, AG .OD = AE .ED-^BE.EG 
is on AD produced, BE . EG = AE . DD + DD . DG 

V. A small group of propositions relate to a tri 
with two straight lines AD, AE drawn from the ^ 
points on the base BG in accordance with one or c 
conditions (a) that the angles BAG, DAE are sup; 
(6) that the angles BAEy DAG are both right angl 



may add from Book VI, Prop. 12, (c) that the a 
EAG are equal. The theorems are : 

In case (a) BG.GD:BE.ED = GA^ : AE\ 

„ {h) BG.GEiBD,DE^GA^:AD\ 

„ (c) DG,GE:EB.BD^AG'^:ABK 


rat. ^rrop. zd; oecause it is a case oi tneoTevicat anacysw 
►llowed by sy nthesis. Describe a circle about ABD : produce 
Ay CA to meet the circle again in F, and join BF, FO. 
Substituting GC . OA for BC . CD and FB . BA for BB. EDy 
e have to inquire whether GC . CA : CA^ = FB . BA : AB"^, 

i. e. whether GC:CA^FB: BAy 
i.e. whether GA : AC = FA : AB, 

i.e. whether the triangles GAFy CAB are similar or, in other 
ords, whether GF is parallel to BC. 

But GF is parallel to BCy because, the angles BAC, DAB 
dng supplementary, Z DAE = I GAB := A GFB, while at the 
me time A DAE = suppt. of A FAD = AFBD. 

The synthesis is obvious. 

An alternative proof (Prop. 27) dispenses with the circle, 
id only requires EKH to be drawn parallel to GA to meet 
By AD in Hy K. 

Similarly (Prop. 28) for case (b) it is only necessary to draw 
G through D parallel to AG meeting BA in F and AE 
:oduced in G. 



Then, AFAGy AADF (= A DAG) being both right angles^ 
D.DQ^ DA^. 

Therefore CA^ : AD^ = : FD . DQ = {GA : FD ) . {GA : DG) 

= {BG:BD),{CE:DE) 
^BC,CE:BD.DE. 

In case (c) a circle is circumscribed to ADE cutting AB in F 
id AO in G. Then, since A FAD = Z OAE, the arcs DFy EG 
e equal and therefore FG is parallel to DE. The proof is 
^e that of case (a). 
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VL Props. 37, 38. 

If AB :BG whether AB be greater or 

than AD, then 

AB.BC^Biy\ 

[E in the figure is a point such that ED = GD,~\ 

A (f) D 9 B 

f\ c B D (e ) 


The algebraical equivalent is: If “ = 

These lemmas are subsidiary to the next (Props. 39, 
being used in the first proofs of them. 

Props, 39, 40 prove the following: 

If AGDEB be a straight line, and if 

BA.AE:BD.DE^ AG^ : GD\ 
then AB.BD'.AE.ED^ BG‘^ : GW \ 

if, again, AG,GB:AE,EB = GH ^ : DE 
then EA .AG:GB,BE = AD ^ : DBK 


If AB = a, BG = h, BD = c, BE = d, the algebraic eqi 
lents are the following. 


ac 


, a (a-d) _ (a-b)^ 

c{c — d) {h — cf {a — d){c — d) 


and if 


(a — 6)^ (Z/ — c)- 


{ct — d^d (c — 


then 


(a — rf) (a — b) _ (a—cy 


hd 


VII. Props. 41, 42, 43. 

If AD . DG = BD ,DE, suppose that in Figures (1) an 


(0 cp D E B 

W A E DC B 
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The algebraical equivalents for Figures (1) and (2) re- 
spectively may be written (if a = AD, b = DG, c = BD, 
d = DE): 

If ab = cd, then (a ±d + c ±b) a = (a-^c) (u±d), 

(a±d + c±b) b = (c ±b) (b-^d), 

(a±d + c±b) = (c + a) (c + 6), 

{(i±d + c±h) d ■= (ct + cZ) (d + b). 

Figure (3) gives other varieties of sign. Troubles about 
sign can be avoided by measuring all lengths in one direction 
from an origin 0 outside the line. Thus, if OA = a, OB = 6, 
&c., the proposition may be as follows : 

If (cZ — a) (cZ — c) = (6 — cZ) (e — cZ) and k^^e-^a + b—c, 

then k(d’-a) = (6 — a)(e— a), k{d--c) = (6~c)(e— c), 

k(b — d) = (6--a)(6— c) and k{e—d) = (e — a)(e — c). 

VIII. Props. 45-56. 

More generally, if AD . DG BD , DE and k = AE±BG, 
then, if F be any point on the line, we have, according to the 
position of F in relation to A, B, G, D, E, 

±AF. FG±EF. FB = k, DF. 

Algebraically, if OA = a, OB = 6 ... OF = x, the equivalent 
is: If (cZ — a) (cZ — o) = (6 — cZ) (e — cZ), and A = (e — a) -[-(i — c), . 

then (X'-a) {x — c)-h{x—e) (b — x) = k{X’-d), 

By making x = a, b, c, e successively in this equation, we 
obtain the results of Props. 41-3 above. 

IX. Props. 59-64. 

In this group Props. 59, 60, 63 are lemmas required for the 
remarkable propositions (61, 62, 64) in which Pappus investi- 
gates ‘ singular and minimum ' values of the ratio 
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but also what the value is, for three different pos: 
relation to the four given points. 

I will give, as an illustration, the first case, on i 
elegance. It depends on the following Lemma. 
a semicircle on AB as diameter, (7, D any two f 
and CE, DF being perpendicular to AB, let EF 1 



produced, and let BQ be drawn perpendicular 
prove that 

CB.BD^BG^ 

AC. DB^FG\ 

AD. BG^ E&K 
Join GG, GD, FB, EB, AF. 

(1) Since the angles at (?, D are right, F, G, B, D 
Similarly E, G, B, G are concyclic. 

Therefore 

LBGD^ LBFD 
= IFAB 

= Z FEBy in the same segment of the s 
= Z OCB, in the same segment of the ci 

And the triangles GGB, DGB also have th 
common; therefore they are similar, and GB : B( 

or GB.BD = BGK 

(2) We have AB . BD = BF^ ; 

therefore, by subtraction, AG . DB = BF'^ — BG'^ 

(3) Similarly AB . BG == BE '^ ; 
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Now suppose {A, D), (5, C) to be two point-pairs on a 
straight line, and let P, another point on it, be determined by 
the relation 

AB.BD:AC.GD = BP^:CP^\ 

then, says Pappus, the ratio AP . PD : BP . PC is singular and 
a minimum, and is equal to 

AD ^ : ( VAC.BD ^ VAB VCDf, 

On AD as diameter draw a circle, and draw BF, CG perpen- 
dicular to AD on opposite sides. 



Then, by hypothesis, AB,BD:AC,GD = BP ^ : GP^ ; 
therefore BF ^ : GO"^ = BP ^ : CP^, 

or BF:CG=^'BP:CP, 

whence the triangles FBP, GCP are similar and therefore 
equiangular, so that FPG is a straight line. 

Produce GG to meet the circle in if, join Pi/, and draw DK 
perpendicular to FH produced. Draw the diameter FL and 
join LH. 

Now, by the lemma, FK'^ = AG . PP, and HK^=: AB . CD ; 
therefore FH =^FK--HK = V{AG . BD) - ^{AB . CD). 

Since, in the triangles FHL, PGG, the angles at if, G are 
right and AFLH=ZPGG, the triangles are similar, and 

GP:PG= FL:FH=^ AD: FH 

A T\ . r //An Tir\\ //An nr\\ i 
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Therefore 

AP. PD : BP.PG^ AD ^ : { V{AC . BD)- V{AB . ( 

The proofs of Props. 62 and 64 are diflFerent, the 
being long and involved. The results are : 

Prop. 62. If P is between G and Z), and 

AD\ DB: AG. GB = DP^ : PG\ 

then the ratio AP . PB : GP . PD is singular and a ir 
and is equal to { V{AG . BD) + ^{AD . BG) : DG\ 

Prop. 64. If P is on AD produced, and 

AB.BD:AG.GD^ BP ^ : GF\ 

then the ratio AP . PD : BP . PC is singular and a mi 
and is equal to AD"^ : { V {AG . BD) + V {AB . GD) }^. 

’ (y) Lemmas on the Nevans of Apollonius, 

After a few easy propositions (e.g. the equivalen 
proposition that, if acc + = 63 / + 3 /^, then, according 
or < 6, a + cc > or < 6 + 3 /), Pappus gives (Prop, 
lemma leading to the solution of the v^van^ with r( 
the rhombus (see pp. 190-2, above), and after that t 
tion by one Heraclitus of the same problem with re 
a square (Props. 71, 72, pp. 780-4). The problem is, 
square ABGD, to draw through B a straight line, met 
in H and AD produced in E, such that HE is equal tc 
length. 

The solution depends on a lemma to the effect tha 
straight line BEE through B meets GD in H and ^ 
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iw EO perpendicular to BF. 

jn the triangles BCH, EGF are similar and ^since 
EO) equal in all respects : therefore EF = BH. 

N BF^ = BE‘^ + EF\ 

BC . BF+ BF . FC = BH.BE+BE.EH+ EF\ 

the angles MGF, HEF being right, H, C, F, E are 

die, and BC.BF^BH. BE. 

irefore, by subtraction, 

BF.FC=BE.EH+EF^ 

= BE.EH+BIL‘^ 

= BI{.EE+EH^ + BH^ 

= EB.BH+EW- 

= FB.BC+EH\ 

:ing away the common part, BG . CF, we have 
CF‘‘ = BC^ + EHK 

w' suppose that we have to draw BHE through B in 
1 way that HE = h. Since BG, EH are both given, we 
only to determine a length x such that x? — BG^ + ]<?, 
ce BC to F so that CF = x, draw a semicircle on BF as 
ter, produce AH to meet the semicircle in E, and join 
BE is thus the straight line required, 
p. 73 (pp. 784-6) proves that, if H be the middle point 
', the base of an isosceles triangle ABC, then BG is the 
ist of all the straight lines through D terminated by 
raight lines AB, AC, and the nearer to BC is shorter than 
ore remote. 

ire follows a considerable collection of lemmas mostly 
ng the equahty of certain intercepts made on straight 

Ll 1. i 11 i.'U.n /-\-P /-wTnrv i-vP 


In the first figure (Prop. 83), AJtsu, JJJbJ^ being tne 
circles, BEKG is any straight line through 0 cutting 
FG is made equal to AD] A£ is joined; GH is dravc 
pendicular to BK produced. It is required to prov 



BE = KH. (This is obvious when from L, the centre 
semicircle DEF, LM is drawn perpendicular to BK.) 
coincide in the point M' of the semicircle so that B 
a tangent, then B'M' = M'H' (Props. 83, 84). 

In the second figure (Prop. 91) D is the centre 
semicircle ABC and is also the extremity of the d 
of the semicircle DEF. If BEQF be any straight line i 



Pig. 2. 

F cutting both semicircles, BE = EG. This is clear, si 
is perpendicular to BG. 

The only problem of any difficulty in this section 
85 (p^ 796). Given a semicircle ABC on the diame 
and a point D on the diameter, to draw a semicircle 
through D and having its diameter along J5(7 such 
CEB be drawn touching it at E and meeting the se 
ABC in J3, BE shall be equal to AD. 
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The problem is reduced to a problem contained in Apollo- 
nius’s Determinate Section thus. 

Suppose the problem solved by the semicircle DEF, BE 
being equal to AD. Join E to the centre G of the semicircle 



DEF, Produce DA to H, making HA equal to AD. Let K 
be the middle point of DC. 

Since the triangles ABC, GEC are similar, 

AO^-.OC^=: BE^iEC^ 

=: A D^: EG^, by hypothesis, 

= AD^iGG^^DG^ (since DG = GE) 

= HG.DGiDG^ 

= HG : DG. 

Therefore 

HG:DG = AD^:GC^--DG^ 

= AD^:2DC.GK. 

Take a straight line L such that = L . 2 DC] 
therefore HG : DG = L : GK, 

or HG.GK =L.DG. 

Therefore, given the two straight lines HD, DK (or the 
three points if, D, K on a, straight line), we have to find 
a point G between D and K such that 



that the problem is always possible (requires no 8u 
and proves that it has only one solution. 


(S) Lemmas on the treatise ' On contacts ’ by Apollc 


These lemmas are all pretty obvious except two, w 
important, one belonging to Book I of the treatise, and t 
to Book II. The two lemmas in question have already 
out ^ propos of the treatise of Apollonius (see pp. 182-5 
As, however, there are several cases of the first (Prc 
107 , 108 , 109 ), one case (Prop. 108 , pp. 836 - 8 ), differe 
that before given, may be put down here : Given a ci 
two points D, E within it, to draiv straight Lines throu 
to a point A on the circumference in such a way thai 
’meet the circle again in B, G, BG shall he parallel to 1 
We proceed by analysis. Suppose the problem sol 
DA,EA drawn (‘inflected’) to A in such a way that 

AE meet the circle again : 



BG is parallel to DE. 

Draw the tangent at B 
ED produced in F, 

Then LFBD= lAGB=: 

therefore A, E, B, F are C( 
and consequently 

FD.DE= AD.DB 


But the rectangle AD . .jB is given, since it depei 
on the position of D in relation to the circle, and tl 
is given. 

Therefore the rectangle FD , DE is given. 

And DE is given ; therefore FD is given, and there: 

If follows that the tangent FB is given in positi 
therefore B is given. Therefore BDA is given anc 
quently AE also. 

To solve the problem, therefore, we merely take F 
produced such that FD . DE = the given rectangle r 
the segments of any chord through D, draw the tang 
join BD and produce it to A, and lastly draw AE thi 
G ; BG is then parallel to DE. 
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The other problem (Prop. 117, pp. 848-50), is, as we have 
seen, equivalent to the following: Given a circle and three 
points D, E, F in a straight line external to it, to inscribe in 
the circle a triangle ABC such that its sides pass severally 
through the three points D, E, F, For the .solution, see 
pp. 182-4, above. 

(e) The Lemmas to the Plane Loci of Apollonius (Props. 
119-26, pp. 852-64) are mostly propositions in geometrical 
algebra worked out by the methods of Eucl., Books II and VI. 
We may mention the following : 

Prop. 122 is the well-known proposition that, if D be the 
middle point of the side BO in a triangle ABC, 

BA^ + AC^= 2 {AD^ + DC 2). 

Props. 123 and 124 are two cases of the same proposition, 
the enunciation being marked by an expression which is also 
found in Euclid’s Data, Let AB : BG be a given ratio, and 

A DEC B 

A ? 9 5 E 

let the rectangle CA . AD be given; then, if BE is a mean 
proportional between DJ5, BG, ‘the square on AD is greater 
by the rectangle CA . AD than in the ratio of AB to BG to the 
square on EC\ by which is meant that 

A Ti 

AE‘^ = GA.AD+ ^EC\ 

or (AD2 - CA . AD) :EC^ = AB : BG. 

The algebraical equivalent may be expressed thus (if AD=a, 
BG = 6, AD = c, BE^x): 

T£ // rr XU (a + cc)2~(a — ?>)c a 

If * = ^/(a-c)6, then 
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This is equivalent to the general relation between 
points on a straight line discovered by Simson and ther€ 
wrongly known as Stewart’s theorem : 

AD ^ . BG+BD '^ . CA + OD^ . AB + BC . CA , AB = 0. 

(Simson discovered this theorem for the more general 
where D is a point outside the line ABC.) 

An algebraical equivalent is the identity 

(d — a)2 (b - r) + (d - h)^ (r — a) + (d - e)‘^ {a — h) 

+ (6 — c) (e—a) (a— 6) 

Pappus’s proof of the last-mentioned lemma is per] 
worth giving. 


A 


F 


■I 1 r- - ■■ 

C D B 


(7, I) being two points on the straight line AB, take 
point F on it such that 

FD:DB = ACiOB. 


Then FB :BD = AB: BC, 

and {AB^FB ) : {BG--BD) = AB : BG, 

or AF:CD = AB:BC, 

and therefore 

AF.GD:GD^ = AB:BC. 

From (1) we derive 


GB 


DB^ = FD . DJS, 


and from (2) 


• CD^ = AF.GB. 

Ijiy 


that An . no + Fn . nn = au . nn + af . on, 

i.e. {ii AF. Cn be subtracted from each side) 

that Fn.no+Fn.nB^AG, db, 

or FD.GB^AG.BB: 

which is true, since, by (1) above, FB : BB = AG : GB. 

(() , Lemmas io the ‘ Porisms ’ of Ewclid. 

The 38 Lemmas to the Porisms of Euclid form an important 
collection which, of course, has been included in one form or 
other in the ‘ restorations ’ of the original treatise. Chasles ^ 
in particular gives a classification of them, and we cannot 
do better than use it in this place : ‘ 23 of the Lemmas relate 
to rectilineal figures, 7 refer to the harmonic ratio of four 
points, and 8 have reference to the circle. 

^ Of the 23 relating to rectilineal figures, 6 deal with the 
quadrilateral cut by a transversal; 6 with the equality of 
the anharmonic ratios of two systems of four points arising 
from the intersections of four straight lines issuing from 
one point with two other straight lines ; 4 may be regarded as 
expressing a property of the hexagon inscribed in two straight 
lines ; 2 give the relation between the areas of two triangles 
which have two angles equal or supplementary ; 4 others refer 
to certain systems of straight lines; and the last is a case 
of the problem of the Gutting-off of an area* 

The lemmas relating to‘ the quadrilateral and the transversal 
are 1, 2, 4, 5, 6 and 7 (Props. 127, 128, 130, 131, 132, 133). 
Prop. 130 is a general proposition about any transversal 



whatever, and is equivalent to one of the equations by which 
we express the involution of six points, li A, A' \ B, B' ] 
G, G' be the points in which the transversal meets the pairs of 
' Chaales, Les trots Im^s de Porismes d'Euclide, Paris, 1860, pp. 74 sq. 


result 18 equivalent to 


A B.B 'G _ 

A'B\ BG^ G'A' ‘ 

Props. 127, 128 are particular cases in which the tra 
is parallel to a side; in Prop. 131 the transversal 
through the points of concourse of opposite sides, 
result is equivalent to the fact that the two diagonal 
into proportional parts the straight line joining the j 
concourse of opposite sides; Prop. 132 is the particr 
of Prop. 131 in which the line joining the points of c( 
of opposite sides is parallel to a diagonal ; in Prop, 
transversal passes through one only of the points of c< 
of opposite sides and is parallel to a diagonal, the resr 
GA^- = GB . GB\ 

Props. 129, 136, 137, 140, 142, 145 (Lemmas 3, 10, 11 
19) establish the equality of the anharmonic ratioi 
four straight lines issuing from a point determine 
transversals ; but both transversals are supposed to b 
from the same point on one of the four straight lin 



AB, AG, AD be cut by transversals HBGD, HEF( 
required to prove that 

HE.FQ HB.GD 
HG.EF'^ HD,BG‘ 

Pappus gives (Prop. 129) two methods of proof wl 
practically equivalent. The following is the proof ‘ 
pound ratios 

Draw HK parallel to A F meeting DA and AE j 


uucea m m. 


Then 


HE.FG HE FG LH AF _ LH 
HG.EF'^ EF‘ UG^ AF’ HK'~' HK' 


In exactly the same way, if DH produced meets LM in i/' 
we prove that 

HB , GD _ LH 
HL.BC^ HR' 

HE.FG HB.CD 


Therefore 


HG.EF'^ HD.BG 


(The proposition is proved for HBGD and any other trans- 
versal not passing through H by applying our proposition 
twice, as usual.) 

Props. 136, 142 are the reciprocal; Prop. 137 is a particular 
case in which one of the transversals is parallel to one of the 
straight lines. Prop. 140 a reciprocal of Prop. 137, Prop. 145 
another case of Prop. 129. 

The Lemmas 12, 13, 15, 17 (Props. 138, 139, 141, 143) are 
equivalent to the property of the hexagon inscribed in two 
straight lines, viz. that, if the vertices of a hexagon are 
situate, three and three, on two straight lines, the points of 
concourse of opposite sides are in a straight line; in Props. 
138, 141 the straight lines are parallel, in Props. 139, 143 not 
parallel. 

Lemmas 20, 21 (Props. 146, 147) prove that, when one angle 
of one triangle is equal or supplementary to one angle of 
another triangle, the areas of the triaugles are in the ratios 
of the rectangles contained by the sides containing the equal 
or supplementary angles. 

The seven Lemmas 22, 23, 24, 25, 26, 27, 34 (Props. 148-53 
and 160) are propositions x-elating to the segments of a straight 
line on which two intermediate points are marked. Thus : 

Props. 148, 150. 

If (7, D be two points on AB, then 
(a) if 2AB.CI)=:CB^ AB^ =AC^ + JDB^: 


A C D B 


(6) if 2AG.BB = GB^ AB^ = AB'^ + GB\ 
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Props. 149, 161. 

If AB.BG = BD\ 

then (AD±DG)BD = AB.DG, 

{AD + DG) BG=DC\ 


A D C B 

»■ - ' i » 

and (AD±DC)BA = AL\ 

Props. 152, 153. 

If AB : BC = A D^: DG\ then AB . BG = B1 


A 5_b p 

A p C B 

Prop. 160. 

If AB : BG=AD : LG, then, if ^be the middle p 
BE.ED = EG\ 

BD.DE= AD.BG, 

EB.BD ^AB.BG. 

^ g P p B 

The Lemmas about the circle include the harmc 
ties of the pole and polar, whether the pole is ext( 
circle (Prop. 154) or internal (Prop. 161). Proj 
problem, Given a segment of a circle on AB as bas 
straight lines AGy BG to the segment in a given : 
another. 

Prop. 156 is one which Pappus has already r 
in the Collection. It proves that the straight 1 
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Since AB bisects DE perpendicularly, {bxqAE) = (arc^iZ)) 
and AEFA = lAFD^ or -4 bisects the angle EFD, 



Since the angle AFB is right, FB bisects IHFG, the supple- 
ment of Z EFB. 

Therefore (End. VL 3) GB- BH = GFiFM^ GA: AH, 
and, alternately and inversely, AH : HB = AG : GB. 

Prop. 157 is remarkable in that (without any mention of 
a conic) it is practically identical with Apollonius's Conias 
III. 45 about the foci of a central conic. Pappus’s theorem 
is as follows. Let AB he the diameter of a semicircle, and 



from A, B let two straight lines AE, BD be drawn at right 
angles to ZLjB. Let any straight line DjE’meet the two perpen- 
diculars in D, E and the semicircle in F. Further, let FG be 
drawn at ri^ht ano-les to BE. meeting* AB nroduced in G. 


But, since A, E, (?, F are concyclic, LAFE ^ LA 

Therefore LBDG LA GE ; 

and the right-angled triangles DBG, GAE are simi] 

Therefoi’e AG:AE=-BD: GB, 

or AG.GB = AE.DB. 

In Apollonius G and the corresponding point 
produced which is obtained by drawing F'G' perpe 
ED (where DE, meets the circle again in F') a] 
of a central conic (in this case a hyperbola), and 
tangent to the conic ; the rectangle AE . BD is of c< 
to the square on half the conjugate axis. 

(tj) The Lemmas to the Conics of Apollonius (pp 
do not call for any extended notice. There are a la] 
of propositions in geometrical algebra of the i; 
relating to the segments of a straight line marked b, 
of points on it ; propositions about lines divided ii 
tional segments and about similar figures; two f 
relating to the construction of a hyperbola (Prop 
and a proposition (208) proving that two hyperboL 
same asymptotes do not meet one another. The 
two propositions (221, 222) equivalent to an obvio 


^ •'I 



metrical formula. Let ABGD be a rectangle, a 
straight line through A meet DC produced in 
(produced if necessary) in F. 

EA .AF=:ED. DC + GB . BF. 


Then 


= EB^ + + GB + BF\ 

Also EA:^ + AF^ = EF^ + 2EA. AF. 

Therefore 

2EA . AF = EA^ 4 - AF^^--EF'^ 

= ED^ + i?a" + CD^ + BF'^ - EF^ 

= {ED^ + GB^) 4- (BG'^ + BF^) - EF'^ 

= EC^ + 2EB,1)C-^ GF‘^ +2GB. BF^EF'^ 

= 2EL.D0+2CB,BF; 

i.e. EA . AF = ED . DG-^CB . BF. 

This is equivalent to sec 6 cosec 9 == tan 6 + cot 9- 

The algebraical equivalents of some of the results obtained 
by the usual geometrical algebra may be added. 

Props. 178, 179, 192-4. 

(a4-26)a4- (6 + ic) (i — 03) = (a 4- i + o;) (a 4- 6 — o;). 

Prop. 195. 466**^ = 2{ (a — a;) (a + o;) 4 (a — 2 /) {a-^y) + x^ 

Prop. 196. 

(a + b — x'f + (a 4- 6 4 xY = (a; — by 4 (o; 4 bY 4 2 (c4r 4 2 6) a. 
Props. 197, 199, 198. 

If (a; 4 2 / 4 a) a 4 = (a 4a;)^ ^ 

or if (x 4 2/ 4 O') a 4 = (a 4 yY^ [■ f hen x = y, 

or if (x + y — a) (X4(o; — a)‘^ = . 

Props. 200, 201. If (a-{-b)x = 6^ then ^ and 

a b—x 

{2h + a)a = ((X4&) (a 4 6— a;). 

Prop. 207. If (a4 6)6 = 2a^ then a = &. 

(0) The two Lemmas to the Surface-Loci of Euclid have 
already been mentioned as significant. The first has the 
appearance of being a general enunciation, such as Pappus 
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is fond of giving, to cover a class of propo; 
enunciation may be translated as follows : ^li AB 
line, and CD a straight line parallel to a straight 
position, and if the ratio AD . DB : DC^ be given 
lies on a conic section. If now A R be no Ion 
position, and the points A, B are no longer g 
(respectively) on straight lines AE, EB given in 
point C raised above (the plane containing AE 
a surface given in position. And this was prove 
was the first to explain this 
and his interpretation only 
very slight change in the 
stituting evOeiai^ for eifOeTa 
yivTjraL Se Trpoy Secret evOeta 
It is not clear whether, wh 
to be given in position^ it 
in length. If it is given in length and A, B movi 
AEy EB respectively, the surface which is the 
a complicated one such as Euclid would hardl 
in a position to investigate. But two possil 
indicated which he may have discussed, (1) that 
moves always parallel to itself and varies in le 
ingly, (2) that in which the two lines on which A 
parallel instead of meeting at a point. The loci 
cases would of course be a cone and a cylinder re 
The second Lemma is still more important, si 
first statement on record of the focus-directrix 
the three conic sections. The proof, after Papj 



set out above (pp. 119-21). 


(i) An uncdlocated Lemma. 
Book VII ends (pp. 1016-18) with a lemma 
given under any particular treatise belonging to 
of A'rholyais, but is simply called ' Lemma to the i 
If ABC be a triangle right-angled at B, and 


before it is quite complete. 

Since AF:FB = BG:QG, 

AB:FB=.BC'.GC, 
or AB : BG = FB ; GG. 

But, by hypothesisj AB : BG = BG : GO] 
therefore BF = BG. 

From this point the proof apparently proceeded by analysis 
‘ Suppose it done ’ (yeyouero)), i.e. suppose the proposition true 
and BED perpendicular to AG. 


B 



Then, by similarity of triangles, AD : DB = AB : BG ; 

therefore AF: FB AD: DB, and consequently the angh 
ADB is bisected by DF. 

Similarly the angle BDG is bisected by DG. 

Therefore each of the angles BDF, BDG is half a righi 
angle, and consequently the angle FDG is a right angle. 
Therefore B, G, D, F are concyclic ; and, since the angles 

FDB, BDG are equal, FB = BG. 

This is of course the result above proved. 

Evidently the interpolator tried to clinch the argument bj 
proving that the angle BDA could not be anything but a righi 
angle. 


Book VIII. 

Book Vm of the Gollection is mainly on mechanics, althougl 
it contains, in addition, some propositions of purely geometrica 
interest. 
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Historical 'preface. 

It begins with an interesting preface on i 
theoretical mechanics, as distinct from the mei 
or industrial, to be regarded as a matheina 
Archimedes, Philon, Heron of Alexandria are i 
the principal exponents of the science, while Carp 
is also mentioned as liaving applied geometry 
(practical) arts’. 

The date of Carpus is uncertain, though it is 
he came after Geminus; the most likely date se( 
first or second century A.n. Simplicius gives th< 
lamblichus for the statement that Carpus squa 
by means of a certain curve, which he simply ( 
generated by a double motion.^ Proclus calls hir 
writer on mechanics {6 priyaviKos) \ and quotes fi 
his on Astronomy some remarks about the relg 
problems and theorems and the ‘priority in ( 
former.^ Proclus also mentions him as having 
angle belongs to the category of quantity {irc 
represents a sort of ‘ distance ’ between the two 
it, this distance being ‘ extended . one way’ (€( 
though in a diflferent sense from that in which a 1 
extension one way, so that Carpus’s view appea 
greatest possible paradox ’ ; Carpus seems in r 
been anticipating the modern view of an angle ai 
divergence rather than distance, and to have m( 
in one sense (rotationally), as distinct from one 
dimension (linearly). 

Pappus tells us that Heron distinguished tl 
theoretical, part of mechanics from the practic 
{xeLpovpyLKov)^ the former being made up of ge 
metic, astronomy and physics, the latter of w 
architectui'e, carpentering and painting ; the i 
been trained from his youth up in the sciences afc 
as practised in the said arts would naturally i 


must periorce use the resources which practical experience ii 
his particular art or craft gives him. Other varieties o 
mechanical work included by the ancients under the genera 
term mechanics were (1) the use of the mechanical powers 
or devices for moving or lifting great weights by means o 
a small force, (2) the construction of engines of war fo 
throwing projectiles a long distance, (3) the pumping of wate 
from great depths, (4) the devices of 'wonder-workers 
(OavfiaaLovpyoL), some depending on pneumatics (like Heroi 
in the P neumatica)^ some using strings, &c., to produce move 
ments like those of living things (like Heron in 'Automata an< 
Balancings’), some employing floating bodies (like Archimede 
in ‘ Floating Bodies ’), others using water to measure timi 
(like Heron in his ' Water-clocks’), and lastly ' sphere-making ' 
or the construction of mechanical imitations of the movement 
of the heavenly bodies with the uniform circular motion o 
water as the motive power. Archimedes, says Pappus, wa 
held to be the one person who had understood the cause an( 
the reason of all these various devices, and had applied hi 
extraordinarily versatile genius and inventiveness to all th 
purposes of daily life, and yet, although this brought bin 
unexampled fame the world over, so that his name was oi 
every one’s lips, he disdained (according to Carpus) to writ 
any mechanical work save a tract on sphere-making, bu 
diligently wrote all that he could in a small compass of th 
most advanced parts of geometry and of subjects connecte< 
with arithmetic. Carpus himself, says Pappus, as well a 
others applied geometry to practical arts, and with reason 
' for geometry is in no wise injured, nay it is by natur 
capable of giving substance to many arts by being associate( 
with them, and, so far from being injured, it may be saic 
while itself advancing those arts, to be honoured and adorne< 
by them in return.’ 


The object of the Booh, 

Pappus then describes the object of the Book, namel; 
to set out the propositions which the ancients established b; 
geometrical methods, besides certain useful theorems dis 
covered by himself, but in a shorter and clearer form an- 
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in better logical sequence than his predecessors had i 
The sort of questions to be dealt with are (1) a con 
between the force required to move a given weigl 
a horizontal plane and that required to move the sam( 
upwards on an inclined plane, (2) the finding of tv 
proportionals between two unequal straight lines, (: 
a toothed wheel with a certain number of teeth, to 
diameter of, and to construct, another wheel with a giv 
her of teeth to work on the former. Each of these things, 
will be clearly understood in its proper place if the p: 
on which the ‘ centrobaric doctrine ’ is built up are firsi 
It is not necessary, he adds, to define what is meant by 
and 'light* or upward and downward motion, sin 
matters are discussed by Ptolemy in his Mathemat 
the notion of the centre of gravity is so fundamentj 
whole theory of mechanics that it is essential in i 
place to explain what is meant by the 'centre of | 
of any body. 


On the centre of gravity. 


Pappus then defines the centre of gravity as 'tl 
within a body which is such that, if the weight be C( 
to be suspended from the point, it will remain at res 
position in which it is put The method of determi: 
point by means of the intersection, first of planes, and 
straight lines, is next explained (chaps. 1, 2), and Papj 
proves (Prop. 2) a proposition of some difficulty, nam< 
if D, E, F be points on the sides BO, CA, A J? of a trian^ 

such that bD:D0=GE-.EA = AF-.FB, 


then the centre of gravity of the triangle ABC is 
centre of gravity of the triangle DEF. 

Let if, K be the middle points of BC, CA resp( 
join AH, BK. Join HK meeting DE in L. 
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Now, by hypothesis, 

CE:EA =BD:DC, 
whence CA : AE = BC : CD, 

and, if we halve the antecedents, 

AK:AE=^HC:CD] 

therefore AK r EK = HC : HD or BH : HD. 


A 



N 

whence, componendo, CE : EK = BD : DH, (1) 

But AF: FB = BD:DC=: (BD : DH ) . (DHiDC) 

= {CE:EK).{DH:DC). (2) 

Now, ELD being a transversal cutting the sides ‘of the 
triangle KHG, we have 

HL:KL = (CEiEK) . (DHiDC). (3) 

[This is ‘Menelaus’s theorem’; Pappus does not, however, 
quote it, but proves the relation ad hoc in an added lemma by 
drawing CM parallel to DE to meet HK produced in M, The 
proof is easy, for : LK = {HL : LM ) . {LM : LK) 

= {HD : DC ) . {CE: EK):\ 

It follows from (2) and (3) that 
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We have next to prove that EL = LD, 

Now [again By ‘Menelaus’s theorem’, proved a 
drawing CN parallel to HK to meet ED produced ir 

EL : LD = {EK : KO ) . {CH : HD). 

But, by (1) above, CE : EK = BD : DH ; 
therefore OK : KE = : //D = CH : ifl), 

so that {EK\KC).{CH :HD)= and therefore, 

EL = LD. 

It remains to prove that FG == 2 GL, which is o1 
parallels, since FG : GL ^ AG: QH =2:1. 

Two more propositions follow with reference to i 
of gravity. The first is, Given a rectangle with A 
adjacent sides, to draw from C a straight line meetin 
opposite BG in a point 1) such that, if the trapezium 
hung from the point 7), it will rest with AD, BG 1 



In other words, the centre of gravity must be in 7 
perpendicular to BG. Pappus px-oves by anal 
GIJ^ = ZBL^, so that the problem is reduced to 
dividing BG into parts BL, LG such that this relat 
The latter problem is solved (Prop. 6) by taking 
say X, in GB such that OX = ZXB, describing a sen 
BC as diameter and drawing JTF at x'ight angles 
meet the semicircle in F, so that XY^ = ^G'^, 
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with its extremities on -40, AB and so that AC : BD is a given 
ratio, then the centre of gravity of the triangle ADC will lie 
on a straight line. 

Take E, the middle point of 40, and JF’a point on DE such 
that DF = 2 FE. Also let H be a point on BA such that 
BH = 2 HA. Draw FG parallel to 40. 

Then 40 = §4A and AH=^^AB\ 
therefore HG = ^BD. 

Also = §4£' = ^ 40. Therefore, 
since the ratio AC:BD is given, the 
ratio GII : GF is given. 

And the angle FGH (=4) is given ; 
therefore the triangle FGH is given in 
species, and consequently the angle GHF e 
is given. And if is a given point. 

Therefore HF is a given straight line, and it contains the 
centre of gravity of the triangle 4 DO. 

The inclined ida ne. 

Prop. 8 is on the construction of a plane at a given inclina- 
tion to another plane parallel to the horizon, and with this 
Pappus leaves theory and proceeds to the practical part. 
Prop. 9 (p. 1054 . 4 sq.) investigates the problem ‘Given 
a weight which can be drawn along a plane parallel to the 
horizon by a given force, and a plane inclined to the horizon 
at a given angle, to find the force required to draw the weight 
upwards on the inclined plane’. This seems to be the first 
or only attempt in ancient times to investigate motion on 
an inclined plane, and as such it is curious, though of no 
value. 

Let 4 be the weight which can be moved by a force G along 
a horizontal plane. Conceive a sphere with weight equal to 4 
placed in contact at L with the given inclined plane ; the circle 
OGL represents a section of the sphere by a vertical plane 
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about FL as if L were the fulcrum of a lever. Now tl 
weight A acts vertically downwards along a straight lit 
through E. To balance it, Pappus supposes a weight 
attached with its centre of gravity at G, 


Then A:B^GF:EF 

= {EL^EF):EF 

[= (1 —sin 6) :sin 6, 

where Z KMN = 6] 

and, since is given, the mtio EF:E. 

and therefore the ratio {EL — EF ) : EF^ 
given ; thus B is found. 

Now, says Pappus, if D is the force which will move 
along a horizontal plane, as C is the force which will mo' 
A along a horizontal plane, the sum of 0 and D will be tl 
force required to move the sphere upwards on the inclini 
plane. He takes the particular case where 0 = 60°. Thi 
sin 6 is approximately f (he evidently uses f . ff for ^ 



and 


A:B - 16:104. 


Suppose, for example, that ZL = 200 talents; then jB is 13 
talents. Suppose further that (7 is 40 man-power ; then, sir 
D : C = B : Ay D= 260 man-power ; and it will take D + (7, 
300 man-power, to move the weight up the plane ! 

Prop. 10 gives, from Heron’s Barulcus, the machine co 
sisting of a pulley, interacting toothed wheels, and a spii 
screw working on the last wheel and turned by a handl 
Pappus merely alters the proportions of the weight to t 
force, and of the diameter of the wheels. At the end 
the chapter (pp. 1070-2) he repeats his construction for t 
finding of two mean proportionals. 


ConstrvAition of a conic through jive 'points. 
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is left intact, and let it be required to find the diameter of 
a circular section of the cylinder. We take any two points 
J., ^ on the surface of the fragment and by means of these we 
find five points on the surface all lying in one plane section, 
in general oblique. This is done by taking five different radii 
and drawing pairs of circles with Ay B as centres and with 
each of the five radii successively. These pairs of circles with 
equal radii, intersecting at points on the surface, determine 
five points on the plane bisecting AB at right angles. The five 
points are then represented on any plane by txdangulation. 

Suppose the points are Ay B, C, D, E and are such that 
no two of the lines connecting the different pairs are parallel. 



This case can be reduced to the construction of a conic through 
the five points A, B, D, Ey F where EF is parallel to AB. 
This is shown in a subsequent lemma (chap. 16). 

For, if EF be drawn through E parallel to ABy and if CD 
meet AB in 0 and EF in 0\ we have, by the well-known 
proposition about intersecting chords, 

CO.ODiAO .0B^CO\0'D:E0' ,0'Fy 
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to this diameter. Then R is determined by me 
relation 

RQ MB: BG . GA RH .HD: FH ,HE 

in this way. 

Join DR, RA, meeting EF in A", L respectively. 
Then, by similar triangles, 

RG . GD : BG.GA::^ {RH:HL ) . {DII: HK 
^RH.HD:KH.HL. 
Therefore, by (1), FH . HE = KlI . HL, 

whence HL is determined, and tlierefore L, The i 
of AL, DH determines R. 

Next, in order to find the extremities P, P' of tl: 
through F, W, we draw ED, RF meeting PP' in M 
tively. 

Then, as before, 

FW. WE:P'W. WP = FH.HE:RH. HD, by the e 

= FW. WE : NW. WM, by simih 

Therefore P'W. WP = NW. WM] 

and similarly we can find the value of P'V . VP. 

Now, says Pappus, since P'W.WP and P'V.VP 
areas and the points V, W are given, P, P' are ^ 
determination of R, P' amounts (Prop. 14 follo>^ 
elimination of one of the points and the finding o 
by means of an equation of the second degree. 

Take two points Q, Q' on the diameter such that 

P'F.FP=FF.F(3, 

P'TF,FP = FTf.W; 

Q, Q' are thus known, while P, P' remain to be foo 




'pnr. T/n/— nir. t/p 


PQ.PQ'=QF.Q'TF. 


US P can be found, and similarly F\ 

.e conjugate diameter is found by virtue of the relation 

(conjugate diam.)‘^ : = p : FF\ 


‘e p is the latus rectum to PP' determined by the property 
^ p :FF'= A F2 : PF.FP'. 


rohlem, Given tivo conjugate diameters of an ellipse^ 
to find the axes, 

Lstly, Pappus shows (Prop. 14, chap. 17) how, when we are 
1 two conjugate diameters, we can. find the axes. The 
^ruction is as follows. Let AB, CD be conjugate diameters 
being the greater), E the centre. • 
oduce EA to H so that 

EA,AH^ DE'\ 

irough A draw FG parallel to CD. Bisect EH in K, and 
r KL at right angles to EH meeting FG in L, 



''ith L as centre, and LE as radius, describe a circle cutting 
in G^ F, 

)in EF, EG, and from A draw AM^ AN parallel to EF, EG 
ectively. 
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Take points P, B on EG^ EF such that 

EF^ = GE.EM, and ER^ = FE.EN. 

Then EP is half the major axis, and ER half the m 
Pappus omits the proof. 

Problem of seven hexagons in a circle. 

Prop. 19 (chap. 23) is a curious problem. To inscr 
equal regular hexagons in a circle in such a way 



is about the centre of the circle, while six others sta 
sides and have the opposite sides in each case placed 
in the circle. 

Suppose GHKLNM to be the hexagon so describe( 
a side of the inner hexagon ; OKL will then be a stra 
Produce OP to meet the circle in P. 

Then OK = KL = LF. Therefore, in the trian^ 
OL = 2LN, while the included angle OLN (= 120’ 
given. Therefore the triangle is given in species ; 
the ratio ON : NL is given, and, since ON is given, the 
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Then he prqves that, if we join AB, AB equal to the lengt 
of the side of the hexagon required. 

Produce BG to D so that BD = BA^ and join DA. ABl 
is then equilateral. 

Since EB is a tangent to the segment, AE . EG = EB‘^ o 
AE.EB = EB : EG, and the triangles EAB, EBG are similar. 

Therefore BA ^ : BG‘^ = AE '^ : EB^ ^ AE\EC = 2 : 4.) 
and BC = ^BA = %BD^ so that BG = 2 CD, 

But GF^2CA ; therefore ACiGF^ DCiCB, and AD, Bj 
are parallel. 

Therefore BF: AD = BG : CD = 2:1, so that 
BF=2AD = 2AB, 

Also LFBG = LBDA = 60°, so that AABF= 120°, am 
the triangle ABF is therefore equal and similar to the requirec 
triangle NLO. 

Construction of toothed wheels and indented screws. 

The rest of the Book is devoted to the construction (1) o 
toothed wheels with a given number of teeth equal to those o 
a given wheel, (2) of a cylindrical helix, the cochlias, indented 
so as to work on a toothed wheel. The text is evidentb 
defective, and at the end an interpolator has inserted extract 
about the mechanical powers from Heron’s Mechanics, 


XX 


ALGEBRA: DIOPHANTUS OF ALEXA 

Beginnings learnt from Egypt. 

In algebra, as in geometry, the Greeks learnt th 
from the Egyptians. Familiarity on the part o: 
with Egj^ptian methods of calculation is well i 
These methods are found in operation in the Heroi 
and collections. (2) Psellus in the letter publishec 
in his edition of Diophantus speaks of ‘ the met! 
metical calculations used by the Egyptians, by wl: 
in analysis are handled ' ; he adds details, dou 
from Anatolius, of the technical terms used for di 
o£ numbers, including the powers of the unkno' 
(3) The scholiast to Plato’s Oharmides 165 E say 
of XoyLCTTLK^i the science of calculation, are the so 
and Egyptian methods in multiplications and d 
the additions and subtractions of fractions (4) ! 
in the Laws 819 A~c says that free-born boys she 
practice in Egypt, learn, side by side with rea 
mathematical calculations adapted to their age, ' 
be put into a form such as to combine amu 
instruction : problems about the distribution of, s 
garlands, the calculation of mixtures, and otl 
arismg in military or civil life. 

‘ Hau ’-calculations. 

TV»a F.cr^7rkf.i«.n pn.lA.nlfl.tinna hpTft in noint 


witn one unKnown quantity, nxampies rrom ine rapyrus 
Rhind correspond to the following equations : 

^x + x =19, 

%x-\~^X’^^x-^ X ^ 33, 

(ir + |.x)-|(£c + §a;) = 10. 

The Egyptians anticipated, though only in an elementary 
form, a favourite method of Diophantus, that of the ‘false 
supposition' or ‘regula falsi'. An arbitrary assumption is 
made as to the value of the unknown, and the true value 
is afterwards found by a comparison of the result of sub- 
stituting the wrong value in the original expression with the 
actual data. Two examples may be given. The first, from 
the Papyrus Rhind, is the problem of dividing 100 loaves 
among five persons in such a way that the shares are in 
arithmetical progression, and one-seventh of the sum of the 
first three shares is equal to the sum of the other two. If 
a + 4dl, a + Zd, a + 2cZ, a + cZ, a be the shares, then 

3cii- + 9cZ = 7 + cZ), 

or d = 5|a. 

Ahmes says, without any explanation, ‘make the difference, 
as it is, 5^', and then, assuming a = 1, writes the series 
23, 17^, 12, 6^, 1, The addition of these gives 60, and 100 is 
If times 60. Ahmes says simply ‘multiply 1| times' and 
thus gets the correct values 38^, 29|, 20, 10|-|, If. 

The second example (taken from the Berlin Papyrus 6619) 
is the solution of the equations 

= 100 , 

a; : 2/ = 1 : 1, or y = Ja;. 

X is first assumed to be 1, and x^ + y^ is thus found to be ff . 
In order to make 100, ff has to be multiplied by 64 or 8'“^. 
The true value of x is therefore 8 times 1, or 8. 

Arithmetical epigrams in the Greek Anthology. 

The simple equations solved in the Papyrus Rhind are just 
the kind of equations of which we find many examples in the 
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arithmetical epigrams contained in the Greek Antholog 
of these appear under the name of Metrodorus, a grai 
probably of the time of the Emperors Anastasias I (i 
518) and Justin I (a.d. 518-27). They were obviou 
collected by Metrodorus, from ancient as well as mo: 
sources. Many of the epigrams (46 in number) lead 1 
equations, and several of them are problems of dividin 
ber of apples or nuts among a certain number of pers 
is to say, the very type of problem mentioned by Pla 
example, a number of apples has to be determined si 
if four persons out of six receive one-third, one-eig] 
fourth and one-fifth respectively of the whole numb 
the fifth person receives 10 apples, there is o;ie apple 
for the sixth person, i.e. 

+ + + 10 + 1 = aj. 

Just as Plato alludes to bowls {(piaXai) of differen 
there are problems in which the weights of bowls 
be found. We are thus enabled to understand the all 
Proclus and the scholiast on Gharmides 165 E to 
and (pLaXiTaL dpidfLoi, ‘numbers of apples or of 
It is evident from Plato’s allusions that the origin 
simple algebraical problems dates back, at least, to 
century B.c. 

The following is a classification of the problem 
Anthology, (1) Twenty-three are simple equations 
unknown and of the type shown above; one of th 
epigram on the age of Diophantus and certain inci 
his life (xiv. 126). (2) Twelve are easy simultaneous ( 

with two unknowns, like Dioph. I. 6 ; they can of ( 
reduced to a simple equation with one unknown by 
an easy elimination. One other (xiv. 51) gives sim\ 
equations in three unknowns 

aj = 2/ + i2;, y = z + ^x, 0=10 -fly. 
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fcions of this type with the same number of unknown quantities 
which was given by Thymaridas, an early Pythagorean, and 
was called the kTrdvOrjfjLay 'flower’ or ' bloom’ of Thymaridas 
(see vol. i, pp. 94~6). (3) Six more are problems of the usual 

type about the filling and emptying of vessels by pipes; e.g. 
(xiv. 130) one pipe fills the vessel in one day, a second in two 
and a third in three ; how long will all three running together 
take to fill it? Another about brickmakers (xiv. 136) is of 
the same sort. 

Indeterminate equations of the first degree. 

The Anthology contains (4) two indeterminate equations of 
the first degree which can be solved in positive integers in an 
infinite number of ways (xiv. 48, 144) ; the first is a distribu- 
tion of apples, 3x in number, into parts satisfying the equation 
x — 3y = 2 /, where y is not less than 2; the second leads to 
three equations connecting four unknown quantities : 

x-^-y = oJi + T/i, 

X = 22 /^, 

the general solution of which is aj = 4/»;, y = h = 3/c, 
y^ = 2L These very equations, which, however, are made 
determinate by assuming that x-hy = Xj + yi = 100, are solved 
in Dioph. I. 12. 

Enough has been said to show that Diophantus was not 
the inventor of Algebra. Nor was he the first to solve inde- 
terminate problems of the second degree. 

Indeterminate equations of second degree before 
Diophantus. 

Take first the problem (Dioph. II. 8) of dividing a square 
riit-mKov infn fwn smifl.rAa nr nf findino* a ri£rht-an 0 *led triancrlft 
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where n is any odd number, and Plato with another fo 
of the same sort, namely (2 nY '+ — l)^ = ( 71 ^ + 1)'*^. 
(Lemma following X. 28) finds the following more g 
formula 

The Pythagoreans too, as we have seen (vol. i, pp. 
solved another indeterminate problem, discovering, by 
of the series of ' side- ’ and ‘ diameter-numbers any n 
of successive integral solutions of the equations 

2x^--y^ = + 1 - 

Diophantus does not particularly mention this eqi 
but from the Lemma, to VI. 15 it is clear that he knc 
to find any number of solutions when one is known, 
seeing that 2x^—\ = is satisfied by cc = 1, y = 1, he 
put 

2 (1 + — 1 = a square 

= ; 

whence cc = (4 + 2 p) / { 2 ^^ — 2). 

Take the value p) — 2, and we have a: = 4, and x-\- 
in this case 2 . 5^ — 1 = 49 = 7^. Putting ; 2 :;+ 5 in plac 
we can find a still higher value, and so on. 

Indeterminate equations in the Heronian collec 

Some further Greek examples of indeterminate analy 
now available. They come from the Constantinople man 
(probably of the twelfth century) from which Schone 
the Metrica of Heron ; they have been published and tra] 
by Heiberg, with comments by Zeuthen.^ Two of the pr 
(thirteen in number) had been published in a less co 
form in Hultsch’s Heron {Geeponicus, 78, 79); the 
are new. 
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er 3 is of course only an illustration, and the problem is 
Client to the solution of the equations 

(1) + = 7^(a3^-2/)| 

(2) xy=:n,uv ) 

) solution given in the text is equivalent to 

X = 2 — 1, y = 2n^) 

u = 71 (4 71^ —2), v^n 

.then suggests that the solution may have been obtained 
As the problem is indeterminate, it would be natural 
xt with some hypothesis, e.g. to put v = n. It would 
from equation (1) that u is a multiple of 7i, say nz. 
ave then 

aj + 2/ = ^ 

, by (2), xy = n^z, 

36 xy = + 2/) — 

{X — 7)?) {y — 71 ^) =;= 71 ^ ( 71 ^ — 1 ). 

obvious solution is 

X — = 71 ^ — 1 , 7 / — 71 ^ = 77 ^, 

I gives 2 : = 271^— 1+2 1 = 47i^ — 2, so that 

u = nz = 71(471^ — 2). 

he second is a similar problem about two rectangles, 
alent to the solution of the equations 

(1) a; + 7/ = u + 7;] 

(2) xy =7h,uv) 

he solution given in the text is 

aj + l/ = 76 + t’ = 71^— 1, (3) 

- -I 1 \ \ 
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when equation (1) would give 

(n - l)x = (n^— l)u, 

a solution of which is x = — u = n—1. 

III. The fifth problem is interesting in one respect, 

asked to find a right-angled triangle (in rational n 
with area of 5 feet. We are told to multiply 5 I 
square containing 6 as a factor, e.g. 36. This mal 
and this is the area of the triangle (9, 40, 41). Dividi 
side by 6, we have the triangle required. The authc 
is aware that the area of a right-angled triangle with 
whole numbers is divisible by 6. If we take the 
formula for a right-angled triangle, making the sides 
a . a . -f where a is any number, a 

are numbers which are both odd or both even, the are 

\mn (m — n) (m •+• n) 

and, as a matter of fact, the number — (tt 

divisible by 24, as was proved later (for another pur; 
Leonardo of Pisa. 

IV. The last four problems (10 to 13) are of great 
They are different particular cases of one problem, 
finding a rational right-angled triangle such that the m 
sum of its area and its perimeter is a given numb( 
author’s solution depends on the following formulae 
a, b are the perpendiculars, and c the hypotenuse, of 
angled triangle, S its area, r the radius of the inscribe 
and 8 = -Ka + i + c) ; 

/S = re = -laZ), r + s=a-f-6, c=^s—r. 

(The proof of these formulae by means of the usua 
namely that used by Heron to prove the formula 

S = \/{s(s — a) (s — ft) (a — c)}, 

is easy.) 

Solving the first two equations, in order to find 
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and h. The method employed is to take the sum of the area 
and the perimeter >S+2s, separated into its two obvious 
factors s(r + 2), to put s(rH-2) = A (the given number), and 
then to separate A into suitable factors to which s and r + 2 
may be equated. They must obviously be such that sr, the 
area, is divisible by 6. To take the first example where 
A = 280 : the possible factors are 2 x 140, 4 x 70, 5 x 56, 7 x 40, 
8x3 5, 10x2 8, 14x2 0. The suitable factors in this case are 
r+2 = 8, s = 35, because r is then equal to 6, and rs is 
a multiple of 6. 

The author then says that 

a = |[6 + 35- (6 + 35)2 -8 . 6 . 35}] = -|(41 - 1) = 20, 

6 = 1(41 + 1)= 21, 

c = 35-6 = 29. 

The triangle is therefore (20, 21, 29) in this case. The 
triangles found in the other three cases, by the same method, 
are (9, 40, 41), (8, 15, 17) and (9, 12, 15). 

Unfortunately there is no guide to the date of the problems 
just given. The probability is that the original formulation 
of the most important of the problems belongs to the period 
between Euclid and Diophantus. This supposition best agrees 
with the fact that the problems include nothing taken from 
the great collection in the Aritkmetica. On the other hand, 
it is strange that none of the seven problems above mentioned 
is found in Diophantus. The five relating to rational right- 
angled triangles might well have been included by him ; thus 
he finds rational right-angled triangles such that the area plus 
or minus one of the perpendiculars is a given number, but not 
the rational triangle which has a given area; and he finds 
rational right-angled triangles such that the area plus or minus 
the sum of two sides is a given number, but not the rational 
triangle such that the sum of the area and the three sides is 
a given number. The omitted problems might, it is true, have 
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The geometrical algebra of the Greeks has been in < 
all through our history from the Pythagoreans dow 
and no more need be said of it here except that its arit 
application was no new thing in Diophantus. It is j 
for example, that the solution of the quadratic e 
discovered first by geometry, was applied for the pu 
finding numerical values for the unknown as early m 
if not earlier still. In ^ Heron the numerical soh 
equations is well established, so that Diophantus was 
first to treat equations algebraically. What he did 
take a step forward towards an algebraic notation. 

The date of Diophantus can now be fixed with fair c< 
He was later than Hypsicles, from whom he quotes a d 
of a polygonal number, and earlier than Theon of Ale 
who has a quotation from Diophantus’s definition 
possible limits of date are therefore, say, 150 B.c. to . 
But the letter of Psellus already mentioned says that A 
(Bishop of Laodicea about a.d. 280) dedicated to Die 
a concise treatise on the Egyptian method of I’ec 
hence Diophantus must have been a contemporary, sc 
probably flourished a..d. 250 or not much later. 

An epigram in the Anthology gives some personal par 
his boyhood lasted |th of his life ; his beard grew ai 
more ; he married after f th more, and his son was borr 
later; the son Hved to half his father's age, and th 
died 4 years after his son. Thus, if x was his a^ 
he died, 

which gives ir = 84. 

Works of Diophantus. 

The works on which the fame of Diophantus rests i 

(1) the Arithmetica (originally in thirteen Books 

(2) a tract On Polygonal Numbers. 
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: Books only of the former and a fragment of the latter 
ve, 

usions in the Arithmetica imply the existence of 

A collection of propositions under the title of Porisms ; 
ree propositions (3, 5, 16) of Book V, Diophantus quotes 
10 wn certain propositions in the Theory of Numbers, 
:ing to the statement of them the words ‘ We have it in 
^orisms that . . 

scholium on a passage of lamblichus, where lamblichus 
a dictum of certain Pythagoreans about the unit being 
ividing line {fieOoptov) between number and aliquot parts, 
thus Diophantus in the Moriastica .... for he describes 
arts'" the progression without limit in the direction of 
Iran the unit The Moriastica may be a separate work 
Lophantus giving rules for reckoning with fractions ; but 
lot feel sure that the reference may not simply be to the 
tions at the beginning of the Arithmetica, 

The Arithmetica. 

The seven lost Books and their place, 

ne of the manuscripts which we possess contain more 
six Books of the Arithmetica, the only variations being 
some few divide the six Books into seven, while one or 
five the fragment on Polygonal Numbers as VIII. The 
ig Books were evidently lost at a very early date. 
3ry suggests that Hypatia's commentary extended only 
i first six Books, and that she left untouched the remain- 
iven, which, partly as a consequence, were first forgotten 
ihen lost (cf. the case of Apollonius's Gon'ics, where the 
Books which have survived in Greek, I~IV, are those 
hich Eutocius commented). There is no sign that even 
rabians ever possessed the missing Books. The Fakhrl, 
gebraical treatise by Abu Bekr Muh. b. al-Hasan al- 
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internal evidence, and especially the admission of h 
results (which are always avoided by Diophantus), 
the hypothesis that we have here one of the losi 
Nor is there any sign that more of the work than w( 
was known to Abu'l Wafa al-Buzjanl (a.d. 940-98) wl 
a ^commentary on the algebra of Diophantus’, as 
a 'Book of proofs of propositions used by Diophanti 
work*. These facts again point to the conclusion 
lost Books were lost before the tenth century. 

The old view of the place originally occupied by 
seven Books is that of Nesselmann, who argued it wi 
ability,^ According to him (l) much less of Dioph 
wanting than would naturally be supposed on the 
the numerical proportion of 7 lost to 6 extant Books 
missing portion came, not at the end, but in the n 
the work, and indeed mostly between the first anc 
Books. Nesselmann’s general argument is that, if 
fully read the last four Books, from the third to tl 
we shall find that Diophantus moves in a rigidly def 
limited circle of methods and artifices, and seems in f 
at the end of his resources. As regards the possible 
of the lost portion on this hypothesis, Nesselmann < 
point to (1) topics which we should expect to find 
either because foreshadowed by the author himsc 
necessary for the elucidation or completion of tl 
subject, (2) the Porisms; under head (l) come, (c 
minate equations of the second degree, and (6) indet 
equations of the first degree. Diophantus does indeed 
to show how to solve the general quadratic 
far as it has rational and positive solutions ; the suita 
for this would have been between Books I and II. I 
is nothing whatever to show that indeterminate e 
of the first degree formed part of the writer’s plan. 
Nesselmann is far from accounting for the contents 
whole Books; and he is forced to the conjecture tha 
Books may originally have been divided into even m 
seven Books ; there is, however, no evidence to suppo 

^ Nesselmann, Algehm der GHecheity pp. 264-73. 
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Relation of the ' Porisms ’ to the Arithmetica. 

Did the Porisms form part of the Arithmetica in its original 
form ? The phrase in which they are alluded to, and which 
occurs three times, 'We have it in the Porisms that . . J suggests 
that they were a distinct collection of propositions concerning 
the properties of certain numbers, their divisibility into a 
certain number of squares, and so on ; and it is possible that 
it was from the same collection that Diophantus took the 
numerous other propositions which he assumes, explicitly or 
implicitly. If the collection was part of the Arithmetica, it 
would be strange to quote the propositions under a separate 
title 'Tlie Porisms’ when it would have been more natural 
to refer to particular propositions of particular Books, and 
more natural still to say rovro yap irpoSiSeLKTaL, or some such 
phrase, ' for this has been proved ’, without any reference to 
the particular place where the proof occurred. The expression 
'We have it in the Porisms' (in the plural) would be still 
more inappropriate if the Porisms had been, as Tannery 
supposed, not collected together as one or more Books of the 
Arithmetica, but scattered about in the work as corollaries to 
particular propositions. Hence- I agree with the view of 
Hultsch that the Porisms were not included in the Arith- 
metica at all, but formed a separate work. 

If this is right, we cannot any longer hold to the view of 
Nesselniann that the lost Books were in the middle and not at 
the end of the treatise ; indeed Tannery produces strong 
arguments in favour of the contrary view, that it is the last 
and most difficult Books which are lost. He replies first to 
the assumption thkt Diophantus could not have proceeded 
to problems more difficult than those of Book V. 'If the 
fifth or the sixth Book of the Arithmetica had been lost, who, 
pray, among us would have believed that such problems had 
ever been attempted by the Gi^eeks ? It would be the greatest 
error, in any case in 'which a thing cannot clearly be proved 


not a sufficient gap to require seven Books to fil 
without attributing to the ancients what mod' 
maticians have discovered, may not a number of 
attributed to the Indians and Arabs have been c 
Greek sources? May not the same be said of 
solved by Leonardo of Pisa, which is very similai 
Diophantus but is not now to be found in the A 
In fact, it may fairly be said that, when Ohasle 
reasonably probable restitution of the Forisms oi 
notwithstanding that he had Pappus's lemmas t( 
undertook a more difficult task than he would have 
if he had attempted to fill up seven Diophantine 
numerical problems which the Greeks may rei 
supposed to have solved/ ^ 

It is not so easy to agree with Tannery’s view of 
of the treatise On Polygonal Numbers to the 2 
According to him, just as Serenus’s treatise on 
of cones and cylinders was added to the mutilate 
Apollonius consisting of four Books only, in order 
a convenient volume, so the tract on Polygonal N 
added to the remains of the Arithmetical though 
part of the larger work.^ Thus Tannery would s< 
the genuineness of the whole tract on Polygons 
though in his text he only signalizes the portio; 
with the enunciation of the problem ' Given a nun 
in how many ways it can be a polygonal numbei 
attempt by a commentator ’ to solve this problen 
on the other hand, thinks that we may conclud 
phantus really solved the problem. The tract 
Book I of the Arithmetical with definitions and 
propositions; then comes the difficult problem 
discussion of which breaks off in our text after j 
and to these it would be easy to tack on a grea 
other problems. 

The name of Diophantus was used, as were tl 
Euclid, Archimedes and Heron in their turn, f 
pose of palming off the compilations of much la 

^ Diophantus, ed. Tannery, vol. ii, p. xx. 

“ 16., p. xviii. 
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Tannery includes in his edition three fragments under the 
heading ‘ Diophantus Pseudepigraphus The first, which is 
not ' from the Arithmetic of Diophantus ’ as its heading states, 
is worth notice as containing some particulars of one of ' two 
methods of finding the square root of any square number'; 
we are told to begin by writing the number 'according to 
the arrangement of the Indian method’, i.e. in the Indian 
numerical notation which reached us through the Arabs. The 
second fragment is the work edited by C. Henry in 1879 as 
Opusmlum de multiplicatione et divisione sexagesimalibus 
Diophanto vel Pappo attribueTidum, The third, beginning 
with AtoipdvTov knLTreSofJLerpLKd is a Byzantine compilation 
from later reproductions of the yeoofierpovjjLepa and o-repeo- 
peTpovpeva of Heron. Not one of the three fragments has 
anything to do with Diophantus. 

Commentators from Hypatia downwards. 

The first commentator oh Diophantus of whom we hear 
is Hypatia, the daughter of Theon of Alexandria ; she 
was murdered by Christian fanatics in a.d. 415. I have 
already mentioned the attractive hypothesis of Tannery that 
Hypatia’s commentary extended only to our six Books, and 
that this accounts for their survival when the rest were lost. 
It is possible that the remarks of Psellus (eleventh century) at 
the beginning of his letter about Diophantus, Anatolius and 
the Egyptian method of arithmetical reckoning were taken 
from Hypatia’s commentary. 

Georgius Pachymeres (1240 to about 1310) wrote in Greek 
a paraphrase of at least a portion of Diophantus. Sections 
25-44 of this commentary relating to Book I, Def. 1 to Prop. 
11, survive. Maximus Planudes (about 1260-1310) also wrote 
a systematic commentary oh Books I, II. Arabian commen- 
tators* were Abu’l Wafa al-feuzjani (940-98), Qusta b. Luqa 
al-Ba*labakki (d. about 912) and probably Ibn al-Haitham 
(about 965-1039). 



introauction to a course or lectures on astronor 
gave at Padua in 14G3~4 he observed: ‘No 
translated from the Greek into Latin the fine th; 
of Diophantus, in which the very flower of t 
arithmetic lies hid, the ars rei et census which 
call by the Arabic name of Algebra/ Again, in g 
February 5, 1464, to Bianchini, he writes that he 
Venice ‘Diofantus, a Greek arithmetician who 
been translated into Latin Rafael Bombelli wa 
find a manuscript in the Vatican and to conceive 
publishing the work; this was towards 1570 
Antonio Maria Pazzi, he translated five Bookg 
seven into which the manuscript was divided. Th 
was not published, but Bombelli took all the prc 
first four Books and some of those of the fifth a; 
them in his Algebra (1572), interspersing them 
problems. 

The next writer on Diophantus was Wilhelir 
who called himself Xylander, and who with e; 
industry ' and care produced a very meritorious 
lation with commentary (1575). Xylander was s 
for Diophantus, and his preface and notes are oft< 
reading. Unfortunately the book is now verj 
standard edition of Diophantus till recent years 
Bachet, who in 1621 published for the first tim 
text with Latin translation and notes. A se( 
(1670) was carelessly printed and is untrustworth 
the text ; on the other hand it contained the e; 
notes of Fermat; the editor was S. Fermat, h 
great blot on the work of Bachet is his attitude 
to whose translation he owed more than he wg 
avow. Unfortunately neither Bachet nor Xylan* 
to use the best manuscripts ; that used by Bachet v 
2379 (of the middle of the sixteenth century), v 
of a transcription of part of a Vatican MS. (Va 
the sixteenth century), while Xylander^s manusc: 
Wolfenbiittel MS. Guelferbytanus Gudianus 1 (fi 
tury). The best and most ancient manuscripl 
Madrid (Matritensis 48 of the thirteenth century? 
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'tunately spoiled by corrections made, especially in Books 
from some manuscript of the ‘ Planudean ’ class ; where 
is the case recourse must be had to Vat. gr. 191 which 
copied from it before it had suffered the general alteration 
red to : these are the first two of the manuscripts used by 
ery in his definitive edition of the Greek text (Teubner, 
1895). 

her editors can only be shortly enumerated. In 1585 
n Stevin published a French version of the first four 
s, based on Xylander. Albert Girard added the fifth and 
Books, the complete edition appearing in 1625. German 
lations were brought out by Otto Schulz in 1822 and by 
/'ertheim in 1890. Poselger translated the fragment on 
3'onal Numbers in 1810. All these translations depended 
le text of Bachet. 

reproduction of Diophantus in modern notation with 
duction and notes by the present writer (second edition 
) is based on the text of Tannery and may claim to be the 
complete and up-to-date edition. 

7 account of the Arithmetica of Diophantus will be most 
Bniently arranged under three main headings (1) the 
;ion and definitions, (2) the principal methods employed, 
r as they can be generally stated, (3) the nature of the 
nts, including the assumed Porisms, with indications of 
levices by which the problems are solved. 


Notation and defiinitions. 

his work Lie Algebra der Griechen Nesselmann distin- 
les three stages in the evolution of algebra. (1) The 
stage he calls ' Rhetorical Algebra ’ or reckoning by 
IS of complete words. The characteristic of this stage 
3 absolute want of all symbols, the whole of the calcula- 
being carried on by means of complete words and forming 
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literary style, but marked by the use of certain abbre\ 
symbols for constantly recurring quantities and op( 
To this stage belong Diophantus and, after him, all t 
Europeans until about the middle of the seventeenth 
(with the exception of Vieta, who was the first to e 
under the name of Logistica speciosa, as distinct from 1 
numerosa, a regular system of reckoning with letters ( 
magnitudes as well as numbers). (3) To the thii 
Nesselmann gives the name of ‘Symbolic Algebra 
uses a complete system of notation by signs having n 
connexion with the words or things which they r( 
a complete language of symbols, which entirely suppl 
‘rhetorical’ system, it being possible to work out a 
without using a single word of ordinary language '' 
exception of a connecting word or two here and there 
clearness’ sake. 


Sign for the unknown (= cc), and its origin 

Diophantus’s system of notation then is merely a 
tional. We will consider first the representation 
unknown quantity (our x). Diophantus? defines the i 
quantity as ‘ containing an indeterminate or undefine 
tude of units’ (TrXrjdos /lovdSoav doptaroi^), adding t 
called dpL$/i69, i.e. number simply, and is denoted by j 
sign. This sign is then used all through the book, 
earliest (the Madrid) MS. the sign takes the fori 
Marcianus 308 it appears as S. In the printed ed 
Diophantus before Tannery’s it was represented by 
sigma with an accent, which is sufficiently like th 
of the two forms. Where the symbol takes the 
inflected forms dpi6p.6v, dpidpov, &c., the termination 
•above and to the right of the sign like an exponent, e 
apiBpop as for roj/, for dpLdpov', the symbol 
addition, doubled in the nlural cases, thus < 
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that the sign was not duplicated for the plural, although such 
duplication was the practice of the Byzantines. That the 
sign was merely an abbreviation for the word and no 

algebraical symbol is shown by the fact that it occurs in the 
manuscripts for dpidfio? in the ordinary sense as well as for 
dpiOpos in the technical sense of the unknown quantity. Nor 
is it confined to Diophantus. It appears in more or less 
similar forms in the manuscripts of other Greek mathe- 
maticians, e.g, in the Bodleian MS. of Euclid (DDrville 301) 
of the ninth century (in the forms 9 99, or as a curved line 
similar to the abbreviation for Kat)^ in the manuscripts of 
the Sand-reckoner of Archimedes (in a form approximat- 
ing to y), where again there is confusion caused by the 
similarity of the signs for dpidfiSs and kul, in a manuscript 
of the Geodaeda included in the Heronian collections edited 
by Hultsch (where it appears in various forms resembling 
sometimes sometimes p, sometimes o, and once with 
case-endings superposed) and in a manuscript of Theon of 
Smyrna. 

What is the origin of the sign? It is certainly not the 
final sigma, as is proved by several of the forms which it 
takes. I found that in the Bodleian manuscript of Diophantus 
it is written in the form larger than and quite unlike the 
final sigma. This form, combined with the fact that in one 
place Xy lander’s manuscript read ap for the full word, suggested 
to me that the sign might be a simple contraction of the first 
two letters of dpiOfios* This seemed to be confirmed by 
Gardthausen’s mention of a contraction for ap, in the form (rp 
occurring in a papyrus of A.i). 154, since the transition to the 
form found in the manuscripts of Diophantus might easily 
have been made through an intermediate form The loss of 
the downward stroke, or of the loop, would give a close 
approximation to the forms which we know. This hypothesis 
as to the origin of the sign has not, so far as I know, been 
improved upon. It has the immense advantage that it makes 


The powers of the unknown, corresponding to our 
are defined and denoted as follows : 

x^ is SvvafxL^ and is denoted by A\ 

„ /cu/3o9 „ „ „ 

x"^ 5 , Svpa/xoSvya/iL9 ■ „ „ A^A, 

BvvajioKv^o^ „ „ AK^, 

x^ y, kv^6kvI3o9 „ „ K^K. 

Beyond the sixth power Diophantus does not go. It 
be noted that, while the terms from kv^os onwards 
used for the powers of any ordinary known number as 
for the powers of the unknown, SvvafiLs is restricted 
square of the unknown ; wherever a particular square 
is spoken of, the term is rerpdyxvo^ dpLBjxo^. Tl; 
SwafioSypajiL^ occurs once in another author, namely 
Metrica of Heron,^ where it is used for the fourth p 
the side of a triangle. 

Diophantus has also terms and* signs for the recipr 
the various powers of the unknown, i.e. for 1 /x, 1 
As an aliquot part was ordinarily denoted by the corres] 
numeral sign with an accent, e.g. y'= -I, ia'= Dio; 
has a mark appended to the symbols for x, x^ ... to dei 
reciprocals; this, which is used for aliquot parts as 
printed by Tannery thus, With Diophantus then 

dpiOfjLoarou, denoted by is equivalent to l/x 

SvvaflOCTTOVy „ A^^ „ „ 1 

and so on. 

The coefficient of the term in Xy ... or I / Xy 1/ 
expressed by the ordinary numeral immediately fo 
e.g. AK^ /C 9 = 26x^, A^^ av = 250 / x^. 

Diophantus does not need any signs for the opera 
multiplication and division. Addition is indicated I 
juxtaposition; thus a A”^ 4y y e corresponds to x^+lS 

^ Heron, Metrica y p. 48. 11, 19, Schcine. 


the abbreviation M ; thus KcxA'^tyseMjS corresponds to 
x^-^13x^-h5x+2. 


The sign (A) for minus and its meaning. 

For subtraction alone is a sign used. The full term for 
wanting is X€i\fri 9 , as opposed to vnap^L^, a forthcoming, 
which denotes a positive term. The symbol used to indicate 
a wanting, corresponding to our sign for minus, is A, which 
is described in the text as a turned downwards and 
truncated ’ {W eXXiTre? /caroo v€vov). The description is evidently 
interpolated, and it is now certain that the sign has nothing 
to do with yjr. Nor is it confined to Diophantus, for it appears 
in practically the same form in Heron's Metrica,"^ where in one 
place the reading of the manuscript is fiovdScou o8 T i^S^, 
74 In the manuscripts of Diophantus, when the sign 

is resolved by writing the full word instead of it, it is 
generally resolved into the dative of Xetyjn^, but in 

other places the symbol is used instead of parts of the verb 
XeiireLv, namely Xmdv or Xefxlra^ and once even Xiircoat; 
sometimes XeiyjreL in the manuscripts is followed by the 
accusative) which shows that in these cases the sign was 
wrongly resolved. It is therefore a question whether Dio- 
phantus himself ever used the dative XeLyjreL for minus at all. 
The use is certainly foreign to classical Greek. Ptolemy has 
in two places XeTyjray and Xuirovaav respectively followed, 
properly, by the accusative, and in one case he has rS diro 
rrj^ TA Xeicpdy {jtto rod dwb ZT (where the meaning is 
ZT'^’-TA'^). Hence Heron would probably have written a 
participle where the T occurs in the expression quoted above, 
say fiovdSoav o8 X^iyfracrcoj/ T€(r<rapaKaL8€ Karov. On the whole, 
therefore, it is probable that in Diophantus, and wherever else 
it occurred, A is a compendium for the root of the verb XuneLv, 
in fact a A with I placed in the middle (cf. A, an abbreviation 
for rdXavTov). This is the hypothesis which I put forward 
in 1885, and it seems to be confirmed by the fresh evidence 
now available as shown above. 


^ Heron, MetHca, p. 156. 8, 10. 
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Attached to the definition of minus is the statement that 
'a wanting (i.e. a minus) multiplied by a ivanting makes 
forthcoming (i.e. a and a wanting (a minus) multi- 

plied by a forthcoming (a plus) makes a luanting (a minus) \ 
Since Diophantus uses no sign for plus, he has to put all 
the positive terms in an expression together and write all the 
negative terms together after the sign for minus: e.g. for 

o 

+ he necessarily writes a y A e M a. 
The Diophantine notation for fractions as well as for large 
numbers has been fully explained with many illustrations 
in Chapter II above. It is only necessary to add here that, 
when the numerator and denominator consist of composite 
expressions in terms of the unknown and its powers, he puts 
the numerator first followed by h fiopLcp or popiov and the 
denominator. 

Thus A^ ^ M ^^<1>K h popicp A^A a M A A^ ^ 

= (60ic2+2520)/(iC^ + 900-60a;2), [VI. 12 ] 

and A ie A M €i/ popio) A^A a M X 9 A A^ ijS 

= (15rr‘*^-36)/(ir^-f 36-12a;2) [VI. 14] 

For a term in an algebraical expression, i.e. a power of a 
with a certain coefiicient, and the term containing a certair 
number of units, Diophantus uses the word €t5oy, 'species’ 
which primarily means the particular power of the variabh 
without the coefiicient. At the end of the definitions he gives 
directions for simplifying equations until each side containi 
positive terms only, by the addition or subtraction of coefR 
cients, and by getting rid of the negative terms (which is doni 
by adding the necessary quantities to both sides) ; the object 
he says, is to reduce the equation until one term only is lef 
on each side ; * but ’, he adds, ‘ I will show you later how, h 
the case also where two terms are left eaual to one tern 
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:ee ^ terms is clearly assumed in several places of the 
nietica, but Diophantus never gives the necessary ex- 
3ion of this case as promised in the preface, 
ore leaving the notation of Diophantus, we may observe 
he form of it limits him to the use of one unknown at 
e. The disadvantage is obvious. For example, where 
n begin with any number of unknown quantities and 
ally eliminate all but one, Diophantus has practically to 
m his eliminations beforehand so as to express every 
ity occurring in the problem in terms of only one 
)wn. When he handles problems which are by nature 
srminate and would lead in our notation to an inde- 
late equation containing two or three unknowns, he has 
ume for one or other of these some particular number 
arily .chosen, the effect being to make the problem 
ninate. However, in doing so, Diophantus is careful 
r that we may for such and such a quantity put any 
er whatever, say such and such a number; there is 
ore (as a rule) no real loss of generality. The particular 
>s by which he contrives to express all his unknowns 
•ms of one unknown are extraordinarily various and 
'. He can, of course, use the same variable y in the 
problem with different significations successively, as 
it is necessary in the course of the problem to solve 
sidiary problem in order to enable him to make the 
dents of the different terms of expressions in x such 
11 answer his purpose and enable the original problem 
solved. There are, however, two cases, II. 28, 29, where 
e proper working-out of the problem two unknowns are 
atively necessary. We should of course use x and y\ 
lantus calls the first y as usual; the second, for want 
berm, he agrees to call in the first instance ' one unit \ 
Then later, having completed the part of the solution 
3 ary to find x, he substitutes its value and uses y over 
for what he had originally called 1. That is, he has to 


It should be premised that Diophantus will have 
solutions no numbers whatever except 'rational’ m 
he admits fractional solutions as well as integral, 
excludes not only surds and imaginary quantities I 
negative quantities. Of a negative quantity per se, i. 
out some greater positive quantity to subtract it f; 
had apparently no conception. Such equations then 
to imaginary or negative roots he regards as useless 
purpose ; the solution is in these cases dSvvaro^i im] 
So we find him (V. 2) describing the equation 4 = 
aroTToy, absurd, because it would give a; = — 4. He d( 
true, make occasional use of a quadratic which wor 
a root which is positive but a surd, but only for the 
of obtaining limits to the root which are integers or xix 
fractions ; he never uses or tries to express the actual 
such an equation. When therefore he arrives in th( 
of solution at an equation which would give an. ' irr 
result, he retraces his steps, finds out how his equal 
arisen, and how he may, by altering the previous 
substitute for it another which ^hall give a rationa’ 
This gives rise in general to a subsidiary problem the 
of which ensures a rational result for the problem itsel 
It is difficult to give a complete account of Diop! 
methods without setting out the whole book, so grea 
variety of devices and artifices employed in the ( 
problems. There are, however, a few general method 
do admit of differentiation and description, and these 
ceed to set out under subjects. 

I. Diophantus’s treatment of equations. 

(A) Determinate equations. 

Diophantus solved without difficulty determinate e( 
of the first and second degrees; of a cubic we find ( 
example in the Arithmetica, and that is a very special 

(1) Pure determinate equations, 

Diophantus gives a general rule for this case withou 
to degree. We have to take like from like on both sid 
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ion and neuti-alize negative terms by adding to both 
then take like from like again, until we have one term 
xjual to one term. After these' operations have been 
rmed, the equation (after dividing out, if both sides 
in a power of x, by the lesser power) reduces to Ax'^ = J5, 
s considered solved. Diophantus regards this as giving 
oot only, excluding any negative value as 'impossible', 
quation of the kind is admitted which does not give 
bional ' value, integral or fractional. The value a; = 0 is 
ed in the case where the degree of the equation is reduced 
viding out by any power of x. 

tixed quadratic equations. 

Dphantus never gives the explanation of the method of 
on which he promises in the preface. That he had 
inite method like that used in the Geometry of Heron 
►ved by clear verbal explanations in different propositions. 
5 requires the equation to be in the form of two positive 
5 being equal to one positive term, the possible forms for 
lantus are 

I onx^ ’{•px = qy (h) mx^ = px + g, (c) mx"^ + 2 = 

es not appear that Diophantus divided by m in order to 
i the first term a square ; rather he multiplied by m for 
)urpose. It is clear that he stated the roots in the above 
in a form equivalent to 

^ V'(Jp'* + TOg') , + 

a) 5 (0) 3 

. / V / ^ 

\ ) 

explanations which sliow this are to be found in VI. 6, 
\ 3d and 31, and in V. 10 and VI. 22 respectively. For 
pie in V. 10 he has the equation 170;'^ + 17 < 72Xy and he 
'Multiply half the coefficient of x into itself and we have 

. X J3 X XT- X XU^ 


464 DIOPHANTUS OF ALEXANDRIA 

equation 2x^>6x-i-lS B>nd says, 'To solve this, take the square 
of half the coefficient of x, i.e. 9, and the product of the unit- 
term and the coefficient of i.e. 36. Adding, we have 46, 
the square root of which is not less than 7. Add half the 
coefficient of x [and divide by the coefficient of ; whence sc 
is not less than 5.’ In these cases it will be observed that 3 1 
and 7 are not accurate limits, but are the nearest integral 
limits which will serve his purpose. 

Diophantus always uses the positive sign with the radical 
and there has been much discussion as to whether he knew 
that a quadratic equation has two roots. The evidence of the 
text is inconclusive because his only object, in every case, is tc 
get one solution; in some cases the other root would be 
negative, and would therefore naturally be ignored as 'absurd 
or 'impossible’. In yet other cases where the second root h 
possible it can be shown to be’ useless from Diophantus’s poini 
of view. For my part, I find it difficult or impossible tc 
believe that Diophantus was unaware of the existence of twc 
real roots in such cases. It is so obvious from the geometrica 
form of solution based on Eucl. II. 5, 6 and that contained ii 
Eucl. VI. 27-9 ; the construction of VI. 28, too, correspond! 
in fact to the negative sign before the radical in the case of th< 
particular equation there solved, while a quite obvious anc 
slight variation of the construction would give the solutioi 
corresponding to the 'positive sign. 

The following particular cases of quadratics occurring ii 
the Arith'metica may be quoted, with the results stated bj 
Diophantus. 


= 4a:— 4; therefore a: = 2. 

(IV. 22 

325a;‘‘‘ = 3a:+ 18; a; = or 

(IV. 31 

+ 7 X = 7 1 X = 

(VI. 6 

S4x^—7x = 7; a; = §. 

(VI. 7 

630x^-73x = G; a; = 3 ®^. 

(VI. 9 

630a;^ + 73a: = 6 ; a: is rational. 

(VI. 8 
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le first and third of the last three cases the limits are not 
'ate, but are integral limits which are a fortiori safe, 
e second f f should have been f and it would have been 
correct to say that, if x is not greater than and not 
ihan fij the given conditions are a fortiori satisfied, 
r comparison with Diophantus’s solutions of quadratic 
bions we may refer to a few of his solutions of 

imultaneous equations involving quadratics, 

I. 27, 28, and 30 we have the following pairs of equations. 
; + 77 = 2 a] (/3) ^-f 7 ; = 2 (x| (y) ^-77 = 2 a| 

ise the Greek letters for the numbers required to be found 
5tinct from the one unknown which Diophantiis uses, and 
h I shall call x, 

(a), he says, let ^ — 77 = (^ > 77 ). 

follows, by addition and subtraction, that ^ = a + a?, 

a;; 

fore ^77 = {a + x) (a — x) == a^ — x^ = B, 

c is found from the pure quadratic equation. 

(^) similarly he assumes ^ — 77 = 2 a;, and the resulting 

3 ion is = {a + x)"^ ’^{a — x)^ = 2 {a^ + a;^) = B, 

(y) he puts ^ + 77 = 2a; and solves as in the case of (a). 

^uhic equation. 

ily one very particular case occurs. In VI. 17 the problem 
to the equation 

a;- + 2a; + 3 = a;'^ + 3a; — 3a;- — 1. 
hantus says simply ‘ whence x is found to be 4 In fact 


Diophantus says nothing of indeterminate equation 
first degree. The reason is perhaps that it is a princi] 
him to admit rational fractional as well as integral s( 
whereas the whole point of indeterminate equations 
first degree is to obtain a solution in integral n 
Without this limitation (foreign to Diophantus) sue 
tions have no significance. 

(a) Indeterminate equations of the second deg'i 

The form in which these equations occur is invarial 
one or two (but never more) functions of x of tl 
Ax^ + + (7 or simpler forms are to be made rationa 

numbers by finding a suitable value for x. That is, 
to solve, in the most general case, one or two equation 
form Ax^ + J5l« + 0 = 

(1) Single equation. 

The solutions take different forms according to the ps 
values of the coefficients. Special cases arise when 
more of them vanish or they satisfy certain conditions 

1. When A or C or both vanish, the equation can 
be solved rationally. 

Form Bx.= y'. 

Form Bx-^G = y’^. 

Diophantus puts for any determinate square m^, 
immediately found. 

Form Ax^ + See = y’^, 

Diophantus puts for y any multiple of x, as — x, 

n 

2. The equation Ax^ -\-G = y'^ can be rationally solved 
ing to Diophantus : 

(a) when A is positive and a square, say a ^ ; 
in this case we put a^x^ + 0= (ax ± m)^, whence 

G—m^ 

^ = ± o 

2ma 

(m and the sign being so chosen as to give x a positive 
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when G is positive and a square, say ; 
s case Diophantus puts + = (mx±cf, and obtains 


X 


2mc 
A — m‘^ * 


When one solution is known, any number of other 
ons can be found. This is stated in the Lemma to 
). It would be true not only of the cases 4; Ax^ + (7 = 7 /^, 
: the general case Ax^-\-Bx + G = Diophantus, how- 

enly states it of the case Ax^ — C = y^. 

\ method of finding other (greater) values of x satisfy- 
le equation when one (Xq) is known is as follows. If 
-G ^ he substitutes in the original equation {x^ + x) 
and {q’-kx) for y, where h is some integer, 
m, since A — (7 = {q’—kx)^, while Ax^^-^C ^ (f, 

ows by subtraction that 

2x{AxQ + kq) = a;2(F— A), 

36 X = 2[AxQ-{-kq) /(/c^ — A), 

, „ . , 2{AxQ‘\-kq) 

le new value oi a; is iCnH . 

^ — A 

m Ax^ — c^ = y^. 

phantus says (VI. 14) that a rational solution of this 
3 only possible when A is the sum of two squares, 
fact, li X = jp/q satisfies the equation, and Ax^--c^ = /c^, 

ve A]y^ = 4 q^, 

m Ax^ + G = y^. 

phantus proves 'in the Lemma to VI. 12 that this equa- 
as an infinite number of solutions when A 4 f7 is a square, 
the particular case where cr = 1 is a solution. (He does 
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substituting in the original equation 1+x for x and (q — ka 
for y, where Jc is some integer. 

3. Form Ax^ + Bx-hG == y"^. 

This can be reduced to the form in which the second term i 

B 

wanting by replacing xhy z-- — ^ . 

2 JL 

Diophantus, however, treats this case separately and leg 
fully. According to him, a rational solution of the equatio: 
Ax^ + Bx-{‘C = y^ is only possible 

(a) when A is positive and a square, say ; 

O) when C is positive and a square, say ; 

(y) when — AC is positive and a square. 

In case (a) y is put equal to (an? — m), and in case (/?) y is pu 
equal to (moj—c). 

Case (y) is not expressly enunciated, but occurs, as i 
were, accidentally (IV. 31). The equation to be solved i 
3 a? + 1 8 — = 2 /^. Diophantus first assumes 3aj+18 — 

which gives the quadratic 3cc+18 = but this *is ho 
rational’. Therefore the assumption of 4a?^ for will not dc 
‘ and we must find a square [to replace 4] such that 1 8 time 
(this squared- 1) + (f)^ may be a square’. 'The auxiliary 
equation is therefore 18(m2+ 1) + f or 72m2+81=i 
square, and Diophantus assumes 72 + 8 1 = (8 m + 9)^, whenc 

m = 18. Then, assuming 3 014 - 18 — = (18)^a;^, he obtains th 
equation 325aj^— 3a?— 18 = 0, whence x = that is, 

(2) Double eqvAition. 

The Greek term is SnrXoLaoTTj^j SluXt] iororrjs or SLTrXij la-coati 
Two different functions of the unknown have to be inad< 
simultaneously squares. The general case is to solve ii 
rational numbers the equations 

ma?2 + acc + a = 

h = w^j 


INDETERMINATE EQUATIONS 


469 


mhle equation of the first degree, 
e equations are 

Dphantus has one general method taking slightly different 
3 according to the nature of the coefficients. 

First method of solution, 
is depends upon the identity 

the difference between the two expressions in x can be 
ated into two factors q, the expressions themselves 
quated to {i(p + q)}^ and {^{i) — q)y respectively. As 
lantus himself says in II. 1 1, we ' equate either the square 
If the difference of the two factors to the lesser of the 
jssions, or the square of half the sum to the greater'. 

5 will consider the general case and investigate to what 
3 ular classes of cases the method is applicable from 
lantus's point of view, remembering that the final quad- 
in X must always reduce to a single equation. 

btracting, we have {(x — ^)x+(a-~b) = — 

Darate ((x—^)x + {a — b) into the factors 

'P, {(a-/3)a3 + (a-6)}/2J. 

I write accordingly 

, ((X—P)x + (a—b) 

u + IV = — 

P 

u + w = p. 

, , , ((oi—^)x + (a—b) 

as u- = aa; + a = -1 

fore ((a— B)x4-a — b4-rP\^ 4:'rP(oiX4-a'\. 
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In order that this equation may reduce to a simple equatioj 
either 

(1) the coefficient of must vanish, or — ^ = 0, 

or (2) the absolute term must vanish, that is, 

— + + (a — 6)^ = 0, 

or (a + 6)}^ = 4(265 

so that ah must be a square number. 

As regards condition (1) we observe that it is really sufficiei 
if m-, since, if a 03 + a- is a square, (a o? + ct) is equal 

a square, and, if ^x + b is a square, so is {^x + b)m^, ai 
vice versa. 

That is, (1) we can vsolve any pair of equations of the forn 

ocm^x-^a = 

OCn^X + h=::W^ 

Multiply by respectively, and we have to solv^e tl 

equations 

(xm^7i^x-\-an^ = 

(xm^n^x-{- bm^ = , 

Separate the difference, an^—brn?^ into two factors ^3, q ai 
put u'±^' = p, 

vfTw' qi 

therefore = i (i> + = 

and (X m^n^x + an^ = i( 4- q)\ 

ocm^n^x + brn} = ^ip — q)^] 
and from either of these equations we get 
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Ex. from Diophantiis : 

65 — 60 ) = ' 

65-240? = j ’ 

therefore 260 — 24o; = u""- 1 

65-240; ‘ 


(IV. 32 


The difference = 195 = 15.13, say ; 


therefore ^(15 — 13)^ = 65 — 24o;; that is, 24o;=64, ando; = f 


Taking now the condition (2) that ah is a square, we set 
that the equations can be solved in the cases where eithei 
a and h are both squares, or the ratio of a to & is the ratio o; 
a square to a square. If the equations are 

OiX + 




and factors are taken of the difference between the expressiorii 
as they stand, then, since one factor p, as we saw, satisfies th( 

equation { + cZ^) }^ = 4 

we must have p == c±d. 

Ex. from Diophantus : 


100?+ 9 = 

50? + 4 z=zw^ 


(III. 15 


The difference is 5o;+ 5 = 5 ( 0 ?+ 1) ; the solution is given bj 
(f 02 + 3)^ = 10o;+ 9, and 0 ; = 28. 

Another method is to multiply the equations by squareis 
such that, when the expressions are subtracted, the absolute 
term vanishes. The case can be worked out generally, thus. 

Multiply by and respectively, and we have to solve 

ad^x + c^d^ = ) 

I3c^x + c^d^ = w^\ 




— nnne*. n 


472 DIOPHANTUS OF ALEXANDRIA 
or, since pq — OLd?-^c^, 

+ — ^ 0 . 

In order that i>his may reduce to a simple equat 
Diophantus requires, the absolute term must vanish, s 
q = 2cd. The method therefore only gives one solutioi 
q is restricted to the value 2cd, 

Ex. from Diophantus : 

803+4 = 

6o3 + 4 = 

Difference 2x) q necessarily taken to be 2^/4 or 4; 
therefore ^x, 4. Therefore 803 + 4 = J {^x + 4)^, and 03 

(/3) Second method of solution of a double equation 
first degree. 

There is only one case of this in Diophantus, the eqi 
being of the form 

hx-{-n^ 

{h+f^x + n^ =10^ 

Suppose hx + = (2/ +7 i ,)2 j therefore hx = + 2 ny 

and (h+f)x + rh^ = {y + nf+ ^(2/“ + 2u2/). 

It only remains to make the latter expression a 1 
which is done by equating it to (py-^ny. 

The case in Diophantus is the same as that last mei 
(IV. 39). Where I have used 3/, Diophantus as usual co: 
to use his one unknown a second time. 

2. DouUe equations of the second degree. 

The general form is 

Ax^ ^Bx +(7 = 
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( 2 ) 


^x^ + a = w^i 


(The case where the absolute terms are in the ratio of a square 
to a square reduces to this.) 

In all examples of these cases the usual method of solution 
applies. 


( 3 ) 


(Xx^-{-ax = 
13 + hx = 


The usual method does not here serve, and a special artifice 
is required. 

Diophantus assumes 


Then x^ a/ (m^ — cx) and, by substitution in the second 
equation, we have 



which must be made a square, 


or a^/3 + 6a(m^ — a) must be a square. 

We have therefore to solve the equation 
ahm^ + a{a^ -- (xh) = 

which can or cannot be solved by Diophantus’s methods 
according to the nature of the coefficients. Thus it can be 
solved if {afi — (xb)/a is a square, or if cit/6 is a square. 
Examples in VI. 12, 14. 


(h) Indeterminate equations of a degree higher than the 

second. 

(1) Single equations. 

There are two classes, namely those in which expressions 
in X have to be made squares or cubes respectively. The 
general form is therefore 
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The species of the first class found in the Arithmetii 
as follows. 

1 . Equation Aa? + Bx^ + Cx-\- d} = 

As the absolute term is a square, we can assume 

G 

or we might assume 3/ = + + d and determine rt 

that the coefficients of oj, in the resulting equatior 
vanish. 

Diophantus has only one case, — 3 + 3 a; + 1 =3/^ ("V 

and uses the first method. 

2. Equation Ax"^ Bx^ + Ox^ + Dx + E = 3/^, where eithe: 
E is B, square. 

If A is a square (= a^), we may assume y = ax^^]- — 

a 

determining 71 so that the term in x^ in the resulting 
tion may vanish. If jK is a square (= e^), we may a 

y = mx^ + ^ a; + e, determining m so that the term in 

resulting equation may vanish. We shall then, in eithe 
obtain a simple equation in x. 

3. Equation Ax^ + Cx^ -\-E =■ y'^, but in special cases only 
all the coefficients are squares. 

4. Equation Ax^ + E=zy^. 

The case occurring in Diophantus is x^-\-97 =3/^ (' 
Diophantus tries one assumption, 3/ = ~ 1 0, and find 

this gives — -iiSi which leads to no rational resul 
therefore goes back and alters his assumptions so tl 
is able to replace the refractory equation by cr^4-33' 
and at the same time to find a suitable value for 3/, r 
y = which produces a rational result, x = 

5. Eq nation of sixth deerree in the snecial form 
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lare. Where this does not hold (in IV. 18) Diophantus 
3 back and replaces the equatidli re®— + + 
lother, + = 2/^* 

expressions which have to be made mhes, we have the 
ving eases. 

+ Ro; + (7 = y^- 

ere are only two cases of this. First, in VI. 1| x^—4iX-\- 4 
)0 be made a cube, being already a square. Diophantus 
L'ally makes ir--2 a cube. 

condly, a peculiar case occurs in VI. 1 7, where a cube has 
j found exceeding a square by 2. Diophantus assumes 
L)^ for the cube and + 1)^ for the square. This gives 

3 + 3aj-“ 1 = 2ir + 3, 

' + ir = 4aj2 + 4. We divide out by x^ + \, and o) = 4, It 
s evident that the assumptions were made with knowledge 
intention. That is, Diophantus knew of the solution 27 
26 and deliberately led up to it. It is unlikely that he was 
‘e of the fact, observed by Fermat, that 27 and 25 are the 
integral numbers satisfying the condition. 

.x^ + Bx^ + Cte + Z) = 2/^ where either A or Z) is a cube 
ber, or both are cube numbers. Where A is a cube (a^), 

jB 

ave only to assume j/ = ao; + 8tnd where D is a cube 

O Cb 

G 

y = x-{-d. Where A = and D = d?, we can use 

3 d 

5 r assumption, or put y = ax + d. Apparently Diophantus 
the last assumption only in this case, for in IV. 27 he 
;ts as impossible the equation Sx^ — x^ + Sx—l=^y^, 
use the assumption ^ = 2a;— 1 gives a negative value 
whereas either of the above assumptions gives 
tional value. 

) Double equations. 

ere one expression has to be made a square and another 


2x^ + 2x = y^' 

+ 2x^ + X=:Z^ 

Diophantus assumes y = moj, whence x = 2 / {tti 


/ 2 ' 

/ 2 

2 



II 

<M 

1 


2m^ o 

or -;—r, — r^. = z^. 

We have only, to make 2m^ or 2 m, a cube. 

li. Method of Limits. 

As Diophantus often has to find a series of 
order of magnitude, and as he does not adn 
solutions, it is often necessary for him to rejec 
found in the usual course because it does not 
necessary conditions; he is then obliged, in ma 
find solutions lying within certain limits in p]j 
rejected. For example : 

1. It is required to find a value of x such that soi 
it, x'^, shall lie between two given numbers, say a 

Diophantus multiplies both a and h by 2^^, 3^ 
successively, until some Tith power is seen which 
the two products. Suppose that lies between ( 
then we can put x = c/p, for (c /pY lies between 

Ex. To find a square between IJ and 2. 
multiplies by a square 64; this gives 80 and 1 
which lies 100, Therefore or |~| solves i 

(IV. 31 (2)). 

To find a sixth power between 8 and 16. The s 
of _1, 2, 3, 4 are 1, 64, 729, 4096. Multiply 8 ai 
and we have 512 and 1024, between which 729 
therefore a solution (VI. 21). 

2. Sometimes a value of x has to be found whi 


V'o other functions of x. 

s:. 1. In IV. 25 a value of x is required such that 8 /{x^ + x) 
lie between x and x+ 1 . 

le part of the condition gives 8 >x^ + x^, Diophantus 
:*dingly assumes 8 = + = x^ + x^ + + which is 

4- x^. Thus x + ^ = 2 or x = ^ satisfies one part of 
condition. Incidentally it satisfies the other, namely 
•^ + x) < x+ 1 . This is a piece of luck, and Diophantus 
jisfied with it, saying nothing more. 

:. 2. We have seen how Diophantus concludes that, if 

60) > X > |(it;^-60), 

X is not less than 11 and not greater than 12 (V. 30). 

le problem further requires that x^ — 60 shall be a square, 
ming — 60 = (oj — m)^, we find x = (m^ + 60)/ 2 m. 
ice a; > 11 and <12, says Diophantus, it follows that 

24m > m^ + 60 > 22 m; 

which he concludes that m lies between 19 and 21. 
ng m = 20, he finds a? = 11^. 

III. Method of approximation to Limits. 

re we have a very distinctive method called by Diophantus 
roTT^y or 7 rapLa 6 rr]T 09 aycoy'q. The object is to solve such 
ems as that of finding two or three square numbers the 
of which is a given number, while each of them either 
)ximates to one and the same number, or is subject to 
ii which may be the same or different. 

^o examples will best show the method. 

. 1. Divide 13 into two squares each of which > 6 (V. 9). 

ke half of 13, i.e. 6^, and find what small fraction 1 /x^ 

I to it will give a square ; 

6i -| — -5 or 26 4“ — > 


must be a square. 
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Diophantus assumes 

26+^=(5+i)“= or 2&if+\={5y^lf, 

whence 

2 / = 10, and 1 5 (’14)" 

[The assumption of 5 + i as the side is not haphazard : 6 h 

chosen because it is the most suitable as giving the larges 
rational value for y.] 

We have now, says Diophantus, to divide 13 into tw( 
squares each of which is as nearly as possible equal to (14)^* 
Now 13 = 3^ + 22 [it is necessary that the original numbe: 
shall be capable of being expressed as the sum of two squares] 

and 3 > 44 ^7 

while 2 < 14 by 44. 

But if we took 3— 2+44 sides of two squares 

their sum would be 2(44)^ = which is > 13. 

Accordingly we assume 3 — Occ, 2 + llcc as the sides of th 
required squares (so that x is not exactly but near it). 

Thus (3-9ir)2 + (2 + llx)2 = 13, 

and we find x = 

The sides of the required squares are 444 » fff • 

Ex. 2. Divide 10 into three squares each of which > 
(V. 11). 

[The original number, here 10, must of course be expressibl 
as the sum of three squares.] 

Take one-third of 10, i.e. 34 , and find what small fractio 
1/x^ added to it will make a square; i.e. we have to mak 
1 9 

34 + -“2 a square, i.e. 30+ -g must be a square, or 30 + - 

(Xj 00 1 

= a square, where 3 / a; = I /y. 
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’ore 2 / = 2, and 1 /x^ = and 3;|4--5^^ = -W'j ^ square. 

have now, says Diophantus, to divide 10 into three 
3S with sides as near as may be to 

w ^ 10 = 9 + l = 3‘-^+(|r- + (fy-^. 

nging 3, f, f and to a common denominator, we have 

\} ■§§ } 

3 > II by II, 
l<Mby||, 

4. 5 5 "hTr 3 1 

T < ^'0" oy -g-cr* 

low we took 3 — II, I + 11 , I + 11 as the sides of squares, 
im of the squares would be 3 (V')^ which is >10. 

jordingly we assume as the sides 3 — 35 a?, | + 37cr, f+31aj, 
> X must therefore be not exactly but near it. 

ving (3-35ic)2 + (| + 37a?)2 + (| + 31aj)2 = 10, 

10-116i:c + 3565a?2 = 10, 


id 


/V, _ 116 . 

X _ -g-^-g-g- , 


1285 

-yxt-> 


bhe sides of the required squares are ^3„2_i^ 
luares themselves are 

ler instances of the application of the method will be 
I in V. 10, 12, 13, 14. 


3ms and propositions in the Theory of Numbers. 

ree propositions are quoted as occurring in the Porisma 
have it in the Porisms that and some other pro- 
ons assumed without proof may very likely have come 
the same collection. The three propositions from the 
(ms are to the following effect. 

If a is a given number and x, y numbers such that 
= m‘^, y + a = then, iixy^-a is also a square, m and n 
by unity (Y. 3). 


ut5 LiiKen equal do | m-* + (m + i | or 4 (m" + m 
three numbers have the property that the product of 
'plu^ either the sum of those two or the remaining 
gives a square (V. 5). 

[In fact, if X, F, Z denote the numbers respective!;; 
ZF+X+F= (m2 + m+l)^ ZF+iT = (m^ + m- 

Fil'+F+^= (2m‘-^ + 3m + 3)2, F^+Z = (2m2 + 3 

ZZ + Z + Z = (2m2 + m + 2)2, ZZ+F = (2m2 + ^i 

3. The difference of any two cubes is also the sui 
cubes, i.e. can be transformed into the sum of 
(V. 16). 

[Diophantus merely states this without proving it 
ing how to make the transformation. The subjec 
transformation of sums and differences of cubes was 
gated by Vieta, Bachet and Fermat.] 

IL Of the many other propositions assumed or im 
Diophantus which are not referred to the Porisms 
distinguish two classes. 

1. The first class are of two sorts; some are mor 
of the nature of identical formula^, e.g. the facts 
expressions {\{a^h)Y-~^ah and + 

respectively squares, that a{a^-^a) + a^{a^ — a) is h 
cube, and that 8 times a triangular number ijlua 
a square, i.e, 8 (a?+ 1) + 1 = (2cc+ 1)1 Others ar 

same kind as the first two propositions quoted f 
Porisms, e:g. 

(1) If X=:a^x + 2a, F = (a+ l)^aj+ 2(a4- 1) or, 
words, if a;Z+l = (aaj+l)'^ and a;F+l = {(a+l 
then ZF+ 1 is a square (IV. 20). In fact 

ZF+1 = {a(a + l)aj + (2a+ 1)}^. 

(2) If X + a = Y ±a = (m+ 1)^ and Z = 2(Z 
then YZ±a, ZX±a, ZF±a are all squares (V. 3, 
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‘act = {(m+ 1) (2m+l)+2a}% 

ZX±a = {m(2m+ l) + 2aY^, 

XY±a= { m{m + 1) T 
If 

+ 2, F = (m + 1)*^ + 2, Z —2 [m^ + (m + 1)- + 1 } + 2, 
he six expressions 

YZ-{Y^Z), ZX^{Z-^XY XF-(Z+F), 

FZ-Z, ZZ-F, ZF-Z 

I squares (V. 6). 

[act 

;F+Z) = (2m’•^ + 377^ + 3)‘•^, FZ— Z=(2m^4-3m + 4)^ &c. 

riie second class is much more important, consisting of 
dtions in the Theory of Numbers which we find first 
. or assumed in the Arithmetica. It was in explana- 
)r extension of these that Fermat's most famous notes 
written. How far Diophantus poosessed scientific proofs 
3 theorems which he assumes must remain largely a 
r of speculation. 

Theorems on the com 2 J 08 ition of numbers as the sum 
of two squares. 

Any square number can be resolved into two squares in 
umber of ways (11. 8). 

Any number which is the sum of two squares can be 
ed into two other squares in any number of ways (II. 9). 

is implied throughout that the squares may be fractional 

II as integral.) 

If there are two whole numbers each of which is the 
of two squares, the product of the numbers can be 


triangles rrom (a, b) and (c, d) respectively, b 
phantus means, form the right-angled triangles 

2 ah) and c^ — cT} 

Multiply all the sides in each triangle by the 
the other; we have then two rational right-an 
with the same hypotenuse (a^ -h (c^ -f- d^). 

Two others are furnished by the formula s 
have only to ' form two right-angled triangles ' 
ad --he) and from {ac — bd, ad + bc) respectively, 
fails if certain relations hold between a, b, c, c 
not be such that one number of either pair van 
that ad = be or ac = hd, or such that the nun 
pair are equal to one another, for then the 
illusory. 

In the case taken by Diophantus a^-\-b^ 
_ 32 ^ 2 ^ = 13 ^ and the four right-anglec 

(65, 52, 39), (65, 60, 25), (65, 63, 16) and (1 

On this proposition Fermat has a long and ii 
as to the number of ways in which a prime i 
form 4:71+1 and its powers can be (a) the 
a rational right-angled triangle, (6) the sum o 
He also extends theorem (3) above : ‘ If a prime 
is the sum of two squares be multiplied by 
number which is also the sum of two square 
will be the sum of two squares in two ways ; if 
be multiplied by the square of the second, the | 
the sum of two squares in three ways ; the prod 
and the cube of the second will be the sum c 
in four ways, and so on ad infinitun/i,\ 

Although the hypotenuses selected by Dioplu 
are prime numbers of the form 47i-f 1, it is ur 
was aware that prime numbers of the fori 
numbers arising from the multiplication of sue 
the only classes of numbers which are always t 
squares ; this was first proved by Euler. 

(4) More remarkable is a condition of possibi' 
prefixed to V. 9, ‘To divide 1 into two part? 


square, ine conaition is in two parts, mere is no aoubt as 
to the first, ‘The given number must not be odd' [i.e. no 
number of the form 47^-^3 or 4'^ — ! can be the sum of two 
squares] ; the text of the second part is corrupt, but the words 
actually found in the text make it quite likely that corrections 
made by Hankel and Tanner give the real meaning of the 
original, ‘ nor must the double of the given number 1 be 
measured by any prime number which is less by 1 than a 
multiple of 4’. This is tolerably near the true condition 
stated by Fermat, ‘ The given number must not be odd, and 
the double of it increased by 1, when divided by the greatest 
square which measures it, must not be divisible by a prime 
number of the form 4oi — 1.' 

(/3) On numbers which are the sum of three squares. 

In V. 11 the number 3a +1 has to be divisible into three 
s(pares. Diophantus says that a ‘must not be 2 or any 
multiple of 8 increased by 2 That is, ‘ a number of the 
form J24n + 7 cannot be the sum of three squares \ As a matter 
of fact, the factor 3 in the 24 is irrelevant here, and Diophantus 
might have said that a number of the form 8n + 7 cannot be 
the sum of three squares. The latter condition is true, but 
does not include all the numbers which cannot be the sum of 
three squares. Fermat gives the conditions to which a must be 
subject, proving that 3a + 1 cannot be of the form 4^^ (24A;+ 7) 
or 4’^(8/c+ 7), where /c = 0 or any integer. 

'(y) Gomjyosition of numbers as the sum of four squares. 

There are three problems, IV. 29, 30 and V. 14, in which it 
is required to divide a number into four stjuares. . Diophantus 
states no necessary condition in this case, as he does when 
it is a question of dividing a number into three or two squares. 
Now every number is either a square or the sum of two, three 
or four squares (a theorem enunciated by Fermat and proved 
by Lagrange who followed up results obtained by Euler), and 
this shows that any number can be divided into four squares 
(admitting fractional as well as integral squares), since any 
square number can be divided into two other squares, integral 
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or fractional. It is possible, therefore, that Diophantui 
empirically aware of the truth of the theorem of Fermai 
we cannot be sure of this. 


Conspectus of the Arithmetical with typical solut 

There seems to be no means of conveying an idea c 
extent of the problems solved by Diophantus except by g 
a conspectus of the whole of the six Books. Fortunateb 
can be done by the help of modern notation without occu 
too many pages. 

It will be best to classify the propositions according to 
character rather than to give them in Diophantus's orde 
should be premised that z . indicating the first , s 
and third . , . numbers required do not mean that Dioph 
indicates any of them by his unknown (y) ; he gives hi 
known in each case the signification which is most conve 
his object being to express all his required numbers at oi 
terms of the one unknown (where possible), thereby avoidi] 
necessity for eliminations. Where I have occasion to s] 
Diophantus’s unknown, I shall as a rule call it except 
a problem includes a subsidiary problem and it is conv< 
to use different letters for the unknown in the origins 
subsidiary problems respectively, in order to mark clear 
distinction between them. When in the equations expre 
are said to be = . this means simply thai 

are to be made squares. Given numbers will be indicai 
a, b, G m, n and will take the place of the number 
by Diophantus, which are always specific numbers. 

Where the solutions, or particular devices employe 
specially ingenious or interesting, the methods of solutic 
be shortly indicated. The character of the book will I 
appreciated by means of such illustrations. 

[The problems marked with an asterisk are pr( 
spurious.] 
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I. a — x = m{h — x). 

I, 10 . x^-h = m{a — x), 

I. 11 . x + h = m(x — a). 

I. 39. {a + x)b-h {h + x) a = 2 (a + h)x, ' 

or {a + b)x+{b + x)a 2{a + x)b, - (a > h) 
or {a + b)x-^{a^-x)b r=i 2(h-\-x)a, , 

Diophantus states this problem in this form, ‘ Given 
two numbers (a, 6), to find a third number (oj) such that 
the numbers 

+ {b'\‘X)a, {a + b)x 

are in arithmetical progression.’ 

The result is of course different according to the order 
of magnitude of the three expressions. If a>b (5 and 3 
are the numbers in Diophantus), then {a x)b < {b + x)a ; 
there are consequently three alternatives, since {a + x)h 
must be either the least or the middle, and {b + x)a either 
the middle or the greatest of the three products. We may 
have 

(a + x)b < {a-^b)x < {b + x)a, 
or (a -{-b)x < {a -\-x)h < (6 -f x) a, 
or (a + ic)6 < (6 + aj)a < (a + 
and the corresponding equations are as set out above. 

(ii) Determinate systems of equations of the first degree. 

I. 1 . x-\-y = a, x—y = b. 

I. 2. x + y = a, X = my, 

. 1 . 4. x—y = a, X = my. 

I. 3. x + y a, x=:my-{-b. 
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( 1 . 12 . 
I 13. 


Xi f = 2/i 4- 2/2 = a, = my.^ , = nx^ (x^ >x^,y 

X-^ + x,j, = y-^ 4* 2/2 ~ 4 2^2 ~ ^ 

= ^2/2> Vi == '>^2;2, % = 


(^'1 ^ ^ 2 } 2/.1 ^ 2 / 2 ’ 


I. 15. x-ha = m(y — a), y -hh = n(x—b). 

[Diophantus puts y = a, where ^ is his unkno 
1. 16. y + z=za,z-{-x=zh,x + y=:c. [Dioph. puts | =0^4 
- 1 . 17 . y + z-^w=^a,z + ia + x-=:b,w + x + y = e,x + y-^2 
V [x + y + z + w — 

I. 18. 2 / 4 - 0 — a; = a, z-^-x — y = 6, x + y — z = c. 

[Dioph. puts 2 ^ = cc 4 2 / + 2 :.] 

I. 19. y-hz^ + w — x^a, z-^rw + x — y = h, w + x + y — z 


x + y + z — ^ 


[ 2 ^ — x-\-y + z-\-w^ 

I. 20. CC4-2/4 2 ; = a, x + iy = m 2 ;, y-^z ^ nx. 


I. 21. a; = - 1/4 — 2 ;, 9 / = 04 0 = a4 -'?/ (where > 


with necessary condition. 

II. 18*. X— (~x + a?\ 4- (-z + c) = y— (- y + b^ 4- 
\m / \p / \n / 


=^- •'«+2/+ 
[Solution wanting.] 


(iii) Determinate systems of equations reducible to t 
first degree. 

I. 26. ax = 6a: = oc. 

1. 29. x + y = a, x^—y^ = 6. [Dioph. puts 2^ ^ x-y. 
I. 31. X = my, + = 7i(a:4*2/). 

I. 32. X = my, a;^4-y^ = n{x—y). 
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I. 35. X = my, = nx, 

,1. 36. a: = my, y^ = ny. 

I. 3 7. ic = my, 2 /^ = 71 (03 + y)- 
I. 38. X = my, y^ = n{x-^y), 

I. 38. Cor. X = my, x^ = ny. 

„ 03 = 7772/, 

„ X = 7772/, = n{x-{-y), 

„ X = my, X? = n{x^y). 

II. 6*. x — y = a, x^^y^ = x—y + h. 

IV. 36. yz = m{y + z), zx = 77(0 + 03 ), xy = ^((c + y), 

[Solved by means of Lemma : see under (vi) Inde- 
terminate equations of the first degree.] 

(iv) Determinate systems reducible to equations of 
second degree. 

I. 27. 03 + 2 / = xy =zb. 

[Dioph. states the necessary condition, namely that 
— b must be a square, with the words ecrri 8k tovto 
} TrXacTfiaTiKOj/, which no doubt means 'this is of the 
nature of a formula (easily obtained)'. He puts 
03-2/= 2 ^.] 

I. 30. x—y =. a, xy = b, 

[Necessary condition (with the same words) 46 +• = 

a square. 03 + 2 / is put = 2^.] 

I. 28. 03 + 2/ = a, 03^ + 2/^ = 6. 

[N ecessary condition 2 6 — = a square, x—y = 2^.] 

/IV. 1. 03^ + 2 /^ = a, 03 + 2 / = 6. 

[Dioph. puts x-y-2^, whence 03=^6 + A 7 / = | 6 -A 
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IV. 15 . {z + x)y = {x-^y)z c. 

[Dioph. takes the third number z as his unkn 
thus x-hy = c/z. 

Assume x p/z, y = q/z. Then 


S -^P = 


These equations are inconsistent unless 
We have therefore to determine 3 by divic 
two parts such that their difference a— h (c£. 

A very interesting use of the ‘ false 1 
(Diophantus first takes two arbitrary numbe 
such that jp 4- g =r c, and finds that the values i 
to be corrected). 

The final equation being = a, wher 

determined in the way described, z^ =: pq/ 
pq,/ (b — q), and the numbers a, h, c have to b 
either of these expressions gives a square.] 


IV. 34 . yz-^{y-{‘z) = 1, zX’{’{z-{‘X) = 1, 

xy + {x-^ 

[Dioph. states as the necessary condition fo 
solution that each of the three constants to 
three expressions are to be equal must be s 
diminished by 1. The true condition is fi 
notation by transforming the equations yz 4 

ZX A- (z 4 -x\ Q {T'H A- (cr. -X-n{\ = <>/ inf.n 
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whence u; + 1 = j | Uc. ; 

V ( a+1 ) 

and it is only necessary that (a+ 1) (i3+ 1) (y + 1) should 
be a square, not that each of the Expressions a + 1, /? + 1, 
y + 1 should be a square. 

Dioph. finds in a Lemma (see under (vi) below) a solu- 
tion kv dopL(TT(o (indeterminately) of xy + {x-\-y) 
which practically means finding y in terms of £».] 

IV. 35. yz---{y + z) = a^—l, zx—(z^x) = 6-— 1, 

xy--(x + y) = c^-l. 

[The remarks on the last proposition apply mutatis 
mutandis. The lemma in this case is the indeterminate 
solution of irj/ — (oj -H 2/) = 

IV. 37. yz =: a{x-\-y + z), zx ^ b{x+y xy ^c{x + y •\-z). 

[Another interesting case of ‘ false hypothesis b Dioph. 
first gives x + y + z an arbitrary value, then finds that 
the result is not rational, and proceeds to solve the new 
problem of finding a value of x + y-tz to take the place of 
the first value. 

li w =■ x + y+Zj we have x = cw/y, z = aw/y, so that 

etc 

zx = acw^/y^ = bw by hypothesis ; therefore y^ = 

For a rational solution this last expression must be 

etc 

a square. Suppose, therefore, that w and we have 

ac ac . 

x + y-{-z=z-ji^, y = j-l = a? = cf 

Eliminating x, y, z, we obtain ^ = (6c + ca + ab) / ac, 
and 
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(v) Systems of equations apparently indeterminate 
really reduced, by arbitrary assumptions, to dete 
minate equations of the first degree. 

I. 14. icj/ = [Value of y arbitrarily assun 

II. 3*. xy^ m{x-\-y)^ and xy = m{x~-y). 

II, 1*. (ef. I. 31). x^ + y^ = m{x + y). 

\ 

jll. 2*. (ef. 1. 34). x^ — y^ = m{x^y). [ajassumi 

II, 4*. (cf. I. 32). + 2/)* 

11. 5*. (cf. I. 33). x^ — y^ = m(x + y). , 

II. 7* = m{x — y) +a. [Dioph. assumes oj — i 


{ T 1 1 11 11 

I. 22. X cc+-0 = 2/— -2/H x=-z— - 

mp m p n 


[Value of y assumed.] 


\ T 11 11 11 

1. X x-\ — IV = y y x = z z+ - 

m q n"' m P 


= i + 1 2 ;. [Value of y a 
q p ^ 


I- 24. x+ ;^(y + z) = y+ ^(^ + X) = C+ ^^(x + y). 


m ' '' 'lb 

[Value oiy + z assumed.] 


I. 25. x-^ ~(y+.« + 'w^) = 2/ + ^C^ + '^ + ir) 


n 


= s + “ (^(; + cc + 2/) = ^c; + ~ (a 


[Value oly-^-z-^rW assumed.] 
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IV. 33. i«+ ^2/ = m(^2/- i?/), y + 
[Dioph. assumes ^ 2 / = 1 .] 



(vi) Indeterminate equations of the first degree. 

Lemma to IV. 34. xy + (x-\-y) = a.\ re w > > ^ 

^ [Solutions 6 raopnrr^. 

5 , 5 , IV. 35. — + = aX 2 / pi'a.ctically.found 

„ „ IV. 36. xy = m{x + y). ) terms of xJ^ 


(vii) Indeterminate analysis of the second degree. 

'II. 8. ■\-y‘^ ■=^ a^. 

[ 7/2 = must be a square = {mx — af, say.] 

. II. 9. + 7/2 = 0.2 + ^ 2 . [Put 13'; = I + a, y = — h,] 

II. 10 . iZj 2 -. 7/2 = a. 

^ [Put X y + m, choosing m such that < a.] 

I'll. 11 . x-i-a = U'^, ^ X + h = v^, 

-III. 12 . a — xr=: u 2 , h — x = 7 ; 2 . 

ill. 13. x--a = u-^, x — h = 


[Dioph. solves II. 11 and 13, ( 1 ) by means of the 
‘ double equation ' (see p. 469 above), (2) without a double 
e(iuation by putting x = ^ 2 ^^ and equating {i^±(t) + h 
to (^--m)2. In II. 12 he puts x = — 

II. 14 = III. 21 . x + y = a, x-^-z^ = 7 ^ 2 , y + z^ = v^. 


[Diophantus takes 2 ? as 

= (^ + m)2 = (0+71)2 


equation, to be * 


the unknown, and puts 
Therefore x = 2 mz + 
y = 2710 + 7 i 2 , and z is found, by substitution in the first 

. jji order that the solution 

2 (m + 7 i) 

may be rational, on, n must satisfy a certain condition. 
Dioph. takes them such that < a, but it is suffi- 
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II. 16. a; = viy, a^ + x = u\ ar-\-y- 
II. 19. ai^—y^ rii[y^ — z^y 
dl. 20. x^Jry = yi^x = v^. 

[Assume y = 2'mx + 'm?‘, and one condition is satisfied.] 
j II. 21. a? ~y = ' 0 ?, y^ — x-= v^. 

I ^ [Assume a: = ^ + m, y = 2m| + m^, and one condition 
\ is satisfied.] 

II. 22. x'^+{x+y) = ‘u?^ 2/^4- (a; + 2/) = v^. 

[Put x + y — 2TOa: + m®] 

.II. 23. ^‘‘' — {x + y) = y‘^ — (x + y) = v^. 

'II. 24. (x + yy- + x = u\ {x + yf + y=^v\ 

[Assume a: = (m^ - 1 ) f , 2 / = - 1 ) f , a: + 2 / = f] 

II. 25. {x + yY—x = (x + yY — y = v^. 

|II. 26. a^ + a; = v?, xy-\-y = ifi, u + v = a. 

J [Put 2 / = m^a;-!.] 

(ll. 27. xy — x = u^, xy—y = -a+u = a. 
jll. 28. x^y"^ + x- =■ u^, x^y^ + y^ = v\ 

III. 29. x'^y^—x^ = x'^y^—y^ = v\ 

II. 30. xy+(x+y) = xy—(x + y) = v^. 

[Since 'ni? + + 2 m/n is a square, assume 

xy = and x+y = 

put X = 'p^, y = where pq^m^ + x)?-, then 

II. 31. xy+{x + y) = xy-{x + y) = v^, x+y — uP. 

[Suppose w* z= 2 . 2m, m, which is a square, and use 
formula {^mY + 'm?+2 .2m - Vilj =: n. .Qnna r>£k 1 
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' 11 . 34 . x^ + {xJry + z) = v?, '!f + {x + y + z) = v\ 

z^ + {x-\-y^z) = 

[Since {^(m— -ji) ]^ + mn is a square, take any number 
separable into two factors (m, n) in three ways. This 
gives three values, say, t for Put 

^ 2 / = 2 ! = r|, and x + y + z — ; therefore 

(|; + 5 ‘ + r)^ = and ^ is found.] 

II. 35. x'^-‘{x + y-\-z) = y^^[x + y-\-z) = 

z^ — {x-\-y’{-z) = 

[Use the formula {i(m + — m/z, = a square and 
proceed similarly.] 

III. 1* {x-\-y + z) — x^ =r {x-\-y-\-z)-y^=^v^, 

, (ir + 2/ + ^)-“5* = 

HI. 2* (^^ + 2/ + ^)^ + ^ = (rr + 2/ + 2^)'^ + 2/ = 

(oj + 2/ + 2;)^ + 2? = 

^ III. 3 *. (jr + 2/ + ^)^— (aj4'2/ + ^)^~“2/ = 

(05 + 2/+ 

HI. 4*. cc— (o; + 2/ + 2;)^ = y — {x + y’\’zy^=. v^, 

z — (x + y-hzy^ = 

III. 5. o; + 2/ + 2; = y + z — x = 2; + a; — 2/ = 

05 + 2/ — 0 = 

[The first solution of this problem assumes 

= 05 + 2/ + 2; = (^ + 1)^ = 1, 

whence 05, yy z are found in terms of and z^x—y 
is then made a square. 

The alternative solution, however, is much more ele- 
gant, and can be generalized thus. 

We have to find 05, 2/, ^ so that 

— 05 + 2 / + 2 ? = a square! 

05— 2 / + 3 = a square 
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Therij since the sum of the first three express 
itself equal to a? + y + 2 , we have 

X = i{b^+c^), y = ^{c^ + a^), z = + 

III. 6. CC.+ 2/ + 2 ; = y + z = z + x z= v\ x-\-y 'i 

III. 7. x—y = y — z, y-\-z=^u-, z-\-x = v^^ x + y = ^ 
IIL 8. x + y + z + a:=t^^ y -\-z + a = u^, z + x-i-a=:^v 

x + y + ( 

IIL 9. aj + 2 / + ^ 2 ; — a = y + z — a = 'ii\ z + x — a = t 

x-\-y — \ 

III. 10 . 2/s + a = zX’\-a:=^ v^, xy + a=^ w^, 

[Suppose 2/0 + a = and let y = (m‘-^ — a) z 
also let 2 ;a; + a = n^\ therefore x = — a)|. 

We have therefore to make 

{m^ — a) {n^ — a) + a a square. 

Diopliantus takes =25, a = 12, = 1 

arrives at 52 ^-+ 12 , which is to be made a 
Although 52.1 ‘*^+12 is a square, and it followa tl 
number of other solutions giving a square are ] 
by substituting 1 + 77 for ^ in the expression, an( 
Diopliantus says that the equation could easily be 
if 52 was a square, and proceeds to solve the pro' 
finding two squares such that each increased by 
give a square, in which case their product also 
a square. In other words, we have to find 
such that — — a are both squares, which 

says, is easy. We have to find two pairs of ; 
differing by a. If 

a = 'pq = 'p'q\ {i{p-<l)Y^ + a = {^ip + q) 
and { \{p' - q') + a = {i {/ + c/) } " ; 

let, then, = {^ip + q)]'^, = {^(p' + ?')}''■] 


III. 15 . yz-^{y^z) = zx+{z + x) = xy-\-{x + y) = 

[Lemma. If a, a + 1 be two consecutive numbers, 
(a + 1)‘^ + + (a + 1)^ is a square. Let 

y = s = (m+ 1)^ 

Therefore {m‘^ + 2m + 2)ic+ (m + 
and (m^ + 1) ic + 

have to be made squares. This is solved as a double- 
equation; in Diophantus’s problem m = 2. 

Second solution. Let x be the first number, m the 
second; then (m4- l)a3 4-m is a square = say; there- 
fore X = — m) / (771 + 1 ), while y = m. We have then 


and 


(m+l)0 + m = a square 


/7X^+1\ 7^^ — m 

\m+ 1 / m+ 1 


= a square 


Diophantus has m = 3 , 7^ = 5 , so that the expressions 
to be made squares are with him 

40 + 3 ^ 

6^^+5iJ 

This is not possible because, of the corresponding coeffi- 
cients, neither pair are in the ratio of squares. In order to 
substitute, for , 4 , coefficients which are in the ratio 
of a square to a square he then finds two numbers, sajr, 
q to replace 5 ^, 3 such that +^> + 5 = a square, and 
(/j + l)/(g + l) = a square. He assumes ^ and 4 ^ + 3 , 
which satisfies the second condition, and then solves for 
which must satisfy 


= a square = (2 1 ~ 3 )-^, say, 
which gives £ = 4 ^ + 3 =-- 4 f. 

He then solves, for 0, the third number, the double- 
equation 

51 0 ^ 41. = squarej 
TO ^ + T% = square) 
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after multiplying by 25 and 100 respective! 
expressions 

130a;+105’ 

130cT+ 30] 

In the above equations we should only ha\ 
11 ^ + 1 a square, and then multiply the first by 
the second by (m + 1)^. 

Diophantus, with his notation, was hardly in 
to solve, as we should, by writing 

= 16 *'^+ 1 , 

(x+ 1) ( 3 /+ 1) = 1, 

which gives a; + 1 = >/ { (6^-^ + 1) (c- + 1) / (a^ + ' 


III. 16. yz--‘{y + z) = zx — {z’\‘X) = xy — {x 

[The method is the same mviatis mutan 
second of the above solutions.] 

III. 17. xy + (x-{-y) = xy + x = xy + y = 
JII. 18. xy — {x + y) = xy — x = v\ xy — y = 

III. 19. {x^ + x.j^^x.^^x^f±x^ = - 

/ > 

ix^ + X2 + X^ + X^y±X^=: 

f 


{Xj^ + X2 + X.^ + X^) + X^ 




[Diophantus finds, in the way we have se€ 
four different rational right-angled triangles 
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Put therefore + = 65 

and a?! = 2 . 39 . 52 = 2 . 25 . 60f , ajg = 2 . 33 . 56^^ 

= 2 . 16 . 63 ^ 2 . 

this gives 12768^ = 65^, and i = 

IV. 4. + y ^ V?, x + y = n, 

JV. 5. 05^ + 2/ = u, a; + 2/ = 'W'^‘ 

IV. 13. oj 4- 1 = 2/ + 1 a; + 2/ + ^ = 'y'^ y — x+\ = 

[Put aj = (m^ + 1)^— 1 = 4* 2.m^ ; the second and 

third conditions require us to find two squares with x as 
difference. The difference 2m^ is separated into 

the factors m^^ + 277^, the square of half the differ- 
ence = + Put this equal to y+l, so 

that 2/ = — + + 1, and the 

first three conditions are satisfied. The fourth gives 
1. — 0 ^2 ^ 1 j ^2 ^ ^^^3 — 3 m) ^ 4 = a square, which 
we can equate to 

IV. 14. aj^ 4 2/‘^ + = ix"^ — 2/^) + {y^ ““ {x>y> z) 

IV. 16. a:42/ + ^ = ^^ x^-\-y = u^, y^ + z=: v^, + 

[Put 4m I for y, and by means of the factors 2m^, 2 
we can satisfy the second condition by making x equal 
to half the difference, or m^— 1. The third condition 
is satisfied by subtracting (4m^)^ from some square, say 
(4m£4l)^; therefore 0 = 8771^4 1. By the first con- 
dition 13 must be a square. Let it be 169?;'^; the 
numbers are therefore 1, 52 77^ 104?7^4l, and 

the last condition gives 1081677^4 221 = a square, 

i.e. 1081677^4 221 = a square = (10477 4l)^ say. This 
gives the value of 77, and solves the problem.] 

IV. 17. a;42/ + 2?=ii^ — y^-~z=-v^y — 

IV. 19. 2/^41 = 0a; 4 1 = v^j xy-hl = ^v^. 
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Similarly we satisfy the second condition by as 
zx = therefore x = n^^ + 2n. To sat 

third condition, we must have 

+ 2mn . m -f + imn) + 1 a squar 

We must therefore have a square a 

mn (m + n) = mn V (4 run + 1 ) . The first cond 

satisfied by n = which incidentally satis 

second condition also. We put therefore yz=(m^ 
and 0a;={(m+ l)^ + 1 1, and assume that 2? = ^ 

2/ = m^^+2m, a; = (m+ l)2| + 2(m+ 1), and v 
shown that the third condition is also satisfied. 
have a solution in terms of the undetermined unk 
The above is only slightly generalized from Diopl 

IV. 20. X2X^-hl = XqX^ + 1 = x^X2 + 1 = 

1 =:u\ aj2^4+ 1 ^3^4+ 1 = 

[This proposition depends on the last, x-^, x^^ i 
determined as in that proposition. If x^ correspo 
in that proposition, we satisfy the condition x.^x^- 
by putting x^^x^^^ {(m+ 2)^ + 1}^— 1, and so fii 
terms of after which we have only two conditic 
to satisfy. The condition 1 = square ; 

matically satisfied, since 

{(m+ l)2^ + 2(m+ 1)} {(m + 2)2^ + 2(m + 2)] 

is a square, and it only remains to satisfy x^x^+l- 
That is, 

(m^£+2m) {(m + 2)^^4-2(m + 2)} + 1 

= m^(m+ 2)2|2^2m(m + 2)(2m4-2)^4- 4m('n 

has to be made a square, which is easy, since the c< 
of is a square. 

With Diophantus m = 1, so that x^ = ^i+ 4 , X 
^3 = ^4 = 9^ + 6, and 9^2 4*24^+13 has to 

a square. He equates this to (3^ — 4)2, irivinsr A : 


[Since + a? + i is a square, 

{x^ + x) + (y^ + y) + (z^ + z) + + 1 

is the sum of four squares, and we only have to separate 
a + 1 into four squares.] 

JV. 30. x^ ^y"^ -{-z^ + id^ — {x-{-y + z-\-io) = a. 

IV. 31. aj + 2/ =1) (x + a) (y + 6) = v?. 

IV. 32. a; + y + 2 ; = a, a; 2 / + 2 ^ = xy — z — 

IV. 39. x—y = m(y — z), y + z = z + x = v^, x + y = iv-^, 

IV. 40. x- — y^ = m{y—z), y-^-z = v?, z-\-x = x-\‘y = 

’ V. 1. xz = 2/^ a;~a = y — a = 0 — a = 

, V. 2. xz = y^, x + a^vJ^, 2/ + (X = v^ 2; + C6=^^;“. 

V. 3. x + a = 2/ + ^ — ^ + ^ 

yz + a^u^, ZX + a = v'^, xy + a lu^, 

V. 4. x—a = y — ct = 6*^ z — a = 

, yz — a = u^ zx — a =^v^, xy—a = 

[Solved by means of the Porisms that, if a be the 
given number, the numbers m^ — a, — ^ satisfj^ 

the conditions of V. 3, and the numbers + 
(m + 1)^ + a the conditions of V. 4 (see p. 479 above). The 
third number is taken to be 2 {m^Ta+ (m+ l)^ + a} ~ 1, 
and the three numbers automatically satisfy two more 
conditions (see p. 480 above). It only remains to make 

2 {m^Ta + {m+ l)^ + a} — 1 +a a square, 
or 4m^ + 4m + 3a + 1 = a square, 

which is easily solved. 

With Diophantus ^ + 3 takes the place of m in V. 3 
and ^ takes its place in V. 4, while a is 6 in V. 3 and 6 
in V. 4.] 

V. 5. y'^z^ + x^ T^, z‘^x^ ’{■y^. s^j 

y-^ 4 - 2 /^ + 2 ;^ = z^ x^ + z^ + x^=^ x? y^ 4 - x^ 4 - y ^ = 

[Solved by means of the Porism numbered 2 on p. 480. 
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V. 6. .f — 2 = 2/“ 2 t= s — 2 = 


yz-y — z = — ^ — a; = 0)y^x^y = 'l^;^ 

yz — x^ u'2, 202 — 2/ = xy — z^ 

[Solved by means of the proposition numbered (3) on 
p. 481,] 

Lemma I to V. 7, xy-\'X^-\-y^ = u‘^. 

V. 7, .t2 + (a; + ?/ + 2j) = 







V. 


[Solved by means of the subsidiary problem (Lemma 2) 
of finding tlu'ec rational right-angled triangles with 
equal area. If m, n satisfy the condition in Lemma 1, 
i.e.if + the triangles are ‘formed' from 

the pairs of numbers m), (j), 91), (p, m + u) respec- 
tively, Diophantus assumes this, but it is easy to prove. 
In his case m = 3, n = 6, so that p 7. Now, in 
a right-angled triangle, (hypotenuse)^ ± times area 

is a square. We equate, therefore, .c + y-fe to four 
times the common area multiplied by and the several 
numbers x, y, to the three liypotcnuses multiplied by 
and equate the two values. In Diopliantus’s case the 
triangles arc (40, 42, 68), (24, 70, 74) and (16, 112, 113), 
and 246^ = 3360^^.] 

( 

yz±{x + y-¥z) - \ ,.y zx±{x + yJrz) =. 

[u ^ 

(ci/±{x-\-y + z) = 

Ity 



[Solved by means of the same three rational right- 
angled triangles found in the Lemma to V. 7, together 
with the Lemma that we can solve the equations yz—a^, 
zx = xy = c^,] 

|V. 9. (Cf. II. 11). x + y=]^ a; + a = u'^, y^^a^v'^. 

IV. 11. ft;-f-2/ + s = I, :/;+a = y + a = :: + a =: 'lo^. 

[These are the problems of Trapi 0*67 ?;ro9 dycoy^ 
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rlcscribed above (pp. 477-9). The problem is *to divide 
unity into two (or three) pai'tB such that, if one and the 
sjiinc given number be added to each part, the results are 
all squares 


10. «; + ?/=: 1, (c + a — i = v\ 

12. a; 4-2/ + 3 = 1 , a: + « = y^b z-\-c 


[Thcfto problems arc like the preceding exce.pt that 
different given numbers are added. The second of tlio 
two problems is not worked out, but the first is worth 
reproducing. Wo must take the particular figurc.s ubocI 
by Dioplmntus, namely a = 2, 6 = (5. We liave then to 
divide 9 into two squares such that one of them lies 
between 2 and 3. Take two squares lying between 2 
and 3, say |||, Wo have then to lind a square 

lying between them ; if we can do this, we can make 
9 — a square, and so solve the pvoblcun 

Put 9 — ^-^ — (3 — m^)^ say, so that ^ l); 

and VI has to bo detorinii\ed ho that g lies between 
li and 


Tlierefore 


1_7 1_9 

1 2 ^ 7)1^ + i 1 2 


Diophantus, as wo have scon, finds a /o)'^t07'i integral 
limits for m by solving these inequalities, making m not 
greater than and not less than f | (see pp. 403-6 above). 
Ho thou bikes m = 3^ and puts — (3 — 

wliich gives ^ — si*] 

1 3. a; + y q-3 =r a, x^y — 

14. + = a, + = a^ == i\ 

3? + 70 + a* =: u^, 10 + a; + 2 / = 

[Tho method is tho same.] 

H. + = u^y == v\ = w\ 

J2. — 1/^ = v^t = w\ 

28, — = v\ = w^, 

[Solved by means of right-angled triangles in rational 
numbor.s.] 

!?•? K k 
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'V. 24. 1 = 1 - v^y cX^2/^+ I = ^6^^ 

- V. 26» y'^z^— 1 = z^x^— I = rc“?/“ — 1 = 

^V. 2G. I — u^y I — 1 

[These reduce to the preceding set of three prohloiins.] 

V. 27, y^'^ + ft = 2^ + iu‘^ 4* rt = 4- y^ 4- a = -zy'. 

V. 28. y'^-{’Z^ — a r=i — a o;''^ 4- 2/“^ — a = 

V. 30. ?nai -h ny = 4* a = (a 4- 2/)^ 

[This probicni is enunciated thus. ‘ A man buys a 
ccrtiiin number of incasures of wine, some at 8 draclinms, 
some at 5 draclnr^as each. He pays for them a square 
number of drachmas; and if 60 is added to this number, 
the result is a square, the side of which is equal to the 
wliolc number of measures. Find the niunbor bought at 
each price.’ 

Let ^ = the whole number of measures j tliercforc 
^- — 60 was the number of draclinias paid, and ^'^—60 
= a square, say m)'**; hence ^ = (m^“fC0)/2m. 

Now ^ of the price of the five-drachma measures 4* J- 
of that of the eight-drachma measures = tlioroforo 
^^ — 60, tlie total price, has to be divided into two parts 
such that I of one + J of the other = 

We cannot have a real solution of this unless 

i > sf^'^-CO) and < i(f “60); 
therefore 6^ < — 60 < 8^. 

Diophantus concludes, as we have seen (p. 464 above), 
that ^ is not les.s than 1 1 and not greater tlmn 12. 

Therefore, from above, since ^ = (m^4-G0)/2m, 

22m < 4-60 < 24m; 

and Diophantus concludes that vi is not less than 19 and 
not greater than 21. He therefore puts oa = 20. 
Therefore ^ = (m’^4' 60)/2m = 11^, = 132J', and 

= 72J. 

We have now to divide 72^ into two parts such that 
I of one part 4- g of the other = 1 
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Let the first part 5 z \ therefore | (second part) 
= or second part = 92“8xr. 

Theretorc 62 r*f 92 — Sz 72^, unci z ^ ^ ^ 

thoreforo the number of fivC’draohmft measures is || and 
tl)e number of eight-drachma measures ®~|.] 

imma2toVI. 12. da:^ + i (where a -fi = g^).\ (seep* 457 
nnina to VI. 1 5. atc^ — 6=u^ (where atP — b^ c^).j above.) 

v*^ 

n. 16]. (cy + x + y=:u^ x+l=-^{y+l). 

II. IC], xy-ix + y) = 16 * ID- 1 - ~ (y- 1). 

/. 32]. a: + 1 = ^ (a:- 1). 

f. 21], 1 = 2/^+1 = + 1 = 


(viii) Indctorniinato analysis of the third dogroc. 
/. 3. (chj = xy = 

L 6. ~ = 'y®. 

L 7.0)® + y^ = $^ + = v\ 


L 8. o) + 2/^ 5= o; + 7/s=u. 


^ 9. ry + y® =: u, 0) + ?/ — 

L 10. a)®+2/® = a^+2/» 

/. 11. = .r-y.| 

\ the saino problem 

L 12. o;® + y = + 


(really recluoiblo 
to the second 
dogreo.) 


[Wo may give as examples the solutions of IV, 7^ 
IV, 8,1V. 11. 

IV. 7. Since ;e^ + ?/^=:a cube, suppose = 

To make a® + 2/^ a square, put a;® = a^ + i^ y^^2ab, 
which also satisfies a;®— Wo have then to make 
2 ah a square. Let a = £, h=2 1 ; thoreforo + 6^ = 6 
2 ah — 4 2 / — 2^, « — wo have only to make 

a cube. ^ = 6, and a;® = 126, f = 100, 25 . 
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IV. 8, Suppose = ; therefore it =(?/i + 1)^ 

must be fclie aide of the cube and 

To solve tliia, we must have -h 3m + 1 {the difference 
between consecutive cubes) a square. Put 

3m^+3m+l = (1— am)^ and 7 n = (3 H- 2ri)/(n^ — 3). 

IV. 11. Assume x = (m+1)^, y ~ m^, and we have 
to make (3m^+ 3m^ + 1)^'^ equal to 1, i.e. wo have 
only to make 3m^+ 3m+ 1 a square.] 

IV. 18. x^’\‘y =5 + ^ 

IV. 24. oj + i/ = a» xy = 

[j/=:a— a; therefore ax—x^ has to bo made a cube 
mi/nm its side, say (mx— 1)^— (mx— 1). 

Therefore ax -x^ := 4* 2mx. 

To reduce tliis to a simple equation, wc liave only to 
put m = ^ct.] 

IV. 25. x + y + z:=^a, xyz— \ {x-y)’\‘{x-z)'\^{y-z)YK 

ix >v> r) 

[The cube = B(x—zy. Lot x:= (w+ l)^» -a? ~ so 
that 2/ = 8^/ + m)> and we have only to contrive that 

8 /(m^ + m) lies between m and m + 1 . Dioph, takes tho 
first limit 8 > and puts 

8 — (7>i + |)^ or + + + 

whence m = | ; therefore oj = f y = 1^* ^ 
multiplying by 16, we have x = 40^, y ^ 27 z ^ 26|f. 
The first equation then gives 

jlV, 26. xy-^x = icy+y = 

I IV. 27. ojy—oj = xy—y = 

IV. 28. ^CJ/+(^^; + y) = ^J — (^+y) = 

[x + y ^ xy — + ; therefore 

(x-y)^ — 

which latter expression lias to !>e made a square. 
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Diophantus assumes ■m, = | + 1,v=^— 1, whence 

must bo a sc|uave, or 

12|+ Isa 8quavo = (3g*-6^+ If.say ; 

therefore 32 1''' = 3C^^ and ^ = |. Thus u, v are found, 
and tlion x, y. 

The second (alternative) solution uses the formula that 
+ = «• cube. Put x = i, y = i^-i, 

and one condition is satisfied. We then only liave to 
make oi‘ a cube (less than 

i.o. (U)". say.] 

^ 38. {x-vy + z)x = (a: + y + c)2/ = v^, 

(tt; + 2/+2)2 = 10®, [x+y-^z — l^]. 

[Suppose a + z = I* ; then 

'16{U+1) i>* 

2^> y-ji’ ^-i 2 > 

therefore = -J u (a + I ) + v* + tv^. 

Diojiliantus puts 8 for w^, but- wo may take any cube, as 
TO®; and he assumes u® = I)*, for which wo might 

substitute Wo then have the triangular 

number ^u(u + 1) = 2Ti“p-u^-m®, Since 8 times a 
triangular number plus 1 gives a square, 

16t),®^®-89i‘‘-8w® + 1 = a square = (4n^-fc)*, say, 

and tlio problem is solved.] 

16, (x + y + z)^ + ce = u’*, (a;-hy + zy + y= v\ 

(x+y+z)^+z =^io\ 

[Let ai + 2/ + 3 = ^, u» = v‘‘ - w'f, 

therofovc {(m®— l) + ('a''— 1) + (2J''— 

and wo have to find three cubes to‘, w®, _p® sucli that 
TO* + n® + 20® - 3 = a square. Diophantus assumes as 
the sides of the cubes (&+I), (2-fc). 2; this gives 
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14 = a square = say ; and k is found. 

Retracing our step.s, we find ^ and therefore x, y, zl] 

V. 16. {x+y^rzY — x — 14®, (« + 2/ + «)'*— 2/ = v\ 

(x + y + z^—z = to^. 

V. 17. x—(x + y-j-zY = W, ?/ — (a + 2/ + 

- z-(x + y + zY=w\ 

V, 18 , + y + ^ = (x + yi-zY + x = n^, (x + y + zY+y=v^, 

(x + y + zy'+z = w®. 

[Put x + y + z = ^’‘, a! = (p®-l)^®, 2/ = 

: = (r®— 1 )^“, wljcneo p = (p®— 1 + 7 *— 1 +®** — 1 )^°> so 
that 2 ’^— 1 + 7 ^” 1 +®’*~ 1 must be made a fourth 
{lower. Diopliantus as.sumc 3 ji® = (m® — I )*» 7 ® = (m + 1 )®, 
r® = ( 7 a— I)®, since m^ — 2m® + m®+ 2m + 7a®— 27ti=7ji,*.3 

V. 19. a) + 2/ + 2 = t®, (x + y+zY-a = tt®, 

(x + y + zf-y = v^, (x + y + zY-z = 

V. 19a. ft!+7/ + a = t®, 05 — (x + 2/4-«)® = w®, 

2/— (<8 + 2/ + ^)® = 2 — (<8 + 2/ + = 'W'*" 

V. 19. b,c. x + y + z = a, ((8 + 2/ + 2)®±* = 

(ft; +3/ + 2)® ±7/ s= a®, (a: + 2/ + 2)® + 2 = ty®. 

V. 20. fl) + 2/ + 2 = ^* »— (o5 + y + 2 )® = u®, 

2 /— {<8 + y+2)® = »®, 2 — (a: + 2/+2)® = w*. 
[IV. 8]. x—y = 1, K®— 21® = '«’*• 

[IV. 9, 10]. ai’ + i/ = ^(x + }/). 

[IV. 11]. x0~y^ = ~(x-y). 

[V. 15]. + + 

[V. 16]. = 

[V. 17 ]. + + + 3 ^ u^. 
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(ix) Indeterniinale analysis of the fourth degree, 

\ 29, + 2/^ + 3'* = 

[* Why \ says Ecnnat, * did not Diophanius seek i%vo 
fourtli powers sucli that tlieir sum is a s(|uaro. Tliis 
problem is, in fact, irnpossiblo, as by iny method I am 
able to prove witli all vigour/ No doubt Dioplmiitus 
knew this truth empirically. Let z= =i 

=: (f, Tliercl'oro + p' + <2^ = a square = — r)^ say ; 
therefore (?**)/ 2 r, and wc have to make 

this expression a square. 

Diophantus puts r = 2^“^ ‘h 4, ~ 4, so that the expres- 
sion reduces to 82)‘Y(22/+ 8) or ^p'* j {p? ’V To make 

this a s([iiaro, let + 4 j=: -h 1)^ say ; thcrcrorc jo = H i 
and 2^^^— 2:^, 7^ = 4, r=:G|-; or (multiplying by 4) 
p^ = 9, 5- = IG, r = 2C, which solves the problem,] 

^ 18], 

(See above under V, 1 8.) 

(x) Problems of constnieting riglit-anglod triangles with 
sides in rational numbers and satisfying various 
other conditions, 

[I shall in all cases call the liypotenuso Zy and the 
other two sides rr, y, so that the condition x^^y^'=^z^ 
applies in all cases, in addition to ilio other conditions 
specified,] 

Lemma to V. 7], xy = = X2y2* 

/I, 1. z — x = 

[Form a right-angled triangle from m, so that 
2? = + X = 2m^, y = tlius z-y ^ 

and, as this must bo a oubo, *wo put m = 2 ; tliovoforo 
0^0; = 4^ + 4 must bo a cube, or ^ — 2=a cube, 

say a'*, and ^ = 71“ + 2.J 

71. 2. z-^-y == o'. 



508 


DIOPHANTUS OF ALEXANDRIA 


VI. 3. = u-. 

[Suppose the* required triangle to be ; there- 
fore = a Hc^uai’o = the ratio of a 

to — must be the ratio of a square to a square* 
To find iiy pi b so as to satisfj^ this eoiidition, form 

a right-angled triangh', from m, ‘-j 


i.e. 


('m2+ 2. 

V mv 

2 2 (if ^ 

therefore Ipb = ■; • Assume n' — im + — - ) ; 

therefore - i/;6 = 4 a + ^ M and A a -h — ^ / a , 

V vr /f 

or 4a^+ aj^ 4a + 1)^ made a square* Put 


4a^?a^ + a(4a^4- 1) = (2a')a + /i;)^ and we have a solution. 
Diophantus has a = 6, leading to lOOm^H- 606 = a square 
(I07n+ 6}^, say, which gives m = and a=; -Vo^. 
hi Pi b are thus determined in sueh a way tlmt 
gives a rational solution.] 


VI. 4. ^ocy^a = 

VI. 6. a — — u'^. 


- VI. 6. ^icp^x = a. 

[Assume the triangle to bo so tfiat 

+ — ct'f and for a rational solution of this equa- 
tion we must have + a square. Diopliantus 

assumes = 1 , b — vh whence J avi + ^ or 2ar;i + 1 
= a square. 

But, since the triangle is rational, = a square. 

Tliat is, wc have a double equation. Difference 
=: w'^ — = m{m^2a). Put 

2am+ 1 = (■|(m— i 7 i — 2(t)}^ = a'^ and m == (a^— 1) /2a. 
Tlio aides of the auxiliary triangle are thus determined 
in such a way that the original equation in ^ is solved 
rationally.] 

^ VI. 7. = a. 
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8, ^x>/ + (x + 7j) = a. 

+ =«. 

[With the same assumptions wo Ijave in tiieae cases 
to make [5 0> + i<)}* + a(Jp6) a square, Diophantua 
assumes as before I, on for tlie values of p. b, and obtains 
the double equation 


^(ni + l)-+yton sqiwre[ 
■)?),'* + 1 = square,! 
gj. '>^*'‘^ + (2£t + 2)m+ 1 = square) 


solving in tiie usual way,] 


m~ + 1 = squai-e 




10 . ^xy + x-i-z = a. 

1 1 . ixu~(a^ + z) = «, 

[In these cases tlie auxiliary right-angled triangle has 
to bo found such that 

= a square, 

Diopliantus assumes it formed from I, w + l ; thus 
^ ih+p)^ = i {m* -f 2 to -(- 2 -j-m* -f 2 »}.}••* = (m* + 2m + ] )-. 
find a ^j 6) = a (m + 1) (m* + 2 w), 

rherefore 


+ (a + 4)m» + (3a -H Ojm® + {2a + 4)in -)• l 


= a square 


ind m is found.] 


= { 1 -h(«-f2)»)i— say; 


na 1 to yi. 12. (K = at*, (c—oj = v^, ixy+oj = ae*. 

2. ^(>!y + x = at*, ixy+y = a;*. 

3, lay-® = at* ^xy—oj — vK 

[These problems and the two following arc interesting, 
lut their solqtions run to some length ; therefore only 
mo case can here bo given. Wo will take VI. 12 with 
ts Lemma j. 
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T.emna 1. If a rational ri^hLanglGcl triariglo be formed 
from m, 71 , the perpendicular Hides me 27a/t, 771 ^ — 7 i“« 
We will suppose the greater of the two to be 2mn. 
The first two relations are satisfied by making m^2n. 
Form, therefore, a triangle from 2^. The third con- 
dition then gives 6 ^"* + 3^^ = a square or 
square. One solution is ^ = 1 (and there are an Infinite 
number of others to be found by means of it). If ^ = 1, 
tlio triangle is formed from 1, 2. 

VI, 12* Suppose tlic triangle to bo 2?^). Then 

square say, and ^=2)/(k^^^pb). 

This value must bo such as to make a square 

also. By substitution of the value of ^ we get 

HO that ^ square; or, if ^7, 

the greater perpendicular, is made a square number, 
blc^ ’\'^pb{ 2 ^‘-b) has to be made a square. This by 
Lemma 2 (see p* '167 above) can bo made a s(i\mvo if 
+ 6) is a square. JIow to solve these 2^roblems, 

says Diophanttis, 78 shown in the Lemmas. It is not 
clear how they were applied, but, in fact, liis solution 
is such as to make ^7, p^b^ and 6 + all squares, 
namely i = 3, ^ = 4, A = 6. 

Accordingly, putting for the original triangle 3^, 4^, 5^, 
wo have 

0 ^ 2 ^ 4 ^ — square 
3^ = a square 

Assuming + 4^ = we have ^ = 4/(m^- 6 ), and 
the second condition gives 

96 12 

+ + rfTe = ■* 

or 1 27)^^ + 24 =: a square. 

This can be solved, since m =: 1 satisfies it (Lemma 2 ). 

A solution is w? = 26, whence ^ 

I VI. 14. 

I VI. 16. ^aj7/ + a' = 7;^ 
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[The auxiliary right-angled triangle in this Ciisc must 
bo such that 

m^hp^^ph . 2>(h — p) is a square. 

If, says Diopliantua (VI. 14), we foriri a triangle from 
the numbers , A’g and suppose that p^2 X^X^, and if 
we then divide out by {X^^X^^, which is equal to 
we must find a square /v^[= — such that 

Ic^hp— ^pb , is a square. 

The problem, says Diophaniu«,can bo solved if 

»u-o 'sitnilnr piano numbers ’ (numbers such as «&. ah). 

This is stated without proof, but it can easily bo verified 
that, if ~ A', A'j, the' expression is a square. Dioph. 
takes 4, I as the numbers, so that k^ =s 4. The equation 
for in. becomes 

8 . 1 7T?r® — 4 . 1 C . 8 . 0 = a scjuarc, 

t 

or 136 — 4 3 2 0 = a siiuaro. 

The solution = 36 (derived from the fact that 
=: m^/(A’|- A^ 2 )^, or 4 = m^/3^) 
satisfies the condition that 

m^hp’-^pb ;)) is a square.] 

16 , i + t) = <c, i/r] =s y/z. 

[To find a rational right-angled triangle such tlint the 
number representing the (portion intercepted within 
the triangle of the) bisector of an acute angle is. rational. 



Let the bisector bo 6^, tlio segment BD of the base 3^ 
so that the perpendicular is 4^. 

Lot OB = 391. Then AC:AB = CD-. DB, 
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so that 4(u — I). Therefore (Eucl. I. 47) 

16(u2-«-2/i,£ + f) = 16f + 0n^ 
so that ^ 771-/32 n = [Dioph. has 7i = I,] 

" VI. 17, ixy^z = u^ a; + 7/ + 0 =:: y^. 

[Let ^ be the area and let z ^ — Since 

= ^ it suppose a; = 2, 2^ = Therefore 2 + fc^ must 
be a cube. A« wo }mvo soon (p. 475), DiopJmnius 
takes (w— 1)^ for the cube and (w-f l)^ for A;^, giving 
m®-3m® + 3m— l=m^ + 2m + 3, whence m = 4. Thoro- 
lorc k = 6, and we assume ^ z ^ 25—^, with 
X — 2, y ^ i as before. Then we have to make 
(26 - ^)* = 4 + and ^ = %V-.] 

. VI. 18. \x\j-irz a; + 2/ + 0 = 

" VI, 1 9. \xy ^ X — u’\ a + 2^ + 5; = 

[Here a right-angled triangle is formed from one odd 
number, say 2^ + 1, according to tho Pythagorean for- 
mula m^-h {^(7)1^— 1)}^ = whore m is an 

odd number. The sides are therefore 2£+l, 2 ^^ + 2^, 
2^^ 4- 2^ + 1. Since the perimeter = a cube, 

4^H6^ + 2 = = acubo. 

^ Or, if we divide tlic sides by ^-1-1, 4^ + 2 has to bo 
made a cube. 

Again = = a square, 

wliiclj reduces to 2^-h 1 = a square. 

But 4^ -i- 2 is a cube. Wo therefore put 8 for the cube, 
and ^ = U.] 

^ VI. 20. ^cri/ -HOJ = u^, a)-h2/ + 2f — v\ 

VI. 21. a; + 2y-f« = u^ i^z) ^ v^, 

[Form a right-angled triangle from 1, i.o. (2f, L 

-I- I ), Then 2^-* 4- 2 ^ must be a square, and P + 2 -h f 
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cube. Put + so that ^ = 2/(m^ — 2), 

lul wo, have to nuike 

8 8,2 2 ni« 

(m* — 2)"' ^ 2)- m‘‘‘ — 2*. (ui'* — 

Fake 2vi ii cube = ?t*, eo that 2m* = and 

g 

I = ^71'^; ihoroiorc i =: -jj — and ^ must be made 
reater than 1, in order that — 1 may he positive. 
Therefore 8 < 91 ^ < 16; 

liis is satisfied by or = Y', at = fg*] 


I x-\-y^z ^ ^xy’^{X’\-y^z) = v^, 


[(1) First seek a rational right-angled triangle such 
luifc its perimeter and its area are given numbers, 
fiy p, nu 


iOl the perpendiculars bo 


2m therefore the hypo- 


amiso = 2 ^— — 2ia^, ami (Each I. 47) 

& 


+ (p^+im)-^ - 4 vip^ = !«+ '* 


r 


4. VI s=r 4??ip£’f 



hat is, (p^-^ivi)^ = 4mp^^’h2}x 

(2) In order that this may liavo u rational solution, 

I 5 + <1 7?t) } 8p^m must be a square, 

, 0 . 4 — 6 -I- ip"^ = a square, 

r + ^^’qP^ = a S(juare' 

llso, by the second condition, m+jf^ = a square 

To solve this, we must take for p some number which 
3 both a square and a cube (in order that it may be 
lossiblo, by multiplying the second equation by some 
quare, to make tlie constant term equal to tlic constant 
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term in the first). Diophantus takes 64, making 
the equations 

GH4m+ 1048676 = a s([Uarc 
m + 64 = a square 

Multiplying tlio second by 16384, and subtracting the two 
oxpreBsions, we have as the difforonco 22628))i. 

Diophantus observes that, if wc take m, 22628 as 
the factors, we oljtain m = 7680, an impossible value for 
tlio area of a right-angled triangle of perimeter = 04. 

Wo therefore take as factors 11m, yV^^“' 2048, and, 
equating the square of half the difference {=:Yym+ 1024) 
to 16384m 1048676, WC have m = 

(3) Returning to the original problem, wo have to 
substitute this value for m in 

unci wc obtain 

788‘l8f‘'-8432| + 226 = 0, 

tlie solution of wliieh is intional, namely ^ {or 
Diophantus naturally takes the first value, though tlie 
second gives the same triangle.] 

VI. 23. 2* = u.® + w, f x = v^ + v. 

VI. 24. z = ti? + u, X = tr^—v, y = v/, 

[VI, 6, 7]. {^xy + ^mxy = -it®. 

[VI. 8, 3]. ii(x + y)]^ + ^mxy -v.\ 

[VI. 10 . 11 ]. {^(z + x)y- + i'mxjf = 

[VI. 12.] y + {x-y) . ^xy = u\ x = v-. (x > y.) 

[VI. 14, 16]. u“^zx—^x"y.x(z~K) = v^. {u^ < or > ^xij.) 

The treatise on Polygonal Numbers. 

The subject of Polygonal Numbers on whicli Diophantus 
also wrote is, as wo have seen, an old one, going back to the 
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igorcans, wljilo Pliilippus of Opus unci Spousippus carried 
e tradition. Hypsiclcs (about 170 B.o.) is twice men- 

I by Dioplmntus as the author of a * definition* of 
iygonal number whieli, although it does not in terms 
on any polygonal number beyond the pentagonal, 
nts to saying that tlic 7itli a-gon (1 counting as tlic 
is 

{2 + (7i--I)(a^2)}. 

II of Smyrna, Nicoinachus and lamblichus all devote 
space to polygonal numbers. Nicoinachus in particular 
various rules for transforming triangles into squares, 

es into pentagons, Ac. 

wo put two consecutive triangles together, wo got a square, 
fact 

pentagon is obtained from a sc^uaro by adding to it 
inglo llio side of which is 1 less than that of the square; 
irly a hexagon from a pentagon by adding a triangle 
idc of which is I less than that of tlic pentagon, and so on. 
fact 

- [2 + (ri- 1) (a-2)} -f l)a 

= + 1 ) {(«+ 

icomachus sets out the first triangles, squares, pentagons, 
gons and lioptagona in a diagram thus : 

ianglcs 13 G 10 16 21 28 36 ^16 65, 

uaros 14 (J IG 26 3G 40 (54 81 100, 

ntagons I 6 12 22 36 Cl 70 02 117 146, 

jxagons 1 G 16 28 46 GB 01 120 163 lOO, 

iptagOiiH I 7 18 34 65 81 1 12 148 189 235, 

Dbserves that : 

eh polygon ia equal to llio polygon iminodiatcly above it 
0 diagram pl'us the triangle with 1 Ices In its side, i.c. the 
glo in the pioccding column. 
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4. The vortical columns are in arithmetical progression, tho 
common difteronce being tlie triangle in the preceding column. 

Plutarcli, a contemporary of Nicomachiis, mentions another 
method of transforming triangles into sejuares. Every iri- 
angxtlav nurtiher taken eight times aiuL then' increased by 1 
gives a square. 

In fact) 8 . a {'a +1)4'! — (2 a 4* 1)^* 

Only a fragment of Diophantua’s treatise On l^olygoml 
N^wnibers survives. Its character is entirely different from 
that of tho Arithmetical The method of proof is strictly 
geometrical, and has the disadvantage, therefore, of being long 
and involved. He begins with some preliminary propositions 
of which two may be mentioned. Prop. 3 proves that, if a bo 
the first and t the last term in an arithmetical progression 
of n terms, and if s is the sum of the terms, 2fl = 7i(f + a). 
Prop. 4 proves that, if 1, l4-i, 1+26,.., 1 +{71— 1)6 an 
A. P., and s tho suiti of the terms, 

28 {2 + (u- 1)65, 

The main result obtained in the fragment as wo liavo it 
is a generalization of the foxMnula 8,571(7^+ 1)+ 1 = (2)i+ 1)^ 
Prop. 6 proves the fact stated in Hypsiclos^s definition and also 
(tlm gonoralization referred to) that 

8P(a — 2) + (a - 4)‘^ = a square, 

whore P is any polygonal number with a angles. 

It is also proved that, if P be the nth a-gonal number 
(I being the first), 

8Z^(a*-^2) + (a-4)2=: {2 + (2n^l)(c6-2))^ 

Diopluintus dcduce.s rules as follows. 

K To find the number frovi its side. 

p ^ + ( 2 a-^l)(a-2)}^^(a^4)^ ^ 

8 (ct — 2) 

2. To find the side from the 'mmxher. 


n 


= 4(- 


-/{8P(a-2) + (a-4)^}-2 


+ 1 


a — 2 
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lie lnsL proposition, which breaks oH'in the middle, is: 

'riven a numbe7\ to find in hoio 'tnany waijs it can he 
}/(jo naL 

'he propoyition begins in a way which suggests tlmt 
iphantus first proved geometrically that, if 

2) + (a — 4)^ == {2+ (271— 1) (ft “2)1 ^ 

n 2P == u [2+ ( 71 “ 1 )(«- 2 )}. 

>rthoini (in lus edition of Dioplmiitus) has suggested a 
toration of the complete proof of this proposition, and 
lave shown (in my edition) how the proof can ho made 
irter, Wertlieim adds an investigation of the main pro- 
in, but no doubt opinions will continue to differ as to 
lotlior Uiopliantua actually solved it. 


h I 
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COMMENTATORS AND BYZANTINES 

\Vk hiivc conic to the last atayc of Greek inatliomatics ; it 
only remains to lucludc in a last cliaptcr references to com- 
mentators of more or less note who contributed notliing 
original bub have prescrvccl, among observ/itions and explana- 
tions obvious or trivial from a mathematical point of view, 
valnablo extracts from works wliich liavc perisliod, or 
historical allusions which » in the absence of original docu- 
are precious in propoi'tiou to their rnrity. Nor must 
it be forgotten that in several eases we probiibly owe to the 
coniinentators the fact that the ♦iimsterpieces of the groat 
inatliematicians have survived, wliolly or partly, in the 
original Greek or at all. Tins may have been the case even 
with tlio works of Archimedes on which Euiocius wrote com- 
mentaries. It was no doubt these coinincntaries which 
aroused in tlio school of Isidorus of Miletus (tlio colleague 
of Antlicmius as architect of Saint Sophia at Constuntinoplo) 
a new interest in the works of Archimedes and caused them 
to be sought out in the various libraries or wherever tlioy liad 
lain hid. This revived interest apparently liad the eficct of 
evoking new versions of the famous works connnontod upon 
in a form more convenient for tlio sLiulejit, witli tlio Doric 
flialect of tlio original eliminated ; this translation of the 
])oric into tlio more familiar dialect was systomatically 
carried out in those \)ooks only which Eutocius commented 
on, and it is those versions which alone survive. Again, 
Eutocius's commentary on Apollonius's Conics is extant for 
the first four Books, and it is probably owing to their having 
been commented on by Eutocius, as well as to their being 
more elementary than tiie rest, that these four Books alone 
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JVC in Greek. Tannery, as we have seen, conjectured 
, in like nnim^er, the Rvst six of the thirteen Books of 
:)lmntua*B ATiUtvieiicu survive because Hypatia wrote 
nientaries on those Books only and did not rcjicli tho 
rs. 

he first writer wlio calls lor notice in tins chapter is one 
was rather inure than a coininontator in so far as lie 
Le a couple of treatises to supplement the Conics of 
Ihmius, I mean Shrenus. Sovenus canio from Antinooia 
Liitinoupolis, a city in Egypt founded by Hadrian (a. d. 
“38). Uis date is uncertain, but lie most probably be- 
ed to tlic fourth century a.d., and came between Pappus 
Tlieon of Alexandria. Ho tells us himself that ho wrote 
onuneutary on the Conics of Apollonius^ Tliis has 
3 hcd and, apart from a certain pi’oposition ^of Sorenus 
philosoplier, from the Lemmas' preserved in certain niunu- 
)ts of Tlioon of Smyrna (to the oflcct that, if a number of 
[lineal angles bo subtended at a point on a diameter of a 
e whicli is not the centre, by c{]ual arcs of that circle, the 
e nearer to tlie centre is always less than tlio angle more 
Dto), wo liavo only the two small treatises hy liim cntitleil 
the Section of a Cylhidor and On the Section of a Coiie. 
JO works came to ho connected, from tho seventh century 
iirds, with tlio Conics of Apollonius, on account of tlic 
ity of the subjects, and this no doubt accounts for tlicir 
ival. They were translated into Latin by Comnmndinus 
56 G ; the first Greek text wa^s brought out by Halley along 
i his Apollonius (Oxford 1710), and \vc now have the 
litive text edited by Heiberg (Tcubncr 1896). 

(a) On the Section of a Cylinder. 

tie occasion and tho object of the tract On the Section of 
flindcv arc slated in the preface. Sorenus obaerves that 
y persons who wore students of gooniotry wore under the 
loous impression tliat tho oblique section of a cylinder 
difrerent from tlie oblique section of a cone known os an 
so, whereas it is of course tlie same curve. Hence ho 
ks it necessary to ostablisli, by a regular geometrical 

' Sci on us, o6. Heihorg, p. 52, 25-6, 
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proof, that the said oblique sections cutting all tho generators 
are equally ellipses whether they are sections of a cylinder or 
of a cone. He begins with ‘ a more general diifinition ‘ of ii 
cylinder to include any oblique circular cylinder. *If in two 
equal and parallel circles which remain fixed the diameters, 
while remaining parallel to one another throughout, arc moved 
round in the planes of the circles about the centres, which 
remain fixed, and if they carry round with them the straight lino 
joining their extremities on the saino side until they bring it 
back again to the same place, let the surface described by tlic 
straight line so carried round be called a cylinclHcal surface! 
The CAjlindcT is tho figure contained by the parallel circles and 
tlic cylindrical surface intercepted by thorn; the parallel 
circles arc tho bases, the axis is tho straight lino drawn 
through thoir centres; the generating straight lino in any 
position is a side, Thlrty-tlirco propositions follow^ Of these 
Prop. G proves the existence in an oblique cylinder of tlio 
parallel circular sections subcontrary to tlic series of which 
the bases arc two, Prop. 9 that tho section by any plane not 
parallel to that of the bases or of one of tlio subcontrary 
sections but cutting all the generators is not a circle; the 
next propositions lead up to the main re.sults, namely those in 
Props. 14 and IG, where the said .section is proved to luivc tho 
property of the ellipse wliich wc write in tho form 

qV^:PV,P'V ^CD^,CP\ 

and in Prop. 17, where the property is put in the Apollonian 
form involving the laius rectum, ^PV , Vli (see figure 
on p, 137 above), wliicli is expressed by saying that the square 
on tlie semi-ordinate is equal to the rectangle applied to tho 
latus rectum PL, having tho abscissa PFas breadth and falling 
short by a rectangle similar to tho rectangle contained by the 
diameter PP' and tho latus rectum PL (which is detonnined 
by the condition PL , PP'=: and is drawn at riglit angles 

to FV), Prop, 18 proves tho corresponding property with 
reference to the conjugate diameter DD* and tho correspond- 
ing latus rectum, and Prop. 19 gives the main property in the 
form QV^:PV .P'V = Q'r^iPV', P'V\ Then comes tho 
proposition that * it is possible to exhibit a cone and a cylinder 
whicli arc alike cut in one and the same ellipse^ {Prop. 20}. 
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icrcnus tlicn solves such problems as those : Givea a coiio 
or cylinder) and an cllipso on it, to find tlie cylinder (cone) 
vliich is cut in the same ellipse as tlic cono (cylinder) 
Props. 21, 22); given a cono (cylinder), to find a cylinder 
cone) and to cut both by one and the same plane so that the 
lections thus made sluill be similar ellipses (Props, 23, 24), 
Props. 27, 28 deal with similar elliptic sections of a scalene 
lylijidor and cone ; there are two pairs of infinite sets of these 
jiinilar to any one given section, the first pair being those 
kvhicli are parallel and subcontiary respectively to tlio given 
section, the other pair subcon tvary to one another but not to 
jithor of the other sets and liaving the conjugate diameter 
jccupying the corresponding place to the transvci'so in tlie 
Dthcr acts, and vice versa. 

In the propositions (29^33) from this point to the end of 
the book Serenus deals with what is really an optical pro- 
blem, It is introduced by a remark al)Out a certain gcoinotor, 
Peitlion by iiatno, wlio wrote a tract on the subject of 
parallels. Peitlion, not being satisfied witli Euclid*s treufc- 
inent of pai’allels, thought to define parallels by means of an 
illustration, observing that parallels arc such lines as arc 
shown on a wall or a roof by the slmdow of a pillar with 
a light behind it, 'fins definition, it appears, was generally 
ridiculed; and Serenus seeks to rehabilitate Peitlion, who 
was liis friend, by sliowing that his statement is after all 
mathematically sound. Ho therefore proves, with regard to 
the cylinder, that, if any number of rays from a pouit outside 
the cylinder arc drawn touching it on both sides, all tlio raya 
pass through the sides of a parallelogram (a section of tlie 
cylinder parallel to tlie axis) — Prop, 2fl— and if they aro 
produced fartlicr to moot any other plane parallel to that 
of the pavalhdogruin the points in whicli they meet the [dano 
will li(i on two parallel lines (Prop, 80); lie adds that tho lines 
will not seem parallel (vUle Euclid’s Optics, Prop. 6). The 
problem about the rays touebing the surface of a cylinder 
suggests tlie similar one about any ninnbor of rays from nii 
external point touching the surface of (icone; these meet tho 
surface in points on a triangular section of tho cone {Prop. 82) 
and, if produced to meet a piano parallel to tliat of tho 
triangle, meet that plane in points forming a similar triangle 
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(Prop. 33). Prop. 31 prcmlin^ theno propOHitions is n par- 
ticuiai- cases of tlic coJisCancy of the animrmonic ratio of a 
pencil of four rays. If two sides AB, AC of a triangle meet 
a transvciml tlirongli J), an external point, in Faml another 
ray AG between AB and AC cuts DCF in a point G such 
CD : DF := then any other traiisver.sal through 

J) meeting AB^ AC, AC in 7v, A, M is also divided hannoni- 
cally, i.e. KD : DM = I\L ; LM. To prove tlic succeeding pro- 
positions, 32 and 33, Seronus U8e.s this proposition and a 
rccipmeal of it combined witli the harinonie pz’oporty of the 
pole and polar with reference to an ellipse. 

(/9) Oil the Section of a Cone. 

Tlio treatise On the Section of a Cone is oven loss important, 
although Seronus claims originality for it. It deals mainly 
with the areas of triangular sections of right or scalene cones 
made by planes passing through the vertex and either througli 
tlie axis or not througli the axis, showing wliori the area of 
a certain triangle of a particular class is a maximum, under 
what conditions two triangles of a class may ho cziiial in area, 
and ao on, and solving in some easy ctiscs the problem of 
finding triangular sections of given area. Tins sort of investi- 
gation occupies Props. 1-57 of tlic work, the.so propositions 
including various lemmas vozpiired for the proofs of the 
substantive tluiorems. Props. 58'G9 constitute a separate 
section of the book dealing with tlic volumes of riglit cones 
in relation to tlicir lieights, their bases and the areas of tlic 
triangular seetions through the axis. 

Tlio essence of the first portion of the book up to Prop. 67 
is beat shown by means of modern notation. Wo will call h 
the height of a right cone, r the radius of the base ; in tlie 
case of an oblique cone, let p be the perpendicular from the 
vertex to tlio plane of the base, d tlic distance of the foot of 
this perpendicular from the centre of the base, v the radius 
of the base. 

Consider first the right cone, and let 2x be tlio base of any 
triangular section through tlie vertex, wliile of course 2r is 
the base of the triangular section tlirough tlic axis. Then, if 
A be the area of the triangular section with base 2a’, 

A^<c V It?). 
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serving that the awn) ol* and -h/i^ is constant, we 

mt yl^, and therefore yl, is a maximum when 

+ /i-, or ^ + P) ; 

since X is not greater tlian r, it Ibtlows tliat, for ii real 
1 of X (other than r), h is less Umii r, or tlie eonc is ohtusc- 
<1. When k is not less than v, the luaxuuum triangle is 
riangle tlirougli t)\e axis and vice versa (Props. 6, B); 
i h = r, the maximum triangle is also nghUanglerl 
). 13 ). 

tlie. triangle with base 2e is C([ual to the triangle through 
Lxia, — /t^), or (?*^ — o^) (c^ — = 0, and, 

c< It — 0 , so that lt<r (Prop. 10). If x lies between r 
^ in this case, (x^ — h^) > 0 or x^ {r^ — x^ + li^) > 

the triangle witli base 2x is greater tlian oitiier of the 
triangles with bases 2r, 2c, or 2h (Prop. 11). 
the case of the scalene cone Serenus coinparea individual 
gular sections belonging to one of tlirce classes witli otiior 
)ns of the same class aa regards their area. The classes 

axial triangles, including all sectiouH ttnough the axis; 

isosceles section.^, i.e. the sections tlio bases of whicli arc 
jndicular to the projection of tlio axis of tlie cone on the 
I of the base ; 

a set of triangular sections tlio bases of which arc (a) the 
eter of the circular base which passes througii the foot of 
erpcndicular from the vortex to the plane of tlicbaso, and 
ic chords of the circular base paratlo! to tlmt diameter. 

ter two preliminary propositions (15, IG) and some 
las, Serenus compares the aroivs of the first class of 
gles through the axis. If, as wo said, is the porpen' 
fir from the vertex to tho plane of the base, (i! the distance 
.0 foot of this perpendicular from tho centre of the base, 
) tho angle wliicli tho base of any axial triangle witli area 
ikes with the base of the axial triangle passing througii 
s perpendicular, 

is area is a minimum when 0 = 0, and increases with 6 
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until when it is a inaxiiimin, the triangle being then 

isosceles (Prop. 24). 

In Prop. 29 Serenus takes up the thircl class of sections with 
bases parallel to (L If the base of such a section is 2x, 

^1 = >/ (r- — 

and, as in tlic case of the right cone, we must have for a real 
maximum value 

0)2 ^ 1 while x<o\ 

so that, for a real value of x other than ?', j) must be less than 
r, and, if p is not less than r, the inaxinuim triangle is that 
which is perpendicular to tlio base of the cone and 1ms 2r for 
its base (Prop. 29). It 2 J<r, the triangle in question is not 
the maximum of the set of triangles (Prop. 30). 

Coming now to the isosceles sections (2), wo may suppose 
2 to be tl>e angle subtended ut the centre of the base hy the 
base of tlie section in the direction away from the projection 
of the vertex. Then 

A = r sin 6V 1 7P+ (ri + r co.s 6 )^] . 

If Aq be the area of the isosceles triangle through the axis, 
wo liavo 

- A- = [p* + cl^) — sin^0 (p^ + rf- 4 cos^^ + 2 dr cos 0) 

re (2)2 q, (22) oos^ 6 — sin'^6 cos- $-2 cZ?'^cos 6 sin® 6, 

If A =: Aq, wc must have for triangles on the side of the 
centre of the base of tlic cone towards the vortex of tlic cone 
(since cos B is negative for such triangles) 

2)‘^ + A^<r2 and a fortiori + (Prop. 35), 

If + Aq is always greater than A, so that A^ is the 

maximum isosceles triangle of the set (Props, 31, 32). 

If A is the area of any one of the isosceles triangles with 
bases on Urn side of the centre of the base of t)»c cone away 
from the projection of the vertex, cos 6 is positive and A^ is 
proved to be neither the minimum nor the maximum triangle 
of this set of triangles (Props. 3G, 40'-4). 

In Prop. 46 Seronus returns to the sob of triangular sections 
through the axis, proving that the feet of the perpendiculars 
from the vertex of the cone on their bases all lie on a circle 
the diameter of which is the straight line joining the centre of 
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le base of the cono to the projection of the vertex on its 

lane ; tlie areas of the axial triangles are tlierefore propor- 

onal to the generators of tho cono with the said circle as 

fiae and the same vertex as the original cone. Prop. 60 is to 

10 effect that, if the axis of the cone is equal to the radius of 

le base, the Ic^ast axial triangle is a mean proportional ' 

etween the greatest axial triangle and the isosceles triangular ' 

ietion perpendicular to tlie base ; that is, witli the above nota- 

on, if r = tlien r ^(p^-\-cV ^) : rp = rp : p (r^ — 

^hich is indeed obvious. 

Prop. 67 is interesting bceauso of the lemmas leading to it. 
b proves that the greater axial ti'ianglc in a scalono cone has 
lio greater perimeter, and conversely. Tl\is is proved by 
leans of tho lemma (Proji. 64), applied to the variable aides 
f axial triangles, that if -p + c'^ and a>6^c>d, 
lien a + d < 6 -f- a (a, d arc the sides othor than tho base of uno ;j 

xial triiinglo, and r tliose of tho otlicr axial triangle com- 
ared with it; and if ABC, ADBho two axial triangles and ; 

) tho centre of tho base, JJA‘^ AC'^^DA^-\'Ali^ because each 
f these sums is c(jiial to 2/10^+ 2B0\ Prop. 1 7). This proposi- 
ion again depends on tho lemma (Props. 62, 6 3) that, if 
traight lines be 'inflccteil' From tlio onda of tho base of 
, RCgniont of a circle to tho curve (i. c. if we join tho ends ] 

X the base to auy point on the curve) tUo line (i.e, tho sum of '5 

he eliords) is greatest when tho point taken is the iniddlo i 

)oint of tlio arc, and diminishes as tlie point is taken farther ( 

Mil farther from tliat point. 

Lot B bo tho middle point of the 
.rc of tlic segment ABOy /), PJ any 
ithcr points on the curvo towards 
7; I say that 

AB^ BO > A I )G > yl A’+ AY/. 

With B as centre and BA as radius 
lescribo a circle, and produce ABy 
\Dy AK to moct this circle in Vy Cr, 
r/. Join FGy GGy HG. 

Since = 7?a = BFy we have AF^AB-}- BO. Also the 
ingles BFGy JiGF are ccpial, and each of thorn is half of 
,ho angle ABC, 
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Again /.AGO lAFC ^ iZAOC; 

therefore tlio angles DOC, DCG are equal and DG = Of?; 
tlierolbrc A ff = A /) 4* DC, 

Similarly KH = /iO and All = AJC-{-EC, 

Rut, by Eiicl. in. 7 or 15, ylO > A7/, and so on ; 
therefore AB + BC>AD + 1)C>AK^ EO, and so cm. 

In the particular case where the segment ABO is a semi- 
circle = Af?^ = AD^-yDC^, &c., and the result of 

Prop. 57 follows. 

Props. 68-69 are propositions of this sort: In equal right 
cones the triangular sections through tlui axis are reciprocally 
proportional to their bases and conversely (Props. 68, 60); 
riglit cones of equal height have to one another the ratio 
duplicate of that of their axial triangles (Prop. 62); right 
cones which are reciprocally proportional to their bases liave 
axial triangles which arc to one another reciprocally in the 
triplicate ratio of their bases and conversely (Pi'ops. 66, 07); 
and so on. 

Theon of Alexandria lived towards the end of the fourth 
century a.d. Suidas places him in tlic roign of Theodosius I 
(379-96) ; lie tells us himself that ho observed a solar eclipse 
at Alexandria in the year 366, and his notes on the chrono- 
logical tables of Ptolemy extend down to 372. 

Cqmmentary on the Syaiuxis* 

We liavc already seen him as the author of a connnoTitnvy 
oil Ptolemy's Byntaxis in clevon Books. Tliis comincntary is 
not calculated to give u.s a very high opinion of Theon's 
mathematical calibre, hut it is valuable for several historical 
notices that it gives, and we are iodebted to it for a useful 
account of the Greek method of operating with eoxugosimal 
fractions, which is illustrated by examples of multiplication, 
division, and the extraction of the square root of a non -square 
number by way of approximation. Those illustrations of 
numerical calculation have already been given above (voh i| 


THEON OV ALEXANDRIA 


527 


>8-03). Of tlic luHtorical notices wo may mention the 
wing. (1) Tl\con mentions the timtise of Mcuekus Oa 
ds ilia ('irde, i.c. ]\Ienelau&'BTable of Cliords, which came 
eon the siniilar Tables of Hipparchus and Ptolemy, (2) A 
ation from Diophantiis furnishes iiieidenlally a lower* limit 
he flato of the Arithmetica, (3) It ts in the eommeutavy 
loleiuy that Tlieon tells us that tJic second part of KucHd 
33 relating to sector & in equal circles was inserted by hlm- 
In his eilition of the Pjlcinents, a notice which is of capital 
irtanco in that it enables tlio Thconinc manuscripts of 
id to bo distinguished from tho antc-1'heonino, and is 
iforc tlie key to the question how far the genuine text 
luclid was altered in Theon's edition. (4) As wc have 
(pp. 207 sq.), Theon, h, propos of an allusion of Ptolemy 
m tlieory of isoperimctric figures, has preserved for us 
ral propositions from the treatise by ZenocloruB on that 
ict. 

1'hcon's editioii of Euclid’s Jilements, 

e arc able to judge of tho character of Thcon’s edition of 
id by a comparison bobweon tho Thconinc manuscripts 
the famous Vatican MS. 190. which contains an earlier 
on than 'riieon’s, togctlior with certain fraginonts of 
mb papyri. It appears that, while Theon look some 
bio to follow older manuscripts, it was not so much his 
it to get the most authoritativo text as to make what ho 
iderec} improvements of ono sort or other, (1) He made 
ations whore Iio found, or thought he found, mistakes in 
original; while ho tried to remove some veal blots, ho 
od other passages too hastily when a little more consicloni' 
would have shown that Euclid’s words are right or could 
xcused, and oiler no ilifliculty to an intolligont reader, 
do mado omondations intended to improvo the form or 
on of Euclid ; in general they wore prompted by a closire 
iminate iinything which was out of tho common in oxpres- 
or in form, in order to i cdueo tho language to ono and tho 
> standard or norm. (3) Ho bestowed, howovor, moat 
ition upon additions designed to supplement or explain 
original ; (a) ho interpolated wliolo propositions where he 
ght them necessary or useful, o.g. tho addition to VI, 33 
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already referred to, a second ease to VI, 27, a porisni or corollary 
to IL 4, a second porism to IIJ, IG, the proposition VI f. 22, 
a lemma after X. 12 , besides alternative proofs here and tlierc; 
(i) lie added words for tlic purpose of nmkiug smoother and 
clearer, or more precise, tilings whicli Euclid had expressed 
with unusual brevity, harshness, or carelessnoss; (c) ho sup- 
plied intermediate steps where Euclid s arginncut seemed too 
diflicult to follow. In abort, wliilo iimkiiig only inconsider- 
able additions to the content of tlie Elemeata, ho endeavoured 
to remove ditheultieR that might be felt learners in study- 
ing the book, as a modern editor might do in editing a classical 
text-book for use in schools; and there is no doubt tliat Ida 
edition was approved by )iis pupils at Alexandria for whom it 
was written, as well as hy latoi* Greeks, who used it almost 
exclusively, with the result that the more ancient text is only 
preserved complete in one manuscript. 

Edition of tlio Optics of Euclid, 

In addition to tlie Elements, Theon edited the Optics of 
Euclid ; Theon's recension os well as the genuino work is 
included by Heiberg in Ins edition. It is possible that Iho 
Caioptrica included by Heiberg in the same voluino ia also by 
Theon. 

Next to Theon should bo mentioned his daughtor Hyi»Atia, 
who is mentioned by Theon himself as having assisted in the 
revision of the commentary on Ptolemy. This learned lady 
is said to have been mistress of the whole of pagan science, 
especially of philosophy and medicine, and by her cloquonco 
and authority to have attained such influoiice that Christianity 
considoied itself threatened, and she was put to doath by 
a fanatical mob in March 416. According to Suidas she wrote 
commentaries on Diopliantua, on the Aatroiioniical Canon (of 
Ptolemy) and on the Conies of Apollonius. Tlieso works 
have not survived, but it has been conjectured (by Tannery) 
that the remarks of Psellus (eleventh century) at the begin- 
ning of his letter about Diopliantus, Anatolius, and tlio 
Egyptian method of arithmetical reckoning wore taken bodily 
from some manuscript of Diophantus containing an ancient 
and systematic commentary which may very well liavo been 
that of Hypatia. Possibly her coinincntary may bavo extended 
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y to the first six IBooks, in which case the fact tlmt Hypatia 
a commeutiivy on tUou\ may account for the survival of 
!BC Books while tlie rest of the tliirtecn were first forgotten 
I then lost. 

[t will bo convenient to take next tlie series of Noo- 
itonist cornnientatora. It does not appear Umt Ainmoniiie 
:cas (about a.d. 1 75-260), the founder of Neo-Platonisui, or 
pupil Plotinus (a.d. 204-69), who first expounded the 
3 trines in s 3 ^stGinatic form, had any special connexion with 
theinatics, lint Pouphvuy (about 232-304), the disciple of 
)tinus and the reviser and editor of liia works, appears to 
VC written a coniinontary on the Elemmis. This wo gather 
im Proclus, who quotes from Porphyiy comments on EucL 
14 and 26 and alternative proofs of 1. 18, 20. It is possible 
it Porpliyry a work may have been used later by Pappus in 
iting his own coininontaiy, and Proclus may have got his 
brenccs from Pappus, but tlio form of these references sug- 
3ts that he had direct access to tlie original commentary of 
rpliyry. 

lAMiiLtcnUH (died about A. a 330) was the author of a com- 
mtary on the IniToduciio arithmctica of Nicoinaclms, an<l 
other works wliich have already been nieiitioned. Ho was 
)upil of Porpliyry as well a.s of Anatolius, also a disciple of 
rpliyry. 

But the most important of the Nco-Platonists to tho his- 
.'ian of mathematics is PiiocMJS (Aj). 410-85). Proclus 
loivod bis early training at Alexandria, where Olyinpio- 
rus was his instructor in tho works of Aristotle, and 
itlioinatics was tauglit him by one Heron (of course a 
Tcrcnt Heron from the * mcchaniom Hero' of the Metrioa, 
Ho afterwards went to Athens, whore he learnt the 
30 'Platonic plnlosophj^ from Plutarch, tho grandson of Nes- 
1 ‘ius, and from his pupil Syrianus, and became one of its 
Dst prominent exponents. He speaks every whore with the 
Thost respect of his masters, and was In turn regarded with 
travagant veneration by his coutoinporarics, as wo learn 
Dm Marinus, Ins pupil and biographer. On tho death of 
u'ianus ho was put at the head of tho N co-Platonic school. 
0 was a man of untiring industry, as is shown by the 
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miinber of books whicli he wrote, including- a iarjj^c number of 
eomnientarics, mostly on the dialogues of Plato (c.g» tlie 
TimaeviSi the Re'^nMic, the ParmaiideSy the Cvatylusy lie 
was an acute dialectician and pre-ominent among liis coutom- 
pomries in the range of his learning; he was a eompetonb 
mathematician ; lie was even a poet. At the same time lie 
was a believer in all sorts of myths and mysteries, and 
a devout worshipper of divinities both Greek and Oriental, 
Uc was inncli more a philosopher than a mathematician. In 
his commentary on the TLmaeus, when referring to the ques^ 
tion whether the sun occupies a middle place among tlio 
planets, ho speaks as no real mathematician could have 
spoken, rejecting the view of Hipparchus and Ptolemy because 
0 flfoypyoy (sc. the Chaldean, says Zeller) thinks otherwiee, 
‘whom it is not lawful to disbelieve'. Martin observes too, 
rather neatly, that ‘ for Proclns tlic Elements of Euclid had 
the good fortune not to be contradicted either by tlic Chaldean 
Oracles or by the speculations of Pythagoreans old and now *, 

Commentary on Euclid, Book I. 

For us the most important work of Proclns is his cominon* 
tary on Euclid, Book I, because it is one of the main sources 
of our information as to tlie histoiy of elementary gcomolvy. 
Its great value arises mainly from the fact that Iboclus Imd 
access to a number of historical and critical works which arc 
now last except for fragments preserved by Proclus and 
others. 

(a) &urccs of ike ComTnenUo^f, 

The historical work the loss of which is most deeply to bo 
deplored is the liwlor}! of Ganneb'y by Eudemus, There 
appears to bo no reason to doubt that the W 02 *k of Eudomus 
was accessible to Proclus at first hand. For llm later writers 
Simplicius and Rutocius refer to it in terms such as leave no 
doubt tliat they had it before them. Simplicius, quoting 
Eudemus as the best authority on HippocratOxS s quaclraturos 
of lunoa, says ho will sot out what Eudemus saya ‘word for 
word', adding only a little explanation in the shape of refer* 
oncos to Euclid's Elements ‘owing to the memorandum-like 
style of Eudemus^ who sets out his explanations in the abbre- 
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iatcd form usual wil]\ ancient writers. Now in the second 
ook of the history of geometry he writes as follows In 
ko manner Eutociiis speaks of the paralogisms luimlcd down 
1 connexion with the attempts of Hippocrates and Antiphon 
j .square the circle, ‘with whieli I imagine that all persons 
re accurately acquainted who have c.wnnincd 
he geometrical history of Euclomus and know tlio Ccria 
{nstoteliac 

The references by Proclus to Eiidenuis hy name are not 
iiJocd ninnorous; they are five in number; but on tlio other 
and lie gives at least as many other historical data which can 
/itii great probability bo attributed to Eudemus. 

Proclus was even more indebted to Geminus, from whom 
lO borrows long extracts, often mentioning him by name — 
here are .some eighteen such references — but often omitting 
0 do so. Wo arc able to form a tolerably certain Judge- 
nent as to tlm origin of the latter class of passages on tbc 
Irongth of the similarity of the subjects treated and tho views 
xpressed to those foiuul in the acknowledged extracts. As 
1^0 liavo soon, the work of Geminus mainly cited seems to 
lavc borne the title The DoctHne or Theory of the Maihemuticd, 
vhich was a very comprehensive work dealing, in a portion of 
b, with tho ‘classification of inatlicinatics 

Wo liave already discussed the question of tho autliorahip 
if the famous historical summary given by Proclus. It is 
lividod, as every one knows, into two distinct parts between 
vliich comes the remark, ‘Tlioso wlio compiled histories 
)rlng the dovolopmont of this science up to this point. Nob 
nuch younger than bliese i.s Euclid, wlio &c. Tho ultimate 
ourco at any rate of the early part of tho summary must 
)rcsinnably have boon the groat work of Eudemus above 
nentionod. 

It is evident that Proclus had before him the original works 
jf Plato, Aristotle, Archiinedos and Plotinus, tlio SvfifxiKTa of 
.^orphyry and tlic works of his master Syrianus, as well as a 
rroup of works roprosenting tho Pythagorean tradition on its 
nystic, as distinct from its mathematical, side, from Philo- 
aus downwards, and comprising the more or loss apocryplial 

^ Simpli'ciuB 0!i Arist. Phys^t p. 00. ‘28, Diels, 

Arenimodes, cd. lloib., vol, hi, p, 228. 17-10, 
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Upi9 Xoyos of Pythagoras, Uic Oracles (A6ym) and Orphic 
vci'fies. 

Tiie following will be a convenient summary of the other 
worlfH used by Prod us, and will at the same time give an 
indication of the historical value of his commentary on 
Euclid, Book I : 

Eudoinus ; IJistov)/ of Oeomclry. 

Geniinua: O^he Theory of the MatherYiatical Scioices, 

Heron : Cooimentai^j o)i the Elements of Euclid, 

Porpliyry : 

Pappus : 

Apollonius of Perga : A work relating to cloinentary 
geometry. 

Ptolemy : the pnralld-'poslulale, 

Posidonius : A book controvcrtiiig Zono of Sido 2 i. 

Carpus: Astronomy. 

Synanus: A diBC\ission on the (inyle, 

(j9) Character of the Commentary, 

Wo know that in the Nco^Platonic school the pupils learnt 
luatlieinatics; and it is clear that Proelus tauglit this subject, 
and that this was the origin of his commentaiy. Many 
passages show liitn as a master speaking to seliolars ; in one 
place lie speaks of ‘iny hearers*.^ Further, the pupils whom 
lie was achlrossing were beginners in mathematics ; thus in one 
passage lie says tliat he omits ‘ for the present' to speak of the 
discoveries of those wlio employed the curves of Ni comedos 
and Ilippias for trisecting an angle, and of those wlio used tlio 
Ardiiinedcan spiral for dividing an angle in a given ratio, 
because those tilings would be Hoo difficult for beginners? 
But there arc signs that the commentary was revised and 
re-edited for a larger public; ho speaks for instance in one 
place of ‘ those who will come across his work I'horo arc 
also passages, o.g. passages about tlio cylindrical helix, con- 
choids and cissoids, which would not have been undorstood by 
the begirihors to whom lie lectured. 

* Proclua on Euol. I, \\ 210, 19. • //j., p, 272, 12. 

* Ib„ p, 84, 9. 
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) comiueiitaiy opona with two Prologues. Tho first is 
athcniatica in general and its relation to^ and use in, 
ophy, from which Proclim passes to tho classification of 
^matica. Prologue II deals with geometry generally and 
bject-jnattev according to Plato, Aristotle and others. 

this section comes the famous summary (pp. 64-8) 
g witli a culogiuiii of Euclid, with particular reference 
i admirable discretion sliown in tlio selection of tho pro- 
ons which should constitute tho It^lcmenla of geometry, 
i^dering of the wliole subject- mattor, the exactness ami 
mclusivoncss of tho demonstrations, and the power witli 
{ every question is liandlcd. Oeiieralitics follow, such as 
scussion of tho nature of dements, tho distinction botwocn 
3 ms and problems according to difierent authorities, and 
/ a division of Poole 1 into three main sections, (1) the 
’action ami properties of triangles and their parts and 
ompavison between triangles in respect of their angles 
lides, (2) the properties of parallels and parallologranis 
heir construction from certain data, and (3) tho bringing 
Dingles and parallelograms into relation as regards area, 
ining to tho Book itself, Proclus deals historically ami 
illy with all tho dofinilions, postulates and axioms in 
, The notes on tho postulates and axioms are preceded 
general discussion of tho principles of geometry, liypo- 
% postulates and axioms, and their relation to one 
lor ; hero as usual Proclus quotes the opinions of all tlio 
I'tant authorities. Again, when ho comes to Prop. 1, be 
3 ses once more the dittbrenco botwocn theorems and 
ems, tlien sots out and explains the formal divisions of 
oposition, tho eminciation {upbraai^), tho seliing^oui 
Tip), the definition or spccificalion {StopiafzS^)^ tho con* 
[ion [KaTaaKivyj), the poq/’ tho 

rcpao-zia), and {uially a number of other technical terms, 
liings said to bo yiveHf in the various senses of this term, 
!7a7na, tlic rase, tlio porism in its two senses, tlio objection 
ao-fp), tho reduction of a problem, reductio ad absurdum, 
Ibia and synthesis, 

his comments on the separate propositions Proclus 
’ally proceeds in this w^ay : first ho gives explanations 
ding Euclid’s pi oofs, secondly he gives u few difierent 
u ni 
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cas(i 9 , mainly for Iho sake of practice, and thirdly he addresses 
Inuiaelf to refuting objeetions which cavillers hud taken or 
miglifc take to particular propositions or argnments. He docs 
not seem to have liad any notion of cornjcting or improving 
Euclid; only in one pkee does he propose anything of his 
own to get over a difficulty which he finds in Euclid; this is 
where he tries to prove the parallcl-postuhite, after giving 
Ptolemy’s attempt to prove it and pointing out objections to 
Ptolemy s proof.. 

Tile book is evitlontly almost entirely a compilation, though 
a compilation ‘in the better sense of the tenn’. The onus 
2 mbufi(li is on any one who shall assert that anything in it is 
Proclus's own ; very few things can with certainty be said to 
be so. Instances are ( 1 ) remarks on certain things wliicli ho 
quotes from Pappus, since Pappus was the last of the com- 
mentators wliose works he scem.s to have used, ( 2 ) a defence 
of Qeminu.s against Carpus, who criticiml GeiuinuB’s view of 
the difterence between theorems and problems, and perhaps 
( 3 ) criticisms of certain attempts by Apollonius to improve on 
Euclid'a proofs and constructions ; but the only substantial 
example is ( 4 ) tlie attempted proof of tlio parallel-pastulato, 
based on an ‘axiom’ to the etteet that, ‘ if from one point two 
straiglit lines forming an angiii be produced ad 111/711/16111, the 
distance between them wlien .so produced adinfiiiitvm exceeds 
any finite magnitude (i. e, length) *, an assumption which 
purports to be tlie e([iiivnlent of a statement in Aristotlcd 
Pliiloponus says tliat Proclus as well as Ptolemy wrote a wliolo 
book on the parallel-postulate.^ 

It is still not quite certain wdicther Proclus continued liis 
commentaries beyond Book I. He certainly intended to do so, 
foi*, .speaking of tlie tri.scction of an angle by mourn of ccz’tain 
curves, he says, * wo may perhaps more appropriately examine 
tiiosc tilings on the third Book, where the writer of the 
Elements bisects a given circumference b and again, after 
saying that of all parallelograms wdiieh liavo the saino pori- 
moter tlio square is the greatest ‘ and the rliomboid least of 
air, ho adds, ‘ But this we wdll prove in another place, for it 
is more appropriate to the discussion of the hypotheses of tlio 

^ De caelo^ i, 6, 271 b 23 30. 

^ PhilopoTius on Aual. Font, i. 10, ji. 214 a 9-12, Braadis. 
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coiul l^ook J^ut at the time when tlio commentary on 
ook I wan written he was evidently uneerlnin wliether he 
ould be able to continue it, tor at the end ho says, ‘ For my 
irt, if I sliould bo able to discuss the other Books in Uie 
.me way, I should yive tlianks to the gods; but, if other 
Lies sliouid draw mo uwiiy, 1 beg those who are attracted by 
lis subject to complete tlio exposition of the other Books as 
ell, following the same mctliod and addressing themselves 
irougliout to the deeper and more sharply defined questions 
ivol ved V Waelismuth, tiiuling a V atican inamiscript coutaim 
ig a collection of scholia on Books I, II, V, VI, X, headed Eh 
vkXhSoo arToi)(€ia irpo\afi(iai'6fieua eK UpSkXov anopdSijy 
It Kar* (TriTop7]i/, and seeing that the scholia on Hook 1 were 
ctracts from tlic extant commentary of Proclus, conchuled 
lat those on tlio other Jkioks were also fioin Pjoclna; but 
le Trpo- in npoXap^ai'opam rather suggests that only the 
holiu to Book I are Ironi Proclua. Heiberg found and 
Libliahed in 1903 a scholium to X. 9, in which Proclua is 
cpreasly quoted as the authority, hut ho docs not regard 
lia eiveumstanco as conclusive. On the otl\cv hand, Heiberg 
IS noted two facts which go against the view that PjocIus 
vote on the later Books: (1) the acUoUustV copy of 
roclus was not much lietter than our inanuHcripty ; in 
irticulav, it had the same lacunae in the notes to 1. 3G, 
r, and I. '11-3; this makes it improbable that the scholiast 
id further commontarios of Proclus whicli liavo vanialied 
>r us ; (2) there ia no trace in the scholia of the notes 
Inch Proclus promised in the passages already rcibrrod to. 
11, tiioreforo, tliat wo can say is that, while the Waclisiiiutli 
iholia may be extracts from Proclus, it ia on the wliolo 
iiprobable. 

Jfypotyposis of Adroaomical Jlypothem, 

Another extant work of Proclus which should bo vcl'oYvcd 
) is Ins llypotyiiosis of Astvonomicul Hypotheses, a sort of 
‘adablo and easy introduction to the astronomical system 
E Hipparchus and Ptolemy, It has boon well edited by 
fanitius (Teubuer, 1900). Three things may ho noted as 


* Pioolus on Kuci. I, p. 432. 9^15. 
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regards tliis work. It contains^ a description of the method 
of measuring the bun*s apparent diuinotor by moans of 
Heron's watcr-cloek, which, by comparison with the corre- 
sponding description in The on's commentary to the S^/ntaxi^ 
of Ptolemy, is seen to have a common source with it. That 
soUiY?e is Pappus, and, inasmuch as Pi*oclns Jias a figure (repro- 
duced by Manitius in his text from one set of manuscripts) 
corresponding to the description, while the text of Thcon has 
no figure, it is clear that Proelus drew directly on Pappus, 
who doubtless gave, in his account of the procedure, a figure 
taken from Heron's own work on water-clocks. A simple 
proof of the. equivalence of tlie epicycle and eccentric hypo- 
theses is quoted by Proelus from one Hilarius of Antioch.^ 

An interesting passage is that in chap. 4 (p. 130, 18) wliore 
Sosigenes t)jo Peripatetic is said to Imve recorded in his work 
' on reacting spheres ’ that an annular eclipse of the sun is 
sometimes observed at times of perigee; this is, so far as 
I know, the only allusiou in ancient times to annular eclipses, 
and ProcliLs himself questiotm tlic correctness of Sosigenes’s 
atatomenfc. 

Commentary 01) tho liepiihUc, 

Tile commentary of Proelus on the Republic contains some 
passages of great ititorcst to the historian of mathematics. j 

The most importarit is that^ in wlilch Proelus indicates that i 

Props. 9, 10 of Euclid, Book IT, are Pythagorean proposi- 
tions invented for tho purpose of proving geometrically Uio 
fundamental property of tho series of ‘ side-' and ‘ diainetor- 
numbers, giving successive approximations to tho value of I 

\/2 (see voh i, p. 93). The explanation^ of the passage in | 

Plato about the Geometrical Number is defective and dis- j 

appointing, but it contains an interesting rofercnco to one f 

Pnterius, of date presumably intermediate between Ncstorius I 

and Proelus. Paterius is said to have made a calculation, in | 

units and submultiples, of the lengths of dltforent vsegments of j 

' Proclna, Hypotyposia, c. 4, pp. 120-22. ’ 

^ 0. 8, pp. 76, 17 sq. \ 

® Procli Diadochi hi Piatonis RewpubUcam Comme)ltarii^ ed. Kroll, j 

vol. ii, p. 27. 

* /I., vol. ii, pp. 36-42. 
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^ht lines in a figure tbrnicd by taking a trianglo witli 
3 3, 4, 6 as ABC, then drawing 
from the right angle B perpen- ^ 
lav to AC, and lastly dvaNving e 
^endiculars 7)A\ DF to AB, BO, 
iiagram iu the text with the 
tha of the aoginonts shown along- ^ 
them in the usual numerical 
ition shows Unit Patorius obtained from the data AJi 3, 
= 4, CA = T) the following: 

DC z^ye'- 

[=2fl 

AD^aSS'K'^m^^, [= l|] 

FC = ^ S x' p' = 2^ [ = 2 I 

A;?:=:aS/.6'/=lUTV'6^ [= HI] 

FA ~ a ie^oe = lyV^V 

s is an example of the Egyptian method of slating frac- 
IB preceding by some three or four centuries the exposition 
-he sau’ie method iu the papyrus of Akhminx. 

[auinus of Nuapolis, the pupil and biographer of Proclua, 
)te a commentary or rather introduction to the Data of 
ilid.^ It is mainly taken up with a discussion of the 
istion t( Tb S^SofihoP, what ia meant by given'i There 
*0 apparently many clifTercnt definitions of the term given 
earlier and later authorities. Of thofto wlio tried to define 
n the simplest way by means of a single differentia, three 
mentioned by name. Apollonius in his work on 
1 his ^general treatise" (presumably that on elementary 
auctvy) described the given m assigned or fixed (reray- 
or), Diodorus called it kno^vn (ypSptfivi'); others regarded 
LS rational {f^rirbp} and Ptolemy is classed with those, rather 
lly, beeauso Mio called those things given the measure of 
icli ia given either exactly or approximately". Others 



f 
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' Seo Heiberg and Menge's P^uclid, voh vi^ pp. 284-66, 
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combined two of these ideas and called it aasujiied ov Jixed 
and procurahle or capable of Ijoin*^ found {nopi/iou); others 
' fixed and known *, and a third class ‘ known and procuvaMc 
Tliesc various views arc Uien discussed at length. 

Dommmus of Larissa, a pupil of Syriaiius at the same time 
as ProcluB, wrote a Mamial of fnlrodurlory Arithmetic 
pfSiou dpt0p7}TiKi]^ €t(ra.y<cyrj 9 f \vhich was edited by Boissonade^ 
aiul is tile sul)jcct of two articles by Tannery,^ who also left 
a translation of it, with ])rolcgomena, which has since been 
publislied,^ Tt is a sketch of tlie dements of the tlicory of 
numbers, very concise and well arranged, and is interesting 
because it indicates a sorioUvS attempt at a reaction against the 
fntrodurtio arithmeiica of Nicoinachus and a return to the 
doctrine of Euclid, Besides Euclid, Nicoinachus and Theon 
of Smyrna, Domninus seems to havti used another source, 
now lost, wliich was also drawn upon by lamblichus. At the 
end of tliis work Doinninus foreshadows a more completu 
treatise on the tlieory of numbers under tlm title Blemenis oj 
Arithmetic {dpi6jji7]TtK}i but whether this was 

ever written or not we do not know. Another tract 
attributed to Doinninus nm X6yoy €k X6yov 
(how a ratio can be taken out of a ratio) has been published 
with a translation by Kuelle'^; if it is not by DoniiiinuH, it 
probably boloiiga to tlie same period. 

A most lionouiable place in our history must he reserved 
for SlMPLicros, who has been rightly called Hlie excellent 
Simplicius, the Aristotle-commcntator, to whom the world can 
never bo grateful enough for the preservation of the frag- 
ments of Parmenides, Empedocles, Anaxagoras, Molissus, 
TlieophrastUB and other.s' (v. Wilamowitz-Mbllendortt). He 
lived in the first lialf of the sixth century ami was a pupil, 
first of Ammonius of Alexandria, and then of JOamascius, 
the lust Iiead of the Platonic school ut Athene, When in tiie 
year 629 the Emperor Justinian, in his zeal to eradicate 
paganism, issued an edict forbidding tlio teaching of philo- 

1 Anecdota Graecat vol, iv, pp. 413-29. 

* M^moires scieutiJiqueSf vol. ii, nos. 85, 40. 

* l^evue fhs etudes i/recques, 1906, pp. 359-82; Memoires svlenti/qtif<fi 
vol. iii, pp. 256-81. 

* Hevttt; de Philohifiei 1883, p. 83 8([. 
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at Athena, tlie last members of the school, including* 
aciv\ft and Simplicius, migrated to Pevsia. but returned 
633 to Athens, wliorc Simplicius oontiiniud to teach for 
time though the school remained closed. 


KjimclH from EmlcvmH. 

Simplicius wc owe two long extracts of capital impor- 
for the liistory of mathematicii and astronomy. The 
s his accovnit, based npon and to a large extent quoted 
illy from Eudemus’s )lhlor}j of Gconxcirij^iA the attempt 
itil)lion to square llm circle and of tlic quadratures of 
by Hi))p()criites of Chios. It i.s contained in Simplicius s 
entary on Aristotle’s Phyisics^ and has been the aubjeet 
considerable literature extending from 1870, the date 
Kretsclineidor first eiillcd attention (o it, to the latest 
l1 edition with translation and notes by Uudio (Tcubner, 
It hns alreaily l)ecn discussed (vol. i, pp. 183-99). 

‘ second, and nut less important, of the two passages is 
containing the elaboruto and detailed account of the 
n of concentric sphere.s, as first invented by liudoxus for 
iuiug the apparent motion of the aiu^, moon, uud planets, 
f tlio modifications made by Callippus and Aristotle. It 
[liuined in the commentary on Aristotle’s De caelo'^\ 
icius i|uoleH largely from Sosigenes the Peripatetic 
al century A.D.), observing that be in his turn drew 
Eudemus, who dealt with the subject in the second 
of his Jlidovy of Aslronomy* It is this passage of 
icius which, along with a passage in Aristotle’s Meta- 
ls? enabled ScliiaparelH to reconstruct Eudoxus’s aystom 
ol, i, pp. 329-34). Nor must it bo forgotten that it Is in 
licius’s commentary on the Phyncb^ that the extract 
Oeminus’s sununury of the Meteoroloyica of Posidonius 
3 which was used by Schiaparelli to .support his view 
it was llcraclides of Ponlus, not Aristarchun of Samo.s, 
list propounded the heliocentric liypothcvsia, 
iplicius also wrote a cominontary on Euclid*s Elements, 
I, from which an-NairixI, tl\c Arabian commentator, 


m\)\, in Ph}/8., pp. ri4-(J9, ed. Diols. 

uipl. nn Avist. JJf (vefo, p. 488. 18-24 mul pp. 493-r)00, ed. Ilriberg. 
H(tph, A. 8, 1073 b 17-1074 ii 14. 
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made valuable extracts, including tlio account of the attempt of 
‘ Aganib’ to prove the parallel -postulate (see pp. 228 30 above). 

Contemporary with Simplicius, or somewhat earlier, was 
Eutooius, the commentator on Archimedes and Apollonius. 
As he dedicated the commentary on Book 1 On the Sphere 
and Cylinder to Ammonius (a pupil of Proelus and teacher 
0 ^ Simplicius), who can hardly have been alive after a.u. 610 , 
Eutociuswas probably born about A*l). 480. His date used 
to be put some fifty year.s later because, at tlio end of tlie com* 
montaries on Book II On the Sphere and Cylinder and on 
the Measurement of a Cirdcy there is a note to the cttect tlmt 
' tbo edition was revised by Isidorus of Miletus, the mechanical 
engineer, our teacher \ But, in view of tho relation to Anuno* 
niua, it is impossible that Eutocius can have lieen a pupil of 
Isidorus, who was younger than Anthemius of Tralles, tlio 
arcliitcct of Saint Sophia at Constantinople in 632, who.so 
work was continued by Isidorus after Anthumius’s death 
about A.D. 634. Moreover, it was to Antlicmius that Eutocius 
dedicated, separately, the commentaries on the first four 
Books of Apollonius’s Conics, addressing Anthemius as ‘ my 
dear friend Hence wo conclude tliat Eutocius was an older 
contemporary of Anthemius, and that the reference to Isidorus 
is by an editor of Eutocius’s conimontarics who was a pupil of 
Isidorus. For a like reason, the reference in the commentary 
on Book II On the Sphere and Cylinder'^ to a 
invented by Isidorus ‘our teacher’ for drawing a parabola 
must be considered to bo an interpolation by the same editor. 

fiutocius’s commentaries on Archimedes apparently ex- 
tended only to the three works, On the Sphere and Cyliiidm\ 
Measfiiremeni of a Circle and Plane Equilibriums, and those 
on i\\Q Conics of Apollonius to the first four Books only, 
We are indebted to these commentaries for many valuable 
historical notes. Those deserving special mention lioro are 
(1) the account of tho solutions of the problem of tho duplica- 
tion of the cube, or tho finding of two mean proportionals, 
by ‘ Plato *, Heron, Philon, Apollonius, Diodes, Pappus, 
Sporns, Menaechmus, Archytas, Eratosthenes, Nicomedes, (2) 
the fragment discovered by Eutocius himself containing the 

^ Arohiincdes, ed. Heiberg, vol. iii, p. 84. 8-11. 
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ng solution, promised by Archimedes in On the Sphere 
Cylinder, II. 4, of the auxiliary problem amounting 
m solution by means of conics of tlao cubic equation 
= hc^, (3J the solutions (a) by Diodes of the original 
cm of JI. 4 without bringing in the cubic, (b) by Diony- 
*us of the auxiliary cubic eqimtiom 

fTHEMius of Tralles, the architect, mentioned above, was 
elf an able mathematician, as is scon from a fragment of 
rk of his, On Burnimj-mirrortt, This is a document of 
dorable importance for the history of conic sections, 
inally edited by L. Dupny in 1777, it was reprinted in 
ovmaun^s TlapaSo^Qy pd^oi {Scrij^torea venom mirabiHuvi 
L'i), 1839, pp. H9-68. The first and third portions of 
ragment arc those which intorcst *us.^ The first gives 
Lition of live problem. To contrive that a ray of the aun 
itted tlirough a small hole or window) shall fall in a 
1 spot, without moving away at any hour and scasom 
is contrived by constructing an elliptical mirror one focus 
lich is at tlio point whore the ray of tho sun is admitted 
5 tlic otlior is at tho point to wliicli tlio ray is required 
^ Yoflectod at all Umoa. Let B bo tho hole, A Uio point 
lich reflection must always take place, BA boing in tho 
:lian and parallel to the Iiorizon. Let BO bo at right 
to BA, so that CB is an equinoctial ray ; and lot.BD bo 
ay at tlio summer solstice, BK ii winter ray. 
ke F at a convenient distance on BF and measure FQ 
I to FA, Draw IlFO through F bisecting the angle 
, and lot BG bo tho straight line bisecting tho angle BBC 
ecu tho winter and the equinoctial rays. Then clearly^ 
FG bisocU the angle QFA^ if wo bavo a piano mirror in 
fosition II FG, tho ray BFE entering niB will bo roflectod 

got tlio equinoctial ray similarly rofiocted to A, join OA, 
A^ith G as centre and GA as radius draw a circle mooting 
n K, Bisect tho angle KOA by tho straight lino OLM 
ing BK in L and terminated at M, a point on tho bisector 
e angle CBD, Tlion LM bisects tlio angle KLA also, and 
=: LA, and KM = MA, If then QLM is a piano mirror, 
ay BL will be reflected to A, 

' See Bibliotheca maihcmatica, viij, 1907, pp, 226-88. 


542 


COMMENTATORS AND BYZANTINES 


By talcing the point N on BD such that MN ^ ^fA, and 
bisecting tlie angle NMA by the straight line Jl/O-P meeting 
BD in 0, \ve find that, if is a plane mirror, the rny BO 
is reflected to A. 

Similarly, by continually bisecting angles and making more 
mirrors, wo can get any number of other points of impact. Mak- 
ing the mirrors so short as to form a continuous curve, we get 
the curve containing all points such that the sum of the distances 
of each of them from A and B is constant and ccjual to BQ^ BK, 
or BN. ‘ If then says Anthemius, * we stretch a string passed 



round the points A, and through the first point taken on the 
rays which arc to bo reflected, tlic said curve will be described, 
which is part of the so-called “ ellipse with roferonce to 
which (i.c. by the revolution of which round BA) tho surfaco 
of ijnpact of the saidjinirror has to be constructed.^ 

Wo have here apparently tho first mention of tbo construc- 
tion of an ellipse by means of a string stretched tigJit round 
tho foci. Anthemius’s construction depends upon two pro- 
positions proved by Apollonius (1) that tho sum of tlic focal 
distances of any point on tho ellipse is constant, (2) that tho 
focal cllstancos of any point make equal angles with tho 
tangent at that point, and also (3) upon a proposition not 
found in Apollonius, namely that tho straiglit lino joining 
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3 focus to tho intersectiou of two tangents bisects the angle 
bween the straight linos joining tlio focus to the two points 
contact respectively. 

In the tliircl portion of tho fragment A nthonhus proves that 
rallol rays ean lie rejected to one single point from a pura- 
lic mirror of wliich the })oint is tlic focus* '\'\\(MlireetTix is 
Qcl in the construction, which vuUatis mutandis, the 

ino course us the above construction in tho case of the ellipse. 
As to the supposition of Heiberg tbut Anthemius may also 
the author of Fruipnentura viathenutiicitm Bohiensc,^OQ 
ove (p. 203), 

The Papyrus of Akhmlra. 

Next in chronological oi*clcr must appuvoiitly be placetl 
c Papyrus of Akluniin, a manual of calculation written 
Greek, wliicli was found in tho metropolis of Akiuniiii, 
e iinciout Panopolis, and is now in tlie Musdc du 
i^cli. It WHS edited by J, Bnillof^ in 1892, Accord- 
g to the editor, it was written between tho sixth and 
ntlv centurioH by a Christian. It is intoresUng becaxiso 
preserves tlio Egyptian method of reckoning, with proper 
iieiions written tvs the aum of primary fractions ov sub^ 
ultipics, a method which survived alongsklo the Greek anti 
as employed, and even exclusively tauglit, in tlie East* Tho 
[vantage of this papyrus, as compared with Ahinos*s, is that 
0 can gather tho formulae used for tho decomposition of 
(linary proper fractions into sums of submultiples, Tlvc 
rmulac for decomposing a proi)or Fraction into tho sum of 
70 .suhmultiples may be shown thus: 
a _ 1_ 

^ ^ 4* c , h - c 

c . — 0 . 

if a 

„ ,211 3 I I 18 11 

bxtimplefi j - g g-|j . TTo-7077’ 323 " 31 ss' 

(2) = + L—- .. 

^ ^ be h + mo b-^mv 1 

'a ‘a m 

^ pnblids par hs mfimhres dc la Afi'ssiOH niv/n^ofof/iQiic 

t Cnirc, voj. ix, pint I, pp, 
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cdf cd-\-df^ . cd + df 

^ ’ (t *' * (I 

Exainplo. 

28 _ 28 _ 1 ^ 1 _ 1 1 
1320 10.12.11 ^ ^ 120 + 132 1 2''o + 1 32 ^ 00 99 ' 

* 28 ■ "28 


The object is, of courao, to chooso the factors of the denomi- 
nator, and the multiplier m in (2), in such a way as to make 
the two dononiinatora on the riglit-hand side integral 

When the fraction has to bo decomposed into a sum of throe 
or more BXibmultiplos, wo take out an obvious suhmultipio 
first, then if necessary a second, until one of the forniulao 
will separate what remains into two aubinultiples. Or wo 
take out a part which is not a submultiplo but which can be 
divided into two submultiples by one of the formulae. 

For example, to decompose Tlie factors of G1 6 are 8,77 
or 7,88. Take out and = 'is 11 ^ is tt ^ i 

and gV formula (1), bo that is' 

Take factors of 6460 arc 86.70 or 96.08. Take 

out iiis • Again take out we have 

iz gV^llo is is is* actual problem hero is to find 

•g^^rd of which latter expression reduces to 

is • 

The sort of problems solved in the book are (l) the diviBion 
of a number into parts in the proportion of certain given 
numbers, (2) the solution of simple equations such as this; 
From a certain treasure wo take away ^th, tlien from the 
remainder ^^^th of that remainder, and we find 160 units loft; 


what was the treasure? 


rf 1 

1 , 

/ 1 \ ) 

\ix a; — 


[X OJ) - ...i 

1 \ a 

^ a / 1 
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[itractioiiH such as : From § subtract 

llllli X 1 i 1 1 1 1 

00 gW to a 85 06 00 T155 TTO- AllSWOl, ^ 

book cndfi with long tables of results obtained (1) by 

lying successive numbers, tens, hundreds and thousands 

10,000 by U to (2) by multiplying 

successive numbers 1, 2, 3 ... 7i. by Ij where n is succes'* 

71 

11, 12, ...and 20; the results arc all arranged as the 
integers and aubmultiples. 

Geodaesut of a Byzantine author formerly called, with- 
ly authority, ' Hoion the Younger ' waa translated into 
by Barocius in 1672, and the Greek text waa published 
[I Freneh translation by VincentJ Tho place of the 
•^a observations wua the hippodrome at Constantinople, 
c date apparently about 938. Tho treatise was modelled 
ron of Alexandria, especially the Diopfra, while some 
rementa of areas and volumes arc taken from the 

(L 

iHAiiU PsKLUUS lived in the latter part of the eleventh 
*y, since his latest work bears tho date 1092*. Though 
s called ' first of plulosophors *, it cannot bo said that 
survives of his mathomaties suits iliis title. Xylandcr 
in 1666 tho Greek text, with u Latin translation, of 
c purporting to bo by Psollus on the four mathematical 
es, arithmetic, music, geometry and astronomy, but it is 
it that it cannot bo entirely Psollua’s own work, since 
tronoinical portion is dated 1008. Tho arithmetic con- 
no more than tho names and clasBification of numbers 
itios. Tho geometry has tho cxtraordinaiy remark that, 
opinions di/Pered as to how to find fcho ai'cn of a ciicle, 
othod which found most favour was to take the area tts 
>oinctric moan between tho inscribed and circumscribed 
zs] this gives TT = Vs — 2*8284271 1 The only thing of 
iB'\vhicli has any value for us is tho letter p\ibliahed by 
ny in his edition of Diophantus,® In this letter Psellus 
hat both Diopliantus and Anatolius (Bishop of Laodicca 
A.D. 280) wrote on tho Egyptian method of reckoning, 

• Notices ct extraitSt xix, pt. 2, Paris, 1858. 

* Diopimnlue, vol. ii, pp, 87-42. 
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and that Anatoliu«s account, which wan difTcrcnt atul more 
succinct, was cledicatcci to Diopluintns (this enables ns to 
dcteriuino DiophunLus’s date approximately). He also notes 
the difference between tlic Diopliantine and E^^^'ptian names 
for the successive powers ol' api0^6^ : the next power after 
the fourtli {SvvaiioSvuain^ = a;'*), i.c. the Egyptians called 
^ the first undcRcribcd ' [iXoyos Trp^roy) or the 'fifth number'; 
the sixth, tliey apparently (liko Diophantus) called tbo 
ciibe-ctibc ; hut with them the seventh, was tlio ‘second 
undesenhed' or the 'seventh number*, tlio eighth (x^) was tho 
'(junclruplc square’ (rerpaTrX^ Sui^api?), the ninth (po^) the 
‘ extended cube ’ (kv^o? i^^XtKro^Y Tannery conjectures that 
all these remarks were taken direct from an old commentary 
on Diophantus now lost, probably Hypatia's. 

Qkouoius l?ACHYM?niRS (1242-1310) was tho author of a 
work on the Quadriviuin {Xvvrctyfia tAu reaadpeou padr^fiaTWP 
or T^Tpd^i/SXop), The arithmetical portion contains, besides 
excerpts from Niconmehus and Euclid, a paraphrase of Dio* 
pliantus, Book I, wliicli Tannery published in his edition of 
Diophantus tlm musical section with part of the preface was 
published by Vincent,^ and some fragments from Book IV by 
Martin in Ins edition of the Astronomy of Thcon of Smyrna. 

Maximus Planudes, a monk from Nicomodia, was tho 
envoy of the Emperor Andronicus II at Venice in tho year 
1297, and lived probably from about 1260 to 1310. Ho 
wrote scholia on the first two Books of Diophantus, wliich 
are extant and arc included in Tannery's edition of Dio- 
phantus.'^ Tlioy contain nothing of particular interest except 
a number of conspectuses of the working-out of problems of 
Diophantus written in Diophantuss own notation but with 
stops in separate lines, and with abbreviations on the loft of 
words indicating the operations (o.g, €/<$. = e/rtfeerfr, rerp. = 
TCTpayoauKrfjLS^f avrO, ^ <T6i/0€(rLS, kc,) ] tho result is to make 
the work almost as easy to follow as it is in our notation. 

Another work of Planudes is called W'i](f>o^op(a /car' 'J;/<Soyy, 
or Arithmetic after the Indian method^ and was edited as Das 

^ Diophantus, vol. ii, pp. 78-122, 

’ Notices et extmits^ xvh, 1858, pp. 362-5S8. 

^ Diophantus, vo). h, pp. 125-255. 
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:he7ihuch dns ^^i(xi')nx^s Planudes in Greek by Qorhardt 
fillc, 18f>6) and in a Gornuin translation by H, Waoschke 
fillo, 1878). 'J'here was. however, an earlier book under the 
lilar title 'Apx^] Trjs fi^ydXr]? Kai *IpSik^s ^frr}(l>i(f>opLa9 {sic)^ 
itton in 1262, winch is extant in the Paris MS. Suppl. Or. 
f ; and Planudes seems to have raided this ^York. Ho 
jins witli an account ot the symbols which, ho says, wore 

vented by certain distinguifihed ustrononiers For the most 
ivcnicnt and acenrato expression of numbers. There arc 
le of these symbols (our 1, 2, 3, 6, 0, 7, 3. 0), bo which is 

led another called Tzifra (cyplicr). written 0 uml donotiny 
o. Tlio nine si^ns as well as this one arc Indian/ 

t this is, of course, nob the first occurrence of tho Indian 
morals; they wore known, oxcopt tlio zero, to Gerbort 
)po Sylvester II) in tho tenth century, and were used by 
onardo of Piaa in his Liber abaci (written in 1202 and 
vritten in 1228). Planudes used tlic Persian form of the 
morals, didoviuj; in this from tho writer of the treatise of 
52 roforrccl to. 'who used tho form thcj\ current in Italy, 
scarcely bcloiiga to Greek mathematics to give an account 
Planudes^a methods of subtraction, multiplication, &c. 

IUxtraotion of the square rooL 

As regards the extraction of tho square root, he claims to 
VO invented a method difforout from tho Indian method 
d from tliat of Thcon. It does not appear, however, tliat 
2 ro was anything new about it. Lot us try to see in what 
3 supposed now method consisted 

Planudes describes fully tho method of extracting tlio 
Liaro root of a number with several digits, a method whicli 
essentially tho same as ours. This appears to bo wliat ho 
:ors to later on as * tho Indian inotliod Tlien ho tells us 
w to find a first approximation to tho root wlien tho number 
not a complete square. 

‘Take tlio square root of tlio uoxt lower actual square 
mbor, and double it: then, from tho number tho square root 
which is rc(|uired. subtract tlio next low or squaro number 
found, ami to tho remainder (as numerator) give as do- 
mlnator tlio double of tlio square root already found,* 
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The example given is Since 4^= 16 is the next 

2 

lower square, the approximate square root is 4 + or 

The formula xiscd is, tlicrcforc, V(a^^h) = a-i- -- approxi- 
mately. (An example in larger numbers is 

7(1660196789) = 41U2 + g||t^ approx^matelJ^) 

Planudcs multiplies by itself and obtains ISy'^, which 
fihowfl tliat the value 4-J is not accurate* He acids timt ho will 
explain later a method which is more exact and nearer the 
truth, a method * wliich I claim as a discovery made by me 
with the help of God \ Tlion, coming to the method wliich lie 
claims to have discovered, Planudcs applies it to 76. The 
object is to develop this in units and sexagesimal fractions. 
Planudcs begins by multiplying the 6 by 3600, making 21600 
second-sixtieths, and finds tho square root of 21600 to lie 
between 146 and 147. Writing the 146' iis 2 26', bo proceeds 
to find tho rest of tho approximate square root (2 26' 68'' 9"') 
l)y the same procedure as tliat used by Theon in extracting 
the square root of 4600 and 2 28' respectively. Tlio differ- 
ence is that in neither of the latter cases does Tlicon multiply 
by 3600 so as to reduce the units to second-sixtieths, but lio 
begins by taking the approximate square root of 2, vi?.. l.just 
as ho does that of 4600 (viz. 67). It is, tlion, tlio multiplication 
by 3600, or the reduction to second-sixtieths io start with, tlmt 
constitutes the difforonce from Thcon's method, and this Tuufit 
therefore bo what Planudes takes credit for as a new dis- 
covery. In sucti a case as 7(2 28') or 73, Tlicon’s method 
Ims tho inconvenience that the number of mivutea in tlio 
second term (34' in the one case and 4 3' in the other) cannot 
bo found without some trouble, a difficulty whicli is avoided 
by Planudes's expedient. Therefore the method of Planudcs 
liad its advantage in such a case. Rut the discovery was not 
now. For it will be remembered that Ptolemy (and doubtless 
Hipparchus before him) expressed tho chord in a ciido sub- 
tending an angle of 120® at tho centre (in terms of 120th parts 
of tho diameter) as 103** 65' 23", whicli indicates that the first 
step in calculating 73 was to multiply it by 3600, making 
10800, tho nearest square below which is 103^ (= 10609). In 
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> scholia to Eucl., Book X, the same method is applied, 
ainplcs have been given above (voh i, p. G3)* The supposed 
.V method was therefore not only already known to the 
Loliast, but goes back, in all probability, to Hipparchus. 

Two problems. 

Two problems given at the end of tho Manual of Planudes 
\ worth mention, Tho first is stated thus: ‘A certain man 
ding himself at tho point of death had hia desk or safe 
)ught to liiiu and divided his monoy among hia sons with 
) following words, ” I wush to divide my money equally 
tween my sons : tho first slmll have one piece and ^th of tho 
it, tile second 2 and yth of tho remainder, tho third 3 and 
1 of tho remainder.*' At this point tho fafchov died without 
tting to the end citlier of liie monoy or tho onumcration ot 
I sons. I wish to know how many sons ho had and how 
ich money,’ The solution is given a3 (li-— for the number 
coins to bo divided and 1) for the number of his sons; 
ratlicr this ia how it might bo stated, for Planudoa takes 
= 7 arbitrarily. Comparing tlio shares of tlio first two wo 
ist clearly have 

1 + -(ft;- 1) = 2 + i {ft;-(I + + 2)}, 

lich gives ftj = (71 — 1 )- ; thoroforo each ot (71 — 1) sons received 

Tho other probloin is one wiiich wo have already met with, 
it of finding two rectangles of equal porimetor such tliat 
3 area of one of thorn is a givon multiple of tho area of 
3 other. If 71 is tlic givon multiple, tho roctangloa aro 
* — 1, and ( 71 - 1, 7i) respectively. Planudes 

ites tlio solution correctly, but how ho obtained it is not clear. 
Wo find also in tho Manual of Planudes tho Uproot by nine* 
e. by casting out nines), with a statement that it was dia- 
pered by the Indians and transmitted to us through tlio 
abs. 

Manuel Mosouopoui.os, a pupil aiid friond of Maximus 
BLiiudcB, lived apparently under tho Einporor Andronicus II 
282^1328) and porliaps under his predecessor Michael V 111 
261-82) also. A man of wide learning, lie wrote (at the 
IMI .2 N n 
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inatanco of Nicolas Rhabdas, presently to be mentioned) a 
treatise on 7nagi€ squa7'es; }ie showed, that is, how tlie num- 
bers 1, 2, 3 71 ^ could be placed in tlic compartments of 

a square, divided like a chess-board into small sciuares, in such 
a way that the sum of the numbers in each horizontal and 
each vertical row of compartments, as well as in the rows 
forming* t)ie diagonals, is always the same, namely 1 

Moschopoulos gives rules of procedure for the cases in which 
n — and a —Am respectively^ and these only, in the 

treatise os we have it ; ho promises to give the cose where 
91 ==: 4m + 2 also, but does not scorn to liave done so, os the 
two manuacriptvS used by Tannery have after the first two cases 
tlie words re'Ao? rov airod. The treatise was translated by 
De la Hirc,^ edited by S. Gunther,^ and finally edited in an 
iniprovod text with translation by Tannery/^ 

The work of Moschopoulos was dedicated to Nicolas Arta- 
vasdus, called lli/AJmAS, a person of some iiiiportanco in the 
liistory of Greek arithmotic. He edited, with some additions 
of his own, the Manual of Planudes; this edition exists in 
the Paris MS. 2428. But ho is also the author of two letters 
which liavo been edited by Tannery in the Greek text with 
French translation.'* The date of Rhabdas is roughly fixed 
by means of a calculation of the date of Easter ' in the current 
year' contained in one of tlm letters, which shows that its 
date was 1341. It is renmrkable that each of the two letters 
has a preface which (except for the words tyiv r&v iv 

TOts dpiO/xoi? (rirqfiarcov and the name or title of the person 
to whom it is addressed) copies word for word the first thir- 
teen lines of the preface to Diophantus's Arithmetical a piece 
of plagiarism which, if it does not say much for the literary 
resource of Rhabdas, may indicate that ho liad studied Dio- 
phantus. The first of the two jotters has the heading 'A con- 
cise and most clear exposition of the science of calculation 
written at Byzantium of Constantino, by Nicolas Artavasdus 

* M^m, de VAcad, lioyale des Sciences^ 1705, 

* Vei^ixschte ViUersuchtniifen zur Oesch. d, Math.y Loipzijj, 1870. 

* 'Lo traits de Manuel Moecbopoulos sur lea carrda magiquea* in 
Anmtau'e de l^Association potty Vencoitragenient dea Eludes grecqueSt xx, 
1886, np. 88-118. 

* ‘Notices aur lea doux lettres aiithnidticpica de Nicolas Rhabdas' in 
Notices et extra its des mamtscHts de hi BibUotMque iiaiionuhy xxxij, pt, 1, 
1886, pp, 121-252. 
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Smyrna, aritlunetician aiul gcoiiiotur, toD *Pa^Sd, at the 
taric(i of tlm most reveroil Master of Requests, Georgius 
atzyees, ami most easy for those who rtesire to study it/ 
long passage, called (K^paat? toO SuktuKikoD fifTpou, deals 
bh a nietliod of hnger-notation, in which tho fmgors of cacli 
1(1 lield in difVerent positions arc made to represent num- 
'sd The fingers of the left hand servo to represent all tho 
Its and tons, those of the right all tho hundreds and 
Hisands up bo 9000; * for nunibors above thcao it is neecs- 
y to use writing* tho hands not sufficing to represent such 
mbers/ The numbers begin witli tho little fingers of each 
ad; if wo call the thumb and tho fingers after it tho Ist, 
cl, 3rd, 4th, and 6th fingers in tho Gorman style, tho siicccs- 
e signs may be thus describod, promising that, whore fingers 
^ not cither beat or ‘ half»closcd ^ (KXu/Spieuot) or ‘closed' 
KjT€\X6p€uoi)^ they aro supposed to be held out straight 

r€ii/6p€yoi), 

[a) On the left hand : 
for 1, halt-close the 6th finger only; 


2, „ 

„ 4 th and 6th fingers only ; 

3. 

, „ 3rd, 4th and 6tli fingers only ; 


„ 3rd and 4th fingors only ; 

6. „ 

„ 3rd finger only; 

6i » 

ti ,, ,, 

7, close tho 

6th finger only; 

8. .. 

4th and 6th fingers only; 

Q 

Jt >* 

3rd, 4th and 6tli fingers only. 


(i) Tho same operations on the odpht hand givo tho thoii^ 
sands, from 1000 to 0000. 

{o) On the left hand: 

for 10, apply tho tip of the forofingor to tho first joint of 
the thumb so that the resulting figure reaemblos o* ; 

' A similar description occurs in tho works of the Vonorable Betlo 
')e compute vel loquela digitorum', forming chapter i of De tcnworiim 
iione), where expvemona are also quoted from Jerome (d. 420 a.d.) 
showing that ho too was acquainted with thosystom {The Miscellaueous 
orfc8 of the Venerable Bede, ed. J. A. Giles, vol. vi, 1848, pp. 141-8). 
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for 20, stretcli out the forefinger straight and vertical, 
keep fingers 3, 4, 6 togetlier but separate from it 
and inclined slightly to the palm; in this position 
touch the forefinger with the thumb ; 

„ 30, join the tips of the forefinger unci thumb ; 

„ 40, place the thumb on the knuckle of the forefinger 
behind, making a figure like tlie letter F ; 

„ CO, make a like figure with the thumb on the knuckle 
of tlio forefinger inside \ 

„ GO, place the thumb inside the forefinger as for 60 and 
bring the forefinger down over the tliumb, touch* 
ing the bail of it; 

„ 70, rest the forefinger round the tip of the thumb, 
making a curve like a spiral ; 

„ 80, fingers 3, 4^ 6 being held togotlicr and inclined 
at an angle to the pahn, put the thumb across the 
])alm to touch the third phalanx of the middle 
finger (3) and in this position bend the forefinger 
above the first joint of the tJiumb; 

„ 90, close the forefinger only as completely as possible. 

{d) Tlio aarno operations 021 tlic right hand give the hun- 
dredSy from 100 to 900. 

Tlie i\rsi letter also contains tables for addition and sub- 
traction and for multiplication and division ; us these are said 
to be the ‘invention of Palainedes*, we must suppose that 
such tables were in use from a remote antiquity. Dastly, tlio 
first letter contains a statement which, though applied to 
particular numbers, expresses a theorem to the effect that 

(«,+ lOUj + ... + 10^«aJ lOi, + ... + 

is not > 

where a^y ... arc any numbers from 0 to 9. 

In the second letter of Rhabdos we find simple algebraical 
problems of the same sort as those of tlio Anthologia Oraeoa 
and the Papyrus of Akhmim, Thus there are five problems 
leading to equations of the typo 


X X . 

+ — h 

m 71 


= iL 
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Rhabdas solves the equation ^ — a, practically as we 

)uld, by multiplying up to get rid of fractions, whence he 
i^ains x — mna/{'t)i + n). Again he solves tlie simultaneous 
nations oj + j/ = a, mx = ny ; also the pair of equations 


. y ^ 

0 ? + ^ — y^ -^ = a. 

ni ^ n 


course, m, n, a>,, have particular numerical values in 
cases. 


lihahdas's Rule fw a'py^'oximaiing io the square root of 
a non-square numhci\ 

Wo find in Rhabdas tlie equivalent of the ITeroniau formula 
• the approximation to the scpuiro root of a non-square 
mber A namely 

b 

AT — J_ ♦ 


further observes that, if <x bo an approximation by excess, 
3 n c(^ = A/a is an approximation by defect, and ^(a-ha|) 
an approximation nearer than eitlior, This last form is of 


LirsQ exactly Heron's formula cx = ^ ( a + 


— ^ . The formula 
a/ 


IS also known to IJarlaam (presently to bo inentioned), who 
iO indicates tliat the procedure can bo continued indefinitely. 
It should hero bo added that there is intorosting evidence 
the Greek methods of approximating to square roots in two 
cuments published by Heiberg in 1899.^ Tho first of 
[ 3 SC documents (from a manuscript of tlie fifteenth century 
Vienna) gives tho approximate square root of certain non- 
iiaro numbers from 2 to H 7 in integers and proper fractions, 
le numerals are the Orook alphabetic numerals, but they are 
^en place- value like our numerals: thus 07 = 18, 147, 

'13 

= and so on : 0 is indicated by ij or, soinotimeH, by •. 

I 28 

1 these square roots, such as v^( 2 J) = 4|^, \/(36) = 6 ^^, 
( 112 ) = 10 ||, and so on, can bo obtained (oibhor exactly or, 
a few cases, by neglecting or adding a small fraction in tlio 


^ * Byzanlinische Analokton^ in Ahh, zur Oesch, d. Math, ix. Heft, 1899, 
, 163 sqq. 
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mimerator of tlio fjuctional part of tlie root) in one or otlior 
of the following wuj^a : 

(1) by taking the nearest square to the given niunljer A, 
8uy and using the IJcronian fornuilae 







(2) by using one or other of the following approximations, 
wliero 


< A < (a+ 1)^ and A ^ + = (a -j- 


namely, 


6 i , 

a + A-' * ^ ^ * 

2 2 ct + “ 

2 a 


JT.TT,- 

or a combination of two of these with 


(3) the formula that, if ^ then 

a ^ ma + nc ^ c 
b mb -hnd* d 

It is clear tliat it is impossible to deny to blie Greeks the 
knowledge of these simple formulae^ 

Tluee more names and we have done. 

loANNES Pediasimus, also called Galcnus, was Keeper of the 
Seal to the Patriarch of Constantinoplo in tho reign of 
Andronicus III (1328-41), Besides literary works of his, 
some notes on difticult points in arithmetic and a treatise on 
the duplication of tlm cube by him arc said to exist in manu* 
scripts. His Qeometryy which was edited by Friedleln in 1860, 
follows very closely the mensuration of Heron, 

BakI/AAM, a monk of Calabria, was abbot at Constantinople 
and later Bishop of Geraci in tlic neighbourhood of Naples; 
he died in 1348. He wrote, in Greek, aritlunotical demon- 
strations of propositions in Euclid, Book II,' and a Logistic in 
six Books, a laborious manual of calculation in whole numbers, 

' Edited with Latin tmnslalion by Dasypodius in 1564, and included 
in Heiberg and Meage’e Euclid, vol. v, ad ftn. 
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dinary fractions and scxagesiniiil tractions (printed at 
aassburg ill 1692 and at Paris in KiOO)^ Barlaaxn, us we 
ivG seen, knew the lleronian formulae for finding successive 
jproximations to sejuare roots, and was aware tliat tlicy could 
j infloHnitcly continued. 

Isaac ARavnus, a monk, who lived before 1368, was one of 
number of Byzantine translators of Persian astronomical 
orks. In mathematics he wrote a Geodaesia and scliolia to 
e first six Books of Euclid’s Kh'r)icnis. The former is con- 
ined in the Paris MS. 2128 and is called *a inotliod of 
jodesy or the measurement of surfaces, exact and shortened’ ; 
le introductory letter addressed to one Colybos is followed 
^ a compilation of* extracts from the Geomclrica and i^icreo- 
etrica of Heron. He is apparently tlio author of some 
irthcr additions to Rtiabclas’s revision of the Manual of 
lanuclcs contained in the same manuscript. A short tract 
Ilia ‘ Oil the discovery of the square roots of non-rational 
[uare numbers^ is mentioned ns contained in two other manu- 
ripts at Venice and Romo respectively (Codd. Mavclanus Gr. 
J3 and Vaticanus Gr. 1068), where it is followed by a table 
: the square roots of all numbers from 1 to 102 in soxa- 
jsimal fractions (e.g. 72-1 2i' 51" 4S"\ 73=1 13'6C"0"')*^ 

^ lloiberg, ' Byzantinischo AnalcUton’, in Abh, ar»r Gesch, (L Mafh, ix, 
). 189-70. 
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On Avchinxedea's of the mhtan(iexit-'i>YO'pcviy of 

a spiraL 

Tue section of the treatise On Spirals from Prop. 3 to 
Prop. 20 is an elaborate series of propositions leading up 
to the proof of tlic fundamental property of the subtangent 
corresponding to the tangent at any point on any turn of the 
spiral. Tabri, doubtless with this series of propo.sitions in 
mind, remarks (Histoire des sciences mathS^ncUiqnea en lUdie, 
i, p. 31) that ‘ Aprfes vingt aifecles do travaux ot do ddcou- 
vertes, lea intelligences les plus puiasantes viennont encore 
dclioiior centre la synthbso difficile du TraiU des Spivales 
d'ArchimMc/ There is no foundation for this statement, 
winch seems to bo a too hasty generalization from a dictum, 
apparently of Fontcnelle, in the Histoire de VAcadimic des 
Sciences poxir Vannie 1704 (p. 42 of the edition of 1722), 
wlio says of the proofs of Archimedes in the work On 
Spirals: 'Elies aont si longues, ot si difficiles embrasser, 
quo, comrno on Pa p6 voir dans la Prdface do TAnalyse des 
lufiniment petita, M. Bouillaud a avoud qu‘il no les avoit 
jamais bicn entendues, et quo Vihio les a injustoment soup- 
f/oimdes de paralogiatne, parce qu'il n'avoit pfi non plus 
parvenir ft, les bicn entendre. Mais toutes les prouves qil^on 
peut (louner de leur diffleultd ot do lour obscuritd ton men t 
k la gloire d'Arehimfcde; car quelle vigueur d’osprit, quoUe 
quantitd do vdes diffdrentes, quelle opiuiAtretd do travail nV 
t-il pas fallu pour lier ct pour disposer un raisonnoment que 
quelquea-uns do nos plus grands gdomfetres ne pouvont suivro, 
tout lid ot tout disposd qu’il eat?* 

P. Tannery lias observed ^ that, as a matter of fact, no 
mathematicians of real authority who have applied or ox* 
tended Archimedes’s methods (such men as Huygens, Pascal, 
Roberval and Fermat, who alone could* have expressed an 
opinion worth having), have ever complained of the 

' Bulletin des sciences matymatiqueSt 1896, Part i, pp. 266-71. 
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[Mty'of Archimedos; wlulc, as regards Viola, he has 
that tliG statement quoted is based on an entire mis- • 

ension, and that, so far from suspecting a fallacy in « 

aedes's proofs, Vieta made a special study of the treatise i 

irah and Imd the greatest admiration for tliat work, 
as in many eases in Greek geometry whoro the analy- : 

emitted or even (as Wallis was tempted to suppose) of ' 

[’pose liiddon, the reading of the coniplotcd synthetical ^ 

leaves a certain impression of mystery; for there is * 

g in it to show why Arehimedos should liavo taken ‘ 

ily tin's lino of argument, or how ho evolved it. It is 
that, as Pappus said, tlio subtungent- property can he 
shed by purely * plane* methods, without recourse to 
d* (whether actually solved or merely assumed 

e of being solved). If, then, Archimedes chose the more 
It method whicli we actually find him employing, it is 
y possible to assign any reason except hia definite 
‘ction for the form of proof by rcAuctio ad ahswrdwm 
ultimately on his famous ‘Lemma* or Axiom, 
eenis worth while to rc-oxamino the whole question of 
SCO very and proof of the property, and to see how 
nedcs*s argument compares with an easier * plane * proof 
tod by the figures of some of the very propositions 
I by Archimedes in the treatise. 

Iho first place, wo may bo sure that the properly was I 

scovorod by the steps leading to the proof as it stands. I’ 

ot but think that Archimedes divined the result by an 

lent corresponding to our use of the difierontiul calculus V 

3 termining tangents. He must have considered the 

tancous direction of the motion of the point P doacrib- i; 

10 spiral, using for tins purpose the parallelogram of , 

AQs. The motion of P is compounded of two motions, 

ong OP and tlie other at right angles to it. Comparing I 

atanccs traversed in an instant of time in the two direc- i 

we SCO that, corresponding to a small increase in the i 

, vector we have a small distance traversed porpen- 

rly to it, a tiny arc of a circle of radius r eubtonded by * 

iglo ropresenbing the simuUnnoous flinall increase of the j:‘ 

6 (AOP), Now r has a constant ratio to $ whioli wo call 

on 0 is the circular measure of the angle 0). Consequently ; 

i\ 

[ 
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the small increases of r and 8 arc in that same ratio. There- 
fore what \vc call the tangent of the angle OPT is r/a, 
i.o. OT/ r = T/a \ and OT ryt^, or rO, that is, the arc of u 
circle of radius r subtended by the angle d. 

To prove this result Archimedes would doubtless begin by 
an amlym of the following sort. Having drawn OT porpen- 
clicular to OP and of length equal to tlio arc AiSP^ he had to 
prove that the straight line joining P to T is the tangent 
at P. Ho would evidently take the lino of trying to show 
tliat, if any radius vector to the spiral is drawn, as 0Q,\ on 
citlior side of OP, Q' is always on the side of TP towards 0, 
or, if OQ' meets TP in h\ OQ* is always loss than OF, Suppose 



that in the above figure OlV is any radius vector between OP 
and 0^ on the ^ backward * side of 07^ and that OR' moots the 
circle with radius OP in P, tlio tangent to it at P in (?, tlm 
spiral in R', and TP in F\ We have to prove that 7f, R' lie 
on opposite sides of F\ i.o. that RR' > RF' \ and again, sup- 
posing that w\v\) radius vector OQ' on the ' forward ’ Hide of 
OP meets the circle with radius OP in Q, tlie spiral in Q' and 
TP produced in P, we have to prove that QQ' < QF. 

Archimedes then had to prove that 
(IJ F'liiRO < RR':R0, and 

( 2 ) FQ:QU> QQ'iQO. 

Now (1) is equivalent to 

F^R'.RO < (are PP) : (are j 4SP), since RO = PO, 


APPENDIX 


5r>o 


(liK AiSJ^) = OT, i>y liypothMis ; 

3 it wivi noccHsavy to provo, (dto'nandn, th/ii 

dO.-OT. or PO:OT, 

i.a. < wlioro OAf ih p«!i poji«lic»ilftf to iS.l\ 

l•JJ^ in ojvlcr to flntisfy (2), it wnn iicco-sfiaiy to 
at 

FQ :(>xrcPQ) > PjU-.MO. 

iH a matter of fact, (3) in a fortiori Matmlicil if 

P'R : {chord RP) < PM : MO ; 

cease of (1) we cannot auhstitnlo 11 lo chord for 
[’Q, and wo havo to anhstituto PCt\ whoro (!' ia Un, 
point ill wliiclt tlu! taiigont at P to 
the circle inootH OQ jjnalnei'il ; for 
of coniHo PG' > (arc PQf ho that (-I) 
is a fortiori Ha.tiHfit>i| if 

FQ-.PU' > 2‘M:Afo. 

It iH roinarkaltln that Ardiimrtli H 
u.s(iH for Ilia proof of tho’two oiihoh Prop. 

8 and Prop. 7 rospootivoly, lunl niakoH 
no use of Props 0 and f), wiiffoan 
argument points precisely to the uho of the IliruroH 
) latter propo-sitions only, 
the %„ro of Pi-op. 0 (Pig-. 1 ), if oyj> 

B in and if PJ] prodneod cuIh OT, Llui immllol U> 
Ljn 0, in 7/, il Ih ohviouH, hy inmillidn, ( hat, 

PP; (chord PJi) xz OJ^ j iV/. 

// bucomcH greater the fiivthor P movom Irnni li 
1 , so that tl,0 ratio PP:Pn din.iinHJioH coutinnull y. 
always less than OR : RT fwlioro JPP in U.o ti,narni 
iicota on in I), 1.0. always Iohh tlnin JiAf-.Mo, 

1)0 rolation (3) is always satinfiod for any point of 
on tho * backward * aide of 

IH IHjUiVflloilt to ( 1 ), rmill wllioll it folloWH ttllll r'li 
l«, tl,„„ Ulf, ,0 tliiit li' ivlway. li™ „„ Uio .ij„ 
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Next, for the point Q' on the ^ forwarcr aklo of tKo Bpital 
from P, suppose tlmt in the figure of Prop. 0 or Prop. 7 (Pig. 2] 
any radius OP of the circle mcots Ali 'produced in h\ unrl 



the tangent at /? in C? ; and draw BPJi, BGT mooting OT, the 
parallel through 0 io AB, in //, T, 

Then PP: BG> FO : BO, since PF > FG> 

> 00 *. GT, by parallclH, 

> OB : BTy a fortiori, 

> BiViMO; 

and obviously, as P moves away from B towui‘<l8 07\ i.c^ as 0 
moves away from B along BT, the I'atio OG:GT incvoawoa 
continually, while, aa ahowu, PF:BQ is always > DAt: MOt 
and, a fortiori, 

PF: (arc PB) >nM:MO. 

That is, (4) is always satisfied for any point Q'of the spiral 
'forward* of P, so that (2) is also satisfied, and QQ^ is always 
loss than QF. 

It will be observed that no P€ 0 <ri 9 , and nothing beyond 
'plane* n)ethods, is required in the above proof, and Pappus’s 
criticism of Arclnmedes’s proof is therefore justified. 

Let us now consider for a laoinent wliat Archimedos actually 
does. In Prop. 8, wlncli ho uses to prove our proposition in 
the 'backward' ease {R\ B, F'), lie shows that, if PO :0V 
is any ratio whatever less than P0 :0T or PM i MO, wo can 
find points F\ G corresponding to any ratio PO : OV^ wliorc 
OT < OV' < OF, he. wo can find a point F' corresponding to 
a ratio still nearer to PO : OT tlian PO : OV is. This proves 
that the ratio RF * : PG, while it is always less than PM : A/0, 
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iiclitvs that raliu without hunt an Jt approuclios P, But 
roof doc3 not, enable uy to say tliat MF': (chord I^R), 
i iy > RF' : PO, is also always less than At 

light, theveforo, it would sccin that the proof inuHt fail. 
‘ 0 , howevov ; Archimedes is ncvcrtlielcas able to prove 
[f PKand not PT is the tangent at P to the spiral, an 
ility follows. For Ins proof estahlishea that, if PVh the 
nt and OF^ is drawn as in the proposition, then 

F'0:R0 < OK : OP, 

0 < 0R\ * which is impossible'. Why this is impossible 
not appear in Props. 18 and 20, but it follows from the 
fient in Prop. 1 3^ wliich proves that a Uingent to tlie spiral 
t meet the curve again, and in fact that the spiral is 
wJiero concave towards the origin, 
nlar remarks apply to the proof by Archimedes of the 
isibility of the other alternative supposition (that the Un- 
it P meets 02' at a point U nearer to 0 than T is), 
jhimcdcs’s proof is therefore in both parts perfectly valid, 
to of any appearances to the contrary. Tlie only draw- 
that can be urged seems to be tliat, if wc assume the 
nt to cut OT at a point very near to T on either side, 
incdcs’s construction brings us perilously near to inBni- 
als, and t)m proof may appear to hang, as it wei’o, on 
iad, albeit a thread strong enough to can*y it. But it is 
•kablo that lie should liavo elaborated such a difficult 
by means of Props. 7, 8 (including the ‘ solid yeCat^ of 
8), when the figures of Props. 6 and 7 (or 9) themselves 
^st tlie direct proof above given, winch is independent of 

Tannery,^ in a paper on Pappus’s criticism of the proof as 
jessarily involving ‘solid' methods, has given anotl^r 
of the subUngont-pmperty based on ‘ plane methods 
but 1 pjrefer the method which I have given above 
ISO it coiTosponds more closely to the preUminary proposi- 
actually given by Archimedes. 

^ Tannery, Wfnoit^es scientifique^i i, 1912, pp. 800-16. 
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ror, -nvi that cannot be gone 

igh, i.o. infinite 843. 
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postnlato 873. 

1 1. 
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of unknown, or term, in an equa- 
tion (Diophanlug) ii. 4G0. 

, fi/, one ; mi 7rXft6), ^seveml 
ones * (definition of * ninnbev ’) 


to introduce or explain 


sctti}i(/>oul 370, ii. 533. 
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short (in application 
>f ftreas^ name p[iven fo fiftpse by 
Apollonius 150, ii. 188. 

•TTir/?, -is, (h/irtire (of numbers), 
lontrasted with perfect 74, 101 : 

k <^XXt7r<? wiTtij i/€t)op ii. 459, 

XXfi|, alternately (in proportions) 
185, 


»i<»i notion j icoh^'mI com- 

non notions *= axioms 336, 
rnaiff ohiection 372, ii. 31 1, ii. 533. 
ncr<?, bulging out 6. 

\ty/irfp ii. 284. 

yqtrtp, elucidation ii. 228, ii. 
J31-2. 

Kf*aTui^i or npoitot^ /f., a 60th (=s 
L mimite), b^htpor a secomt^ 
fee. 45. 

(‘bloom') of Thynmridos: 
k ay stem of linear equations solved 

oontact : Coniacts 

H' Tangencks^ by Apollonius ii. 
81 , 

, on : TO <rr}fJifiov ^ (or n5) K, 
.vchaic for ‘the point K* 199: 

€<i>‘ ^ AB. ‘the straight line 
iBl ib, 

superparifertSf 


« ratio 1 + , 102. 

tn + n 

:<dp<op, supefvatifcutaHs ratio 
‘f form (« 90, 101 : iVi* 

6 piop btafTTi}pn 215. 

T^do^erpuen ii« 453. 

T^pndai, weather indications 
77n.,ii. 284. 

'ptrop ratio 4 /Sj 101 : /irirptrat 

vBptiP (Plalo) 80 d~7/ 

fjTOf : rb itrxf^Ttt^ extremities 

93. 

munCTf, obf(mg ; of numbem 
f form w(w+lh 82,108. 
/ypfippfitbe {ApiBpdr) «=. pr/fttp 72. 


a class of locus ii. 185, 

ii. 193. 

((fidbtop) ^fethod ii« 246. 

(vy/,y^ lever or balance 1 nfpi {vySiv, 
a work of Archimedes li. 23-4, 
ii. 351. 

rpi 6 \faf^ -rt, -oj', ratio of 3/2, lOJ. 

J -obol, sign for, 8 1,49, 50. 

BovpnronouKT} 18. 

0foXoyoc^fi/n apiOpijTiif?? 97. 
dfVtv, position : ^opn B/att {sc. btbo* 
pam.nel to a straight lino 
given in position ii. 193: npbs 
Biffn fvB4ltu9t on straight lines 
given in position ii. 426. 

Bvpuif. shktd, old name for ellipso 
439, ii. lll.ii. 125. 

iXXtoBat : tXXomVf/v used by Plato of 
the earth 314-15. 

itrditii IfTOf, equal an equal^ number 
of times, or equal multiplied by 
equal 204. 

t<r 6 p€rff 09 f *ot'f of cqmd contour : 
fTfp) hou^rpwv ax^pdT<*>v, by Zen O'* 
dorus ii. 207, ii. 390. 
iVrfjrXa-pof, •o*', equilateral : of 
square number (PIato),204. 
Itfopponiof equilibrium : nfp) IcroppO' 
rrt^y, work by Archimedes ii. 24, 
ii. 351. 

mof, equal ; bt* l<rov, ex aequali (m 
proportions) 386: 3t’ ttrov iv rt* 
Tttpaypivg dinXoyf^ 386. 

Artirijr or fartatric, equation ii.^ 468. 
iaraptft^ inquiry, Pythagoras's name 
for geometrpr 1 66. 
t<rx^ 9 , power (in mechanics) 445. 

KnpttT^pf turning-point m race- 
course 1 14, 

iiapirtfXott •?» -or, curved 249, 341. 
KftvoifiKijt CottottfCf q.v. 

Knvtiyyf ruler 239: Pub/e (ostron.), 

tipox^ip^V »c<ii'di'a)v dml'fiffiv ic<d 

y^f}io^p(n, work by Ptolemy ii. 
Z9S: cart<m(in music), r. Kararopq, 
f(araypf*fprtv : io imcrlhedn or on (c. 
gen.) 181. 

KnrffXoyoi, work by Riatosthencs u. 
108. 

Karao'Htvd^itv 193 M, 

KaratTKivtif consif'ucthfi (constituent 
part of proposition) 370, ii. 538. 


iS»*9 


0 o 


DOO 


UNJJJl/A Ur UKliiJLJV WUiU)^ 


Knruatfatauni^ WOlk by KmtostllC- 
nes ii. 108. 

Sectio canonist 
attributed to Kuclid 17, 444. 

KnTnu6fin(ti roitf imniing of 

numboi'B (Archimodes) ii. 23. 

KnronTfnKt)t theory of mirrors 18. 

Kfpil^ofinptKnt problems oir ccotve of 
gravity ii. 24, ii. 350. 

contra : ») fx tov KfUrpoo = 
radius 381. 

178, 382. 
of Sponis 234. 

xXiffip, inflect : KncXtiuOtu 887. 

ypnpprft COitchoul 288. 

KoiXoyojpiQv ii. 211, 

tcAXoppo^^ -oy, truncated ii. 838: (of 
pyramidal number) 107. 

KOfT Kipoy. sieve (of Eratosthenes) 16, 
100, ii, 105. 

xo;(Xofi6f]f cockhid 288. 

KVfS^Kv^iot^ cube.cubo, = sixth power 
of unknown (Dioplmnius) ii. 458. 

KvfioKvI^ocrrou^ reciprocal of Kvfid* 
Kv^of ii. 458. 

Kv^nf^ cube : Ku(3ojy (Plato) 

297 : cube of unknown (Dio* 
pViantus) ii, 458: xujQor 
= ninth power of unknown 
(Egyptian) ii. 546. 

xyxAixr) Dc molu cit'culavi^ 

by CHeomcdes ii. 285. 

xiiKXiK<ij, •>;, .6y, cimiloy, \iscd of 
square numbers ending in 5 or G, 

Xf/TTnr: forms used to express minus, 
and sign for (DiophanlU8),ii. 459. 

X^r^K, /yo7i^/ny(Diophantu8): Xc/^fe 
= minns ii. 459. 

X/{<f; Kura X<|tv, word for word 
183. 

Xinrilv, a fraction (Heron) 43 ; = a 
minute (Ptolemy) 45. 

Xi)ju/4n, lemma 378. 

X(iy«r^f, calculation 18, 

Xoyiffrtx^, art of calculation, opp, 
(o ^piOfi^ntrf 13-16, 53. 

Xdyor, ratio : Xdyau n/Toropr), secHo 
rettioniSf by Apollonius ii. 175. 

fioBqpnra, subjcots of instruction 
lO-U term first appropriated 
to nmthomalics by Pythagoreans 
11 : iTtp\ r&jy /tmdijpdraiy, a work 
by Ihotugorfts 179. 


fiadi/prtTixrlc, *i), pnOriuanKOi in 
Pythagorean school, opp. to 

UKavapoTtKoi 11 : <ruy* 

rnfir of Ptolcniy ii. 273-4 ; pa0r}» 
ptiTiKUt Tit (Plato) 288. 
fifdd|»oy, boundary ii, 449, 

pflovpou TTftoeaKnpi^ivpivou (II crou), 

curtailed and ijavcd in front (cf, 
scarify), of a long, narrow, tri* 
angular prism (Heib.) li. 319. 
p/pn?i fiffiij, patfs proper frac- 
tion) (list, from /i<?por (aliquot 
pari) 42 (cf. p. 294), 

/iccroXu/8t)i', mcan-Jinde?' (of Kvalo* 
sthencfi) ii. 104, ii. 350. 

/i#Tcwpoe, *01/ ; 7r«pt ucrcwQ&n/, WQvk 

by Posidonius li. 219, li. 281-2. 

ptTi<dpOOKOntK{f 18. 

Mensurae (Heronian) ii. 

819. 

length: used by Plato of side 
of square containing a square 
number of units of area 204. 
pfj\irt}9 (ilptdfidf), term for problems 
about numbers of apples (o.g.) 14, 
ii. 442. 

Mixpay (\(TTpot*opovfji€t>Of (rdr-of), Litilc 

Ashmowp li. 273. 
ppitf inina (» 1000 drachnmo) : M 
stands for, 81. 

poma, fraction : l/,360tU of ciroum* 
loroncc or a degree 45, G1 : poipa 
fomKi), xo^etKi} (ill llypsiclcs) ii. 

povdr, monad or unit 43 : definitions 
of,69 : <7U(rTij^a~ number, 

69: hiVTipn^boophri nnj/oV « 10, 
rptoiboMpu f^ p. s« 100, «c. (Iambi.) 
114: pnxdf Bioty fvoi'tjn = point 
69, 283. 

part or fraction : unplou or 
iu /jioftio) =: divided by (biophan* 
tus) 44. 

pvptaf (with or willioilt irpurr} Or 
ottX^) myriad (10,000), p. fievr/pu 
or atTrXfj l0,000^ &o. 40, 

vaay6p (solid?) 156, 178. 
vevfu', to verge (towards) 196, 230, 
837, ii. 65. 

v«vfri 9 , incUnatio or ‘verging’, a 
typo of problem 235-41, 260, ii. 
199, ii. 885: vivtrejr in A vein • 
inedcs ii 65-8 : two books of 
by Apollonius ii. 189-92 
ii. 401, ii. 412-13. 
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goal Qv oiul of race-couiBG 


, obol : sign for, 81, 49, 50. 
■lowkfM, work by ErnlosUipnca 
)9. 

wc<lge*sbaijed (igurc il. ^19, 

as. 

TOCtVci) 18. 

•n, -o#/, right or porpentU- 
r : n-Xfvpa, Inltfs rectum 

139 : dp^/n Sidpfrpor, ‘ crOOt 
iiGter \ double l^yperbobi, 
34. 

; tbpicr/j^j/of, ilclinod, i, o.dc* 
iiimto 94, 340. 

(koktXo?), dividing cirdo : 
son (Fuel.) 351, 352. 

1) definition 373: (2) limit 
oundary 293 : (3) term (in a 
)orUon) 30(j ti. 

t or oLififp, sign for (0), 39,45. 

Kti\ fnyui Tiir yCiUf saying of 
lumoclcs ii. 18. 

' dumwfii (nl miray^fifvmTtTny* 
ir), expression for parameter 
rdiniitcQ ii. 139. 

A application ; n.rop ;^ci>p/a)r, 
Hcaiion of areas 150: to /k 
FTfipo^oX^r ytvAptm the 

of a CGntrai conic, ii. 166; 
:iboia (the conic) 150, ii. 138. 
o^nyptUI>f9i ii. 541, 

)^oc ypofip/;, paradoxical cuvvo 
Moneiaus) ii. 260-1, ii. 360. 
r^ypa 177, ii. 234. 

TOV, to pull awiy: TroproTro* 
ii. 808. 

\rp?i nearness to cqualit}', ap. 
nmation : TTApicrdr/^rof dyotyf) 
)phaiitus) ii. 477, ii. 500. 
f, axo shaped figure ii. 815. 
laPi to * five* (*= count) 26. 
Xor 170. ii. 104. 

[>uo-a rrocrcir^r unit, 09. 

limit or oxtiemity 293: 
Itinff surface 160 : TTifine auy- 
01 ', definition of figure ii. 221. 

odd even : with Neo- 
hagoroana is of form 
2''»»(2w4 1), 72. 
rJp, *Tf, odd, q.v. 

1 19. 

ff, bow great (of mag* 

Ida) 12. 


TT^/XtJCfWjyr, size 384. 

TrXflyior, -n, -ot;, transvereo : -n-Xfiyin 
5idpcrpor or n\fvpd ii. 139. 

TrXao'poTiKor, -uv, (ea^iily) forinuble 
ii. 487. 

nX*<rc.>**<i{nv, a work by Kratosthonea 
ii.l04. 

n-X^^os, multitude: TrX^dor tp unit, 
G9 : TrXJdop ^pttTfiivop =2 number, 
70: poi‘46ft>p ddpiaroi', def, 

of Unknown * quantity* 94, ii. 
456. 

jrXii'dtV, a hriek, a solid number of 
a cortain form 107, ii. 240, ii. 
315. 

7roXXftTXn<7(cirip€p^c, ifiiiUiptex supei'* 
partiais, s= ratio of form 


P + 


w 

7Jl-h7l* 


103. 


noWoTT\(taunifi6ptoSf su* 

pctparlicutorie, = ratio of form 

w t- i, 103. 
n 


TToXXrtTrXiiffio?, *a, -ov, iiiuHiple 101. 
7r'>XvrTfTrtcrTOf, a Compound pulley ii. 
18. 

rrdptpoV) •np {iropi^eip), procurable ; 

ono sense of ^tSoptvof ii. 533. 
rropKTprt, porism : (1) = corollary, 
|2) a certain typo of proposition 
872 .8, ii. 633. 

iro(r6p^ quantity, of number, 12. 

quantity 69, 70 : number 
defined as irmSif^roe }(Vfia iK poru* 
d<op ovyKfipfyov 70, 
irpnpf^icfji, pf'ohie (*=s oblong) 208 : 
but disliiiguiehod from mp own K^r 
83, 108. 

irpotrny^yior 8C9, 

Trprfrrifrif = eMunciottou 370, ii. 
533. 

rrpfciror, piTWIc 72, 
rrrwmr, case 372. 

base ; digit 55-7, 115-17: 
fTTirpnof TTtdpni# 306.7. 
nopapltj pyramitt 126. ^ 

TTvpftot', TTupioj/, burning mirror ; 
rrep} nupfi^rj work by Diodes 
264, il. 200 ; tt^joI toC nvptov, by 
Apollonius il. 194. 


pnr69f *4, -dv, rational : used in souse 
of * given ' ii, 637, 

panri : w£pl pon&Pf a mechanical 
work by Ptolemy ii. 295. 
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of Archimedes ii. 23, ii. 
103. 

fTijKiiOfin 49. 

(rKi\<^f}y a form of sun-dml ii. 1, ii. 4. 

8CQne*pai tiling 18, ii, 
224, 

2o(^m, nickname of Democritus 170. 
\xiT€i(}ny sph'e or fote ii. 117: varie- 
ties of ffimirXcy^ 

jxiini or <Vn\X«Tr<iv/«), ii. 204. 
cTTii&fii}, iilumb-line 78, 309. 
trror^p, sign for, 31. 
trr</)«n/ifTpm, solid geometry 12-13. 
ar^proptrpoupfi'n ii, 453. 
trri^Xtr, column, a class of solid 
number, 107. 

(rnyfiny point 69 : artyp) ilBtro? ^ 
unit, 69. 

armX'(*^Tf)ft -6, the writer of Kle- 
nients (aroiwfoi^), used of Euclid 
3^7. 

o“rp^yt;Xnf, -o>r, round or ciroulur 

(Tvpn^patrfiny conclusion (of proposi- 
tion) 370, ii. 533. 

oin>$f<Ttt (Xriyou), Composition (of a 
ratio) m. 

oivTaiiCy collection : MeydX^ trup* 
rnftr of Ptolemy 343, called 
Mod))paTix7 ovvrnjis ii. 273, 
(TvprtOtvnt : <tupB^pti = componendo 
(in proportion) 885, 

(Tvaritvit, construction 151, 158- 
<r0mptKdr, *6vy spherical : used of 
cuoe numbers ending in 5 or 6, 
107-8. 

ort^f^^iVxof, Slake y a form of solid 
number, 107. 

(TtJini/tVKoj, wedgcy a solid of a certain 
form, measurement of, ii. 832-3; 
a solid number, 107, ii. 315, ii. 
819. 

relation 384. 

(rx^t^ioronoiuPy to form a flgure ii. 
226. 

TttXaiTor, sign for (T), 31, 50. 
rnpd<r(rftv: io’oo) cV T€rapay#*4v/j 

nvnXoy(9, in di3tuii}ed ptvpotiion 
386. 

; rimynivopy asstfpied *=: rf«. 
turn ii. 192, ii. 537: nf KarnydfiiVai 
T*T<iyfiipo)f (eifdtuH)y (straight 
lines) drawn o?xlwafe-uti8e ^ or- 
dinates ii. 139: TfToyp/vur xnr- 
it* 134. 


rdyop, Speed : trrp* wovh by 

?/U(loxuB 329. 

TfXftos, -M, -or. perfect: TtXfios upi0» 
p6? 74, 101- 

T<rnfiTnp4ptor> \ of obol, sign for, 31, 
49, 50. 

Ttrp(iy(^vi(€iVi to SQUarO : »/ Jtrpnya* 
vi^ovan (ypnfjLfi^)y tlio Quad)*ah‘ix 
225, ii. 859. 

rfrprtya)vccr/i4r, squavinf/ 178. 
TtrpaKTvf 75, 99 n., 313, ii. 241. 
TfTpoTrX^ 66rnpir = 8th power of 
unknown (Egyptian term) ii. 
646. 

Tpqpoy Bogment: used of lunes as 
well as segmeritB of circles 184 ; 
segments or sectoi-s 187*'9: rpi}- 
utirn = l/360tli parts of circuni- 
forence and l/120th parts of 
diameter of circle (Ptolamy) 45. 
TnptOiy Bhoomaker's knife, term for 
.•^cc/or of circle 381. 

To^jj, eoction : t<\ trtpl Topt\p 
(Proolus) 824-5. 

Tonosy locus: classifications of loci 
218-19, ii. 185 : rd/roe npds ypnp- 

potTy T6rrot 7Tfu\s (-ft) 

218-19, 489 : rd^^ot npb^ pcotWrifa? 
ii. 105 ; Tt^jrof nvoXi/n/i4Por, Tira^ 
sunj of Analysis, q.v. 
rdpvoty circle-drawer 78, 308. 
Tpiyojvoc d|Jtdp4f , triangular number, 
15 -1 6- 

TpiKdXoupof, thrice-truncated 107. 
rptirXtvpoPy three-sidey Monelaus's 
term for epberical triangle ii. 
262. 

Tpi^fioXoPj sign for, 49. 

i/dpia iopofTKOTTUOy water- clocks il. 
809. 

uffupfir, forthcoming: term, 

dist. from negative (Xiii/^ic) ii. 
469. 

vrr(if*p€pt)ty subsKpenpartiens^ reci- 
procal of iiTipfpqf 102. 
vTrtniptiptofy subsupeipafiiciildf iSy re- 
ciprocal of <mn6ptoc lOl. ^ 
vTTfpfioXq, exceedififf (in application 
of areas) ; namo given to hypef'^ 
bola 150, ii. 138. 

vn-fpreXciof, v/rfpTrX^f, ouer-jyer/ecf 

(number) 74, 100. 

^YnodifTfis Twv vXnptiipipoiy, work by 
Ptolemy ii, 298. 

wroTToXXnn'XtiO'ior, iVoTroXXnTpXncnrTri- 
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iijf, vI^or^o\\^t 7 ^X(^n'^er^^|i<^(itot^ Sdc, in fiOMsc fif nninI»C*roi' 

l-H. men 27. 

(Vf (V, Biibteiul 193 n. ;^fipf>|3uXX(frT/j(i ii. 309. 

>}$y Blarting-point (of nice- ;^potu, colour or skin : Pythagorean 
ii*8ft) 114. name for suiTace 166, 29H. 

Xpopnypn^tnit wolk by KratosthcnoB 
ii. 109. 

V (irrXot/wi' affr/pwi'j wovk by ooloui* (ill relation to aiir- 

)loiny, ii. 293. face) 293. 

(number) of bowls area 300 ji.: x^^ptnv unnTopi^f 

aimplo algebraical problems) sectio by Apollonius ii. 

ii. 442. 179. 

fiXio, by Geminns ii. 223. 

Kfir hi'Soup ii. 54G. 

(Jill of obol). sign for, 31 : of Apotloniiis 234, ii. 194. 

50. ii. 253. 
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Abaoua 46-8. [ 

‘Abdolmelik al-Shlra/J ii. 128* I 
Abraham Eohellensis ii* 127. 

Abu Bekr Muh. b. al-Haaau al- 
Karkhi» sec a^Karkhl. 

Abu M Path aMsfahunT ii. 127, 

Abu M Wafa al-Buxjam ii. 328, ii. 
450, ii. 458. 

Abu Naar Mauair ii. 262. 

Achilles of Zeno 275-G, 278-80. 
Adam^ James, 305-7, 313. 

Addition in Greek notation 52. 
Admstus ii. 241, 243, 244. 

A&tius 158-9, 168, ii. 2. 

‘.Aganiel: attempt to prove paral- 
lehpostuiato 858, ii. 228-30. 
Agathnvehus 174. 

Ahmes (Papyrus Rhind) 125, 130, 
ii. 441. 

Aklmiia, Papyrus of, ii. 548-5. 
Albeitus Piua ii. 26. 

Al-ChfizinT ii. 260-1. 

Alexander the * Actolian’ ii. 242. 
Alexander Aphrodisianais 184, 185, 
186, 222, 223, ii. 223, ii. 231. 
Alexeieff, ii* 324-5 »* 

Al-Fakhn, by aUKavkht 109, ii. 
449-50. 

Algebra : beginninga in Egypt ii. 
440: Art u- calculation a ii. 440-l : 
PyUiagorean, 91-7 : epatithema of 
Tnyraaridas 94-6. 

Algebra, gcomotncal, 150-4: ap- 
plication of areas (q. v*) 160-3; 
scope of geometrical algebra 
163-4: method of proportion ih. 
Al-Hajjaj, translator of Euclid, 
862 : of Ptolemy ii. 274* 

Alhazen, problem of, ii. 294. 

ofal-Karklu 111. 
At-KarkhI : on sum of 
P+ 2**+ ... + n* 
109-10,111, ii. 51,ii* 449. 


Allman, G. J. 184, 183. 

Almaf/est 

Alphabet, Greek : derived fi-om 
Phoenician, 3 1 -2 : Milesian, 83-4: 

numerical use of alphabet, 
35-6 u. 

Alphabetic numerals 31-40, 42-4. 

Amasis 4, 129. 

AincueiuUat I 122, III 122* 

Amoristus 140, 141, 171. 

Amyclas (better Amyntas) 320-1. 

Amyntas 820-1. 

Anahiuma of Ptolemy u. 280-92: 
of Diodorus ii. 287. 

Analysis: already used by Pytha- 
goreans 168: Rupposed invention 
by Plato 291-2; absent from 
Euclid’s Elcfucnts 871-2: dodiiccl 
by Pappus ii. 400. 

Anatolius ll, 14, 97, iU48,ii.545-6, 

Anaxagoras : explanation of col ipsos 

7, 162, 172 : moon borrows light 
from snn 138, 172, ii, 244: con* 
trifugal force and centripetal 
tendency 172-3: geometry 170; 
tried to square circle 173, 220: 
on perspective 174 : in Ernstae 
22, 174* 

Aniiximandor 67, 177 : introduced 
gnomon 78, 139, 140: astronomy 
189, ii. 244 : distances of sun and 
moon 1 39 : first map of inhabited 
earth i5. 

Anaximenes ii, 244. 

Anchor-ring, see Toro. 

Anderson, Alex., ii, 190. 

Angelo Poliziano ii. 26* 

Angle *of a segment' and * of a 
semicircle' 179; 'angle of con- 
tact ’ 178-9, ii, 202. 

Anharraonic property, of arcs of 
great circles ii. 269-70: ofstniighb 
Tines ii.270, ii. 420-1. 
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ninius of Tifillos ii. 194, 
200-8, ii. 5]8j ii. 540, ii. 
1 - 3 . 

)hoi\ 18L 210, 221-2, 224, 

i. 

la h(( -^ulba'Sn ttn 145-6. 

R. P. 3H0. 
t, 0. 181 182. 

?3 47. 

otlovus, author of Chronica ^ 
I 

lodovuB 6 XoyicTiKos ; (lisbich of, 
I, 138, 134, 144, 145. 
loiiitis of Pergii ii, I, ii, 126. 
^I'illmietic : tZ)/curc>Kioi; 284, ii. 
I, ii. 258 (approxiination to 
?7y,), •tetrads' 40, continued 
iltiplicatioiis 54 -7. 

\ntronomy ii. 195'G : A. and 
cho Braho 317, ii. lOfl; on 
cycloaandcccontvics ii. 105-0, 
243 : trigonoinctiy ii. 253. 
7(3n/w ii. 120-75: text ii. 128- 
Avabic translations ii. 127, 
jfaccs ii. 128-82, ohavacloris* 
8 ii. 132-3; conics obtained 
lu oblique oono ii. 134-8, 
mo property equivalent to 
rtosian equation (oblique axes) 
139, now namoB, See, 

), 167, ii. 138, transformation 
coordinates ii. 141-7, tangents 
140-1, asyniptotoB ii, 148^9, 
tangflcB under sogfinenls of in- 
flecting chorda ii. 152-3, liar- 
nic projiortiofl ii. 154-5, fooal 
iportiea (central conics) ii, 156- 
normals as maxima and mini- 
, ii, 159-67, constraotion of 
inals ii. 166-7, number of 
•mals through point ii. 163-4, 
jpoeitions giving evolulo ii. 
^-5. 

Jn coiUactft ii. 181-5 (lemmas 

ii. 416-17), three cirolo pvo- 
m ii. 182-5. 

lectio vQtionis il. 175-9 (lorn mas 
ii. 404-5). 

ycctio spat it ii. 179-80, ii. 837, 
330. 

Determinate section ii. 180-1 
nmas to, ii. 405-12). 
^TupariBOn of dodooahodron 
1 ioosahodron 419-20, H. 192. 
Duplication of cube 262-3, ii. 
L 


‘General ticatise ‘ ii. 192-8 ii. 
253 : on Book I of Kuclid 35o. 

utvnft^ ii.68, ii. 180-92 (lemmas 
to, ii. 412-16), riiombuB- problem 
ii, 190-2, i»quary - problom ii, 
412-lS. 

Piane Loctii, 185-9 (lemmas to, 
ii. 417 -19). 

On cochtiaft 232, ii. 193, * sister 
of cochloid’ 225, 231-2, On irra^ 
itivnafs ii. 193, On the huntifuf- 
7>i/Hwii. 194, ii. 200-1. 

Application ofuieaB 150-3 : method 
attributeil to Pytlnigoms 160, 
equivalent to solution of general 
quadmtio 150-2, 894-6. 

Approximations to <^2 (by moans 
of * side- * and ‘diainetcv-* nnm- 
bera) 01-8, (Indian) 146 ; to ^3 
(Ptolemy) 45, 02-3, (Archimcdea) 
ii. 51- 2: to tt 232-5, ii. 194, ii. 
258: to muds (Haro a) iL 328-0, 
cf. ii. 547-9, ii. 553-4: to cube 
root (Horon) ii. 841-2. 

Apuleius of Madaura 97, 99. 

Archibald, R. C. 425 n. 

Avehimedoa 3, 52, 54, 180, 199, 202, 
203 218, 217, 224-5, 229, 234, 

272, il. 1. 

Traditions ii. 16-17, engines ii. 
17, mcohanica ii. 18, general 
estimate ii. 19-20. 

Works: character of, ii. 20-2, 
workB extant ii. *22-8, lost ii. 28- 

5. 103 ; text ii. 25-7, MSS. ii. 20, 
editions ii. 27 : The Mtthod ii.20, 
21, 22, 27-34, ii. 246, ii. 317-18 : 
On the Sphere and CtjUnder ij. 34- 
50 : MeasiO'cment o/a cfVe^eii. 50- 

6, ii. 253 t On Conoids and Sphe^ 

I’oids ii. 56-04 : On Spirals 230-1 , 
ii. 64-76 (of. ii. 877-9j,ii. 556-61 : 
Sand’tx^ckoner ii. 81-5: Quadta- 
tun of rarabcia ii. 85-91: me* 
olianical works, titles ii. 23-4, 
Plane equilibriums ii. 76-81 : On 
S7oa(uiy ii. 91-7, problem 

of crown ii. 92-4 ; lAber assump- 
(ovum ii. 101-8: Cattle 'problem 
14, 16, ii. 28, ii. 97-8, ii. 447 : 
Catoptricu 444, ii. 24, 

Arithmotio: ootada 40-1, frac- 
tions 42, value of n* 232-8, 284, 
ii. 50-6 : a))pvoximationB to -v/3 
ii, 51-2. 

Astronomy ii. 17-18, sphere- 
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mfiking ii. 18, on Arifttnvchus’a 
hypothesis ii. 8-4. 

Conics, propositions in, 438-9, 
ii. 

Cubic equation solved by conics • 
ii.45-6. 

On^ Pcinoorltus 180, 327, 

eqiiaUty of angles of incidence 
and reflection ii. 353-4, integral 
calculus anticipated ii. 41-2, 01, 
62' 3, 74, 89-90: Lemma or Axiom 
of A. 326-8, ii. 35: p(v(r€tt^ in, ii. 
65-8 (Pappus on, ii. 68) : on semi- 
regular solids ii. 98-101 : triangle, 
area in terms of sides ii. 103 : 
trisection of any a'ngle 240-1. 

Avchytas 2, 170, 212-16, iu 1 *, on 
finBi}^nr(} It, On logistic 14, on 1 
as odd-even 71 : on means 85, 80: 
no mean proportional between n 
andn + 1, 90, 215: on music 214: 
mechanics 213 : solution of pro- 
blem of two mean proportionals 
214,219, 246, 246 -9, 384, ii. 201. 

Argyius, Isaac, 224 n., ii. e555. 

Arislacua : comparison of five regu- 
lar solids 420 ; Solid Loci (conics) 
438, ii. 116, 118-19. 

Aristaous of Groton 86. 

Aristarchus of Samos 43, 139, ii. 1*- 
15, ii. 251 : date ii. 2: crKa0r; of, 
ii. I : anticipated Coperniews ii. 
2-3: other hypotheses ii. 3, 4: 
treatise On sizes a 7 ul distances of 
Sun and Afoon ii. 1, 8, 4-16, tri- 
gonometrical purpose ii. 5 : num- 
here in, 39 : fractions in, 43. 

Aristonophua, vase of, 162. 

Aristophanes 48, 161, 220. 

Aristotelian treatise on indivisible 
lines 167, 846-8. 

Aristotherus 848. 

Aristotle 5, 120, 121 : on origin of 
scionco 8 ; on mathematical sub- | 
jects 16-17 : on first principles, de- 
finitions, postulates, axioms 336-8. 

Aiithmetic : reckoning by tens 
26-7, why 1 is odd-even 71 ; 2 
even and prime 73 : on Pytha- 
goreans and numbers 67-9 : on 
the gnomon 77-8, 83. 

Astronomy : Pythagorean sys- 
tem 164-5, on hypothesis of con- 
centric spheres 329, 33B, ii. 244, 
on Plato's view about the earth 
314-15. 


On the oouthmons and inlhiil^' 
342-3 : proof uf incoinmonsura* 
bility of diagonal 91 : on piinoiplo 
of exhaustion 340 : on Zone’** 
paradoxes 272, 275-7, 278-0, 282 : 
on Hippocrates 22 : encomium on 
Democritus 176. 

Gcomotry: illustiationa froiU* 
335, 336, 338-40, on parallel® 

339, proofs diftoring from I'liibliir® 
338-9, propositions not in Knclh^ 

340, on quadratures 184-6, 22 K 
223, 224 n., 271, on cpiadraturf^ 
by limes (Hippocrates) 184 -5 • 
198 9: on Plato and rogiihU' 
solids 159 : curves and solids i» 
A. 341. 

Mechanics 344-0,445-0: panil* 
lelogmm of Yclocitie& 346 : ‘Aris- 
totlo’s wheer ii. 347-8. 

Artstoxenus 24 n., 66. 

Aiithmetic (1 j « theory of nnmboi ® 
(opp. to XoycfmKtt) 13-10: early 
‘Kiemontsof Arithmotic’ 00, 210: 
systematic treatises, Niconmchiiw 
Introd, 97-112, Thcon oV 
Smyrnal 12-3,Iamblicljus,Ci)inni. 
on Nicomachiis 113-15, Domnimirt 
ii. 588. (2) Practical arithmetio : 
originated with Phooniciuiis 120 
1, in primary education 19-20. 

Arithmetic moan, defined 85. 

Aiithmctico of Diopbantus 15 10, 
ii. 449-514. 

Arithmetical operations: /let’AtldU 
lion, Subtraction, &c. 

Anvw of Zeno 276, 280-1. 

Aryabhafta 234. 

Asclepius of Tralles 99. 

Astronomy in elementary cdnoal iaii 
19 : as soconduvy subject 20- t, 

AtheUmixl of Bath, drat tranBlulur 
of Euclid 862-4. 

Athenaous 144, 145. 

Athenaeus of Cyzicua 320 -1. 

‘Attic’ (or ‘Herodianic’) nuiuoial» 
80-1. 

August, E. P. 299, 802, 861. 

Autolycus of Pitano .348 : workn 
On (he inoving Sjdiere 848 52, On 
Hishtgs (Old Settings 352-3: rula* 
tion to Euclid 851-2, 

Auverus, C. ii, 26. 

Axioms: Aristotle on, 330 : 
t)W7i Notions in Euclid 376; Axiom 
of Archimedes 326-8, ii. 35. 
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Jsibyloiiinna ; oivili/aatioii o\\ 8, 0: 
systain uf miinonila 28-9 : Rexii* 
gesiinal traoLions 29 : ‘ poifet t 
proportion ' 86, 

laohet, editor of Diopluintim ii. 
454 5, ii. 480. 

lacon, Roger: on Kiielid 867-8. 
Maillot, J. li. 543. 
laldi, li. ii. 808. 

iiirlanin ii . 324 ii. 554-5. ' 

iiavocitvs ii. 545. 

Jaii'ow, T., edition of Euclid, 869- 
70 : on Book Y 884, 
llathycles 142, 

I la udl lily ana 8, B. 146. 

Baynind, D. ii. 128, 
fiencckG, A. 298, 802-8. 
liencdetti, C, U. 344, 446. 

BerLiand, J. ii. 324 n, 

Bcsearion ii. 27. 

lies thorn, H. 0. 802, ii. 810. 

Billiiigaloy, Sir IL 809. 

BiOrnbo, A, A. 197 , 868, ii. 262, 

UlaBs, C. 298. 

Uluaa, E, 182. 

Boeckh, A. 50,78, 315. 
noiitius 37, 47, 90: Ininalaliou of 
Euclid 850. 

OoiBBonado ii. 588. 

Donibclli, Rafael, ii. 454. 

Borchardt, L. 125, 127. 
liovolli, G. A. ii. 127. 

Bouillaud (BulliulduR) ii. 288, ii. 
550. 

Bjuunmilhl, A, von, ii. 268 9 n., ii. 
288 ii. 291. 

Breton (do oinimp), P. 480, ii. 36U. 
BrcdBclnioidcr, C. A. 149, 188,824 5, 
ii. 539. 

Biochard, V. 270-7, 279 2H2. 

Brougham, Lord, 486. 

BnigBch, U. K. 124. 

Biyaon 219, 223-5. 

Burnet, J. 208 n., 285. 814-15, 
Biitclier, S. 11.299,800. 
Ouzengoiger ii. 824 n. 

Ciuorl, E. 283 «. 

Calculation, practical ; the abacus 
40-8, addition ami subtraotion 
62, multiplication Egyntian 

52- 3 (lluBsian ? 58 n.\ (ii) Greek 

53- 8, division 58-60, extraction 
of square root 00-8, of oubo root 
03-4, ii. 841-2. 

CalUiuaclum 141-2, 


Callippus: Great Year 177: system of 
con c en tri c fipl icr c8 329 , 3 3 6. i i . 244. 
CanibyBCB 5. 

Canienuina, Joaeliim, ii. 274. 
Cainerer, J. G. ii, 360. 

Campanus, iranslatov of Euclid 
363-4. 

Cmoiiic = theory of musical inter- 
vals 17. 

Cantor, G- 279. 

CvmUr, M. 37-8, 128, 127, 181, 185, 
182. ii. 203, ii. 207. 

Carpus of Antioch 225, 232, ii. 
859. 

C(tse 872, ii. 588. 

Cassini ii. 206. 

Casting out nines 115-17, ii. 549. 
(*atof}(nc, theory of mirrors 18. 
Catoptnea: lioatiBCs by KucHd(?) 
442, by Thcoii (?) 444, by Archi- 
medes 444, nml Heron 444, ii. 294, 
ii. 810, ii. 352-4. 

Cattle-problem of Aroliimedcs 14, 
15, ii.23.ii. 97-8, ii. 447. 
Cavalieri, B. 180, ii. 20. 

Consorinus 177. 

Centre of gmvity : deflnitions ii. 

802, ii. 350-1. ii. 430. 

Ccfia Arlsioteiica ii. 531. 

Chulcidins h. 242/244. 

Cinildacans : nicasurcment of angles 
bycUs ii. 216-16: order of planets 
ii. 242. 

Cliavmandrus ii. 369. 

Clmsles, M. ii. 19, 20: on Poiisms 
485-7, ii. 419. 

Chords, Tables of, 45, ii, 257, ii. 
259-60. 

ChiysLnpuslTQ: definilionofunitBO . 
CicGio 144, 350, ii. 17, 19. 

Circlo : division into deg^rees i i .214- 
15 : squaring of, 173, 220-85, 
Antiphon 221-2, Bryson 223-4, 
by Archimedes’s spiral 226, 280- 
1, Eicoinedea, Rinostratus, and 
quadmtrix 225-0, Apollonius 
226, Cju'pus 225; approximations 
to TT 124, 282-5, ii. 194, ii. 253, 
ii, 545. 

Cissoid of Diodes 264-6. 

Clausen, Th. 200. 

Cloautlies ii. 2. 

Cleoiuodee: ‘parndoxienP eclipse 6: 

Oe wotit civGuiwi ii. 236-8, 244. 
Cleon ides 444. 

Cacbims232, ii. 193, 
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Coclihids 2^S -40 : ‘sister of coch- 

loitr 2*^5,281-2. 

Coinsand weiglits, notation for, 31. 
Columella ii. 303. 

(Jonunutiditins, K, tniUHlator of 
Kuclkl, 3G5, 425, Apollonius ii. 
127, Auaiemina of IHolemy ii. 
287, Phitisphcrlum ii.292, llcion‘R 
riuumatkn ii. 308, Pappus ii. 3(50, 
Screnua ii. 519. 

Conclioid of Niconiedca 288-40. 
ConchisiOH 370, ii. 583. 

Cone: Democritus on, 179 80, ii. 
110: volume of, 176, 180, ‘217, 
327, 418, ii. 21, ii. 382: volume 
of frustum ii. 334: division of 
frustum in given ratio ii. 340'3. 
Conic sections : discovered by Me* 
naccliimis 252-3, ii. 110-16: Ku* 
tdid’s Conics and Aristae us ’s SoHU 
Loci 438, ii, 116-19 : pvopositions 
included in Kuclurs Conics it. 
121-2 (fo on 8* directrix property 
243-4, ii. 1 19-21 ), conics in Arcin* 
inedes ii. 122-6 : names due to 
Apollonius 150, ii. 138: Apollo, 
nms’s Conics \u 126-75: conics 
in PinfftuciifuiH liobicnsc ii. 200- 
203: in Anthemius ii. 511-3. 
Conon of Samos ii. 16, ii. 359. 
Consintciioit 370, ii. 533. 

Couvemon of ratio (coitvcrtnuio) ‘386. 
Cook-Wilson, J. 300 n., ii. 370. 
Countor-earth 164. 

Ci oosns 4, 129. 

Clesibius 213: relation to Philon 
and Heron ii. 298-802. 

Cube: called ‘geomotvical har- 
mony ' (PhilolauB) 8.5-6. 

‘^ube, duplication of : history of 
problem 244 -G : reduction by Hip- 
pocrates to ])roblcm of two mean 
])voportional8 2, 183, 200, 245 : 
solutions, by Aroliytas 246-9, Ku- 
doxus 249-61, Mciiaoehmns 251- 
5, ‘ Plato ’ 255-8, Eratosthenes 
258-60, Nicomedes 260-2, Apol- 
lonius, Philon, Heron 262-4, Dio- 
des 204-6, Sj)oru8 and Pappus 
266-8 : approximation by plane 
method 268-70. 

Cube root, extraction of, 63-4 : 

Heron’s case ii. 341-2. 

Cubic equations, solved by conics, 
237-8, ii. 45-6, ii. 46 j particular 
case in Diophantus ii. 465, ii. 512. 


Cnrlzc, M. 75 n., il. 309. 

CyruB 129. 

iJacfijhfS, l/24th of cll, ii. 210. 
Damastea of Sigeuni 177. 

Dnmiiinus ii. 294. 

Dili- ill a- vase 48-9. 

D’Armagmic, G. ii. 20. 

Dasypodhia ii. 554 it, 

J)e la Hire ii. 550. 

De hvi cl pondcroso 445- G. 

Decagon inscribed in elide, side of, 
410 ; area of, ii. 328. 

Dee, John, 369, 425. 

Definitions: Pythagorean 166: in 
Plato 289, 292-4 : Aiistollc on, 
337: in Euclid 373: Definiiions 
of Iloron, ii. 314-16. 

Demetrius of Alexandria ii- 2G0, ii- 
359. 

Democritus of Ahdora 12, 119, 121, 
182 ! date 176, travels 177 Aris- 
totle's cMicomium 176 : list of 
works (1) astronomical 177, (2) 
matheiiiaUcal 178 : on irrational 
lines and solids 156-7, 181 : on 
angle of contact 178'9 : on oil* 
cular sections of cone 179 80, ji. 
110: (Irst discovered volume of 
cone and jiyraiiiid 176, 180, 217, 
ii.2l : atoms imithenuiticiilly di- 
visible ad inf, 181 : 

178,181 : on norspcclivo 174; on 
Groat Year 177. 

Dcrcyllidcfi ii. 244, 

Descartes 75 279. 

Dicaearchiis ii, 242. 

Dichotonn/ of Zeno 275, 278 80. 
Didfi, H.; 14‘in., 176, 178, 184, 188. 
Digatnma: from IMiooinciaii Vau 
82 : signs for, ib, 

Ddjit 27. 

Dinostratus 225, 229, 320-1, ii. 369. 
Diodes: inventor of cissoid 264-0; 
solution of Archinicdcs On Sph, 
and Ci/i, II. 4, ii. 47-8: on bmii- 
ing-mirrors ii. 200 3. 

Diodorus (math.) : on pa nil Id- ]) os- 
tulate 858; Aualemina of, ii. ‘^87, 
ii. 359. 

Diodorus Siculus 121, 141, 142, 170. 
Diogenes Laortins 144, 145,177/291. 
Dionysius, Plato's master, 22. 
Dionysius, a friend of Heron, ii. 800, 
Dionyaodonis ii. 46, ii. 218-10, ii, 
834-5. 

Diophantus of Alexandria: date il. 



ENGLISH INDEX 


576 


\voil <8 uiul uiHlions ii. AAH- 
60 : Arithnicticu 15-10: fractions 
in, 42-4: iiotiition aiul (Icfinilions 
ii. 455-01 : for unknown (a:) 

mitl ))owuia ii. 450-0, for minus 
ii. 459; nictliocla ii. 4G2 70 : dc« 
Icnninatc t!(|uutions ii. 402-5, 
484-90 : iiidolcnninato anal^'sis 
ii. 460 70,491 5H : 'Tonsms’ ii. 
449,450, 451, ii. 479-80 ; propo- 
sitions ill tlicory of mimbcis ii. 
481-4 : conspcctuB of Arifhmetita 
ii. 484-514 : On l^utn- 

hrrs I G, 84 , i i . 5 1 4 - 1 7 : * Moriostica ‘ 
ii. 440. 

ioptval8, ii.256 : Hovon’s Dioptra 
ii. 

division : I'ifjyptian inolhod 58, 
Greek 58-00 : example with sexa* 
^fcsimiil fractions (Thcoii of Alex* 
vuuU'ia) 59- GO, 

)iv!sious{o/}u(/uir8)^ On, hy Euclid 
425-80 : eimilar problems in 
Heron ii. 880-40. 

)odecanou, uvea of» ii. 828. 

)o decahedron ; discovery attributed 
to Pyllmffoins or Pylhaporcans I 
05, 141, 158-00, 102 : early occur- 
reiico 100; inscribed in sphoio 
(Euclid) 418-19 , 1 Pappus) ii. 300 : 
Apollonius on, 419*20: volume 
ol, ii. 885. 

Oomninus ii. 538. 

Dofiillious ii. 84. 

[)ulicm, P. 440. 

Dupuis, J. ii, 239. 

I'liirlli : moaHurcniciifs of, ii. 82, 
(Eratostlioncs) ii. lOG-7, (Posido- 
nius) ii. 220. 

Ecliptic : obliquity discovered by 
Oenopidcs 174, ii. 244 : estimate 
of inclination (Eratostlionea, Pto- 
loniy) ii. 107-8. 

I'loplianlus 817, ii. 2. 

1'ldl‘u, 'remple of Horus 124, 

Egypt : pnosls 4-5, 8-9 : jelalious 
with Greece 8; origin of goomclry 
in, 120-2 : oricnlaiion of temples 
122 . 

Egyijtiun mathematics : numeral 
system 27-8, IVaclions 28, multi- 
plication, &c. 14-16, 52-3: goo- 
mclvy (mensuvatiou) 122-8: tvl- 
nnglo (3, 4, 5) right-angled 122, 
147: value of TT 124,125: measure- 


mont ol pyramids 126-8: maps 
(regional } 139; algebra in Papyius 
Rhincl, &c. ii. 440-1. 

KiRCiilohr, A. 123, 126, 127. 
Kisoninmin, H. J. ii. 360. 

Elements : as known to Pytha- 
goreans 166 8: progress in, down 
to Plato 170-1, 175-G, 201-2, 209 - 
13, 216 -17 : wi iters of Elements, 
Hippocrates of Chios 170-1, 201- 
2, Leon, Theudius 320-1 : other 
contiibiitord to, Leodamas, Ai*- 
cliyhis 170, 212--18, Thcaclelita 
2(>9 12, 354, Hcnnotinuis of Colo- 
phon 32u, Eudoxus 820, 823-9, 
354 : Ekamits of Euclid 357- 419: 
the so-called ‘Rooks XIY, XV* 
419-21. 

Kli, as measure of angles ii. 215-16. 
Empedocles : on Pythagoras 06. 
KnesUOm, G. ii. 341-2. 

Enneogon : Heron’s mcnsurcincnt 
of side ii. 259, of area ii. 328-9. 
}*Jpanthemn of Thynniridas t system 
of simple equations) 94: other 
types reduced to, 94-6. 

Equations : simple, Jn Papyrus 
Khind, &c. ii. 441 : in cpanififtna 
of Tiiyinaridaaand in lamblichus 
04-C : in Greek anthology ii. 
441-3: indeterminate, sec In<te- 
terminate Analysis : see aho 
Quadratic, Cubic. 

Eratostlioncs ii. I, 16: date, &c. 
ii. 104: 5/erc (icoctkjmD for finding 
primes 10, 100, ii. 106 : on dupli- 
cation of cub(j244 6, 251, 258-60: 
ihoPlaiouictts ii. 104-5 : On Means 
ii. 105-6, ii.859: ^fcn8urmeut of 
earth ii. 106-7, ii. 242, ii. 346; 
astronomy ii. 107-9 : chronology 
and GcOfjntphica ii, 109: on Octal- 
tens }% 

Erycinus ii. 869, 365-8. 

Euclid 2-3,98, 181 : date.&c. 354* 
6 : slovicB of, 25, 854, 357 ; rela- 
tion to predecessors 854, 367 : 
Panpua on, 356-7, 

Arithmetic: chiSbi float ion and 
definilions of numbova 72*- 3, 397, 
‘povfect’ numbers 74, 402: for- 
mula for right-angled triangles 
in rational numbers 81-2, 405. 

Co«K^ 438-9. ii. 121-2, focus- 
directrix property ii. 119-21 ; on 
ellipse 439. ii. HI. ii. 125. 
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Data 421-5, Divmon:^ \of 
425-110, ii. 336, 389. 

Elnneufs: text 360- 1, Theon'ii 
edition 358, 360, ii. 527-8, tmns* I 
lation by Bofitius 859, Arabic ■ 
Ininalrttions 362, unciont com* i 
mentariea 858-9, editio prince ps 
of Greek text 360, Greek texts of ! 
Gregory, Peyraid, August, Hei- 
berg 360-1 : Latin tranahitions, 
Athelhjird 302-3, Glicrard 363. 
Campimus 368 4, Commnndinus 
365: first printed editions, Kat- 
dolt 364-6, Zainbcrti 865: first 
introduction into England B63 ; 
lirst Kngliali editions, iiiUingeley, 
369-70: Euclid in Middle 
Ages 3G5-9, at Umversilies 368- 
9: analysifiof, 373-419 : icrrangc* 
inent of postulates and axioms 
361: 1.47, how originally proved ; 
147 9: parallel-postulate 858, 
376, ii. 227-30, ii. 296-7, ii. 684 : 
so-called Mlooke XIV, XV 419- i 
21 . 

Mechanics 445-6 : Music 444- 
5, SecUo canonia 17, 90, 215, 
444-5: 17-18, 441-4: l*huV' 

nomena 849, 351-2, 440-1, ii. 
249 : Vorlsms 431-8, lemmas to, 
ii. 419-24: Pi!«ndfi/7n430-l : Sur- 
fiirv-Loci 243-4, 439-40, lemmas 
to, ii. 119-21, ii. 425-6, 

Kudemus 201, 209, 222: llhiorji of 
Geometry 118, 119, 120, 130, 131, 
135, 150, 171 : on Hippocrates's 
lunes 173, 182, 183 98: Uistonj 
of Aslmiomy 174, 329, ii. 244. 

Eudoxus 24, 118, 119, 121, 320, 
322-4 : new theory of pioporlion 
(that of Eucl. V. ii) 2, 153, 216, 
325-7; discovered method of ox- 
hauBtion 2, 176, 202, 206, 217, 
222, 326, 827-9 : problem of two 
mean proportionals 245, 246, 249- 
61 ; discovered three new means 
86: ‘general theoioins' 323-4: 
On spt^edss theory of concentric 
spheres 329-34, li. 244 : Phneno* 
me ft a and Minvr 322 , 

Eugenius Siculus, Admiral, ii.298. 

Euler, L. 75 a., ii. 482, ii. 483. 

Euphorbus (= Pythagoras) 142. 

Eurytua 69. 

Kutocius 52, 57-8, ii. 25, ii. 45, ii. 
126, ii. 618, ii. 540-1. 


Exhaustion, meUiud of, 2, 176, 202, 
217, 222, 326, 327-9: develop, 
iiieiit of, by Arohimedes 224, ii. 
35 6. 

Falao hypothesis: Egynliiin uhc ii. 
441 : in Diophantus li. 488, 489. 

Eennat, P. 75 n., ii. 20, ii. 185, ii. 
454, ii. 480, ii. 481* 4 : on Porisins 
435. 

Fontenelle ii. 556. 

Fractions : Egyptian (sub multi pies 
except '^) 27-8, 11: Greek sys- 
tems 42 4 ; Greek notation ib, : 
8cxagt\sinnfcl fine f ions, Babylo- 
nian 29, in Greek 44-5. 

‘ Friendly ’ numbcr.s 75. 

Galilei 344, 446. 

Ue^ponicuSt Libery 124, ii. 309, ii. 
318. ii. 344. 

Geminus 119, ii. 222-34 : on arith- 
metic and logistic 14 : on divi- 
sions of optics, kc, 17-18: on 
original steps in proof of Kucl. 1 
32, 135-6; on panillels 358: 
attempt to i>rovc parallcLpostu- 
lato ii, 227-30 ; on original way 
of j)ro(lucing the three conies 
ii. Ill : encyclopaedic work on 
mathoinatics ii. 223-81 : on Posi* 
donius's Metcorologica ii. 281-2 ; 
Introduction to Phaeiwmcna il, 
232-4. 

Geodesy (yfwfiamm) mciiBuration 
(as distinct from geometry) 16-17. 

Oeomotric mean, defined (AichylasJ 
85 : one mean between two 
squares (or similar iiuniborB), two 
between cubes (or similar solid 
numbers) 89-90, 112, 201, 297, 
400 : no rational mean between 
consocutivc numbers 90, 215. 

‘ Geometrical harmony * (Philolaus’b 
name for cube) 85-6. 

(icouietry; origin in Egypt 120-2: 
geometry in secondary education 
20 - 1 . 

Georgius Pachymeres il. 463, ii, 

Gerbert (Pope Sylvester II) 805-7 ; 
geometry of, 366: ii. 547. 

Gerhard t, 0. J, ii. 860, ii. 647. 

Gherard of Cremona, tmneiator of 
Euclid and an-Nairm 363, 807, 
ii. BOO: of MGnolauBii.262,ii.262. 
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jhelaUli, Marino, ii. 100. 

jriiiavd, Albert, 435, ii. 455« 

jiioiuon : history of term 78-0: 
gnomons of square numbovB 77- 
8, of oblong numbers 82- 3^ of 
polygonal nmnbeva 70 : in nppU* 
cation of areas 151-2 : uso by 
al-Karkln 109-10 : in KucHtl 379 : 
sun dial with vortical nccdlo 189. 

GompciE, Th. 176. 

Giovi, G. ii. 293 u. 

Glow, J. 88. 

Groat Year, of Oenopidcs 174-5, 
of Callippua and Detnocnlua 177. 

Gregory, U. 860-1. 440, 441, ii. 127. 

Grimth, F. LI. 125. 

GUnther, S. ii. 325 ii. 650. 

Guklin’s theorem, anticipated by 
Pappus iii 403. 

IlalicarnasBUS inscriptions 82 - 3, 
84. 

Halley, edit ions of Apollonius’s 
Conics ii. 127-8, and Sreth ixitiO' 
uis ii. 175, 179, of Mcnolaus ii. 
252, ii. 202, of extracts from 
Pappus ii. 860, of Soremm ii. 519. 

Ilaliua, editor of Ptolemy ii. 274, 
275. 

llainmcv Jensoi), 1. ii. 30D a., ii. 
804 u. 

llankol, H. 145, 149, 288, 869, ii. 
488, 

Hardy, G. II. 280. 

llarmonio moan (originally ‘sub- 
contrary *) 85. 

Jlarficdonaptac, ‘ vo pc -sti etchers * 
121-2, 178. 

HfirOn nr-RasliId 362. ^ 

y/rt//- calculations (l‘lgyptian) ii. 
440-1. 

Hocatacus of Miletus Oo, 177. 

Hoiben, J. L. 238 n. 

Heiberg, J. L. 184, 187 n., 188, 
192 190-7 315, 861, ii. 203, 

ii.300, 810,316,818.310, ii.619, 
ii. 535, 543, 553, 555 «. 

JiekcphlU. 

Hendecagon in a circle (Heron) ii. 
259, ii. 829. 

Henry, C. ii. 458. 

Heptagon in a oirclo, ii. 108: 
lloroiPs measurement of, ii. 328. 

Horaolides of Pontns 24, ii. 281-2: 
discovered rotation of earth about 
axis810H7tii.2*8,iindtha* Venus 


and Mercury revolve about sun 
312, 817, ii. 2, ii. 244. 

Hctnclilus of Kphesus 65. 

Heraclitus, niathcmatiehm ii. 192, 
ii. 359, ii. 412. 

UevmanmiB Secvindus ii. 292, 

Hevmesiaiiax 142 1C3. 

Ilermodorns ii. 859. 

Uermotimus of Colophon 320-1 : 
Klein on ta and Loci ^5., 354. 

‘ Herodhmic’ (or ‘ Attio’) nuniorals 
30-1. 

Herodotn8 4, 5,48,65, 121, 139. 

Heion of Alexandvia 12\, ii. 198, 
ii. 259 : controversies on date ii, 
298-307 : relation to Clesibius 
and Pillion ii. 298-802, to Pappus 
ii. 299-300, to Posidomus and 
Vitruvius ii. 302-3, to aprimen- 
sores ii. 303, to Ptolemy ii. 308-6. 

Arithinctic: fraction 84 2- 4, mub 
tipVi cat ions 58, approximation to 
surds ii. 31 , ii. 323-6, ap^noxinia- 

i lion to cube root 64, ii. 841-2, 
quadratic equations ii, 344, in- 
dctcrininato piobloms ii. 844, 
444-7. 

Oharaotcr of works ii. 307-8 : 
list of treatises ii. 808-10. 

Oeomobry U. 31 0-1 4, 
ii. 314-16: conun. on Kuclid’s 
ijrVcm^n/8 358, ii. 310-14 : proof ot 
formula for area of triangle in 
terms of sides ii. 321-3 : du plica* 
lion of cube 262-3. 

iVelrfca ii. 820-43 : (1) mensu- 
ration ii. 810-85: biianplCB ii. 
320-8, quadrilaterals ii. 326, 
regular polygons ii. 826-9, circle 
and sogmoiils ii. 829-81 : volinnos 
ii. 831-5, ii. 832-8, frus- 

lum of cone, sphere and Bogruont 
ii. 384, tore ii. 334-5, five regular 
solids ii. 885. (2) divisions of 

figuvos ii, 830-48, of frustum of 
cono ii. 842-3, 

^fechauics ii, 340-52 : on Ar- 
oliimodes'e meobanical works ii. 
23-4,oncentroofgiavityii. 850-1, 
362, 

DetopoeVea 18, ii, 308-9, Caiep- 
trica 18, ii. 294, ii. 810, ii. 852-4. 

Dioptra ii. 345-0, Fneumatlca 
and Auto?mta 18, ii. 808, 810. 

On ]Vaferdocks ii. 429, ii. 586. 

I Heron, teacher of Pioclus ii- 520, 
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‘Heron tlio Younger* ii, 645. 

Hcronas 99. 

Hicctas 317. 

Hieriua 268, n. 359, 

Hioionyinua 129. 

Ililal b. Abi Hilfil ii. 127. 

Hiller, E. ii. 239. 

Hilpieclit, H. V. 29. 

llinparohus ii. 3. 18, 108, 216, 218: 
cWe, &c. ii. 253 t work ii. 254-6 : 
on ej3icycle.s and eccentrics ii. 
243, li. 255 : discovery ofproces* 
fiion ii.254: on mean lunar month 
ii. 254'6 : catalogue of stars ii. 
255 : geography in 25G ; trigono- 
metry ii. 257-60, ii. 270. 

Hi})pjisiia 65, 85, 80, 214 : construc- 
tion of ‘ twelve pentagons in 
sphere* 160. 

Ilippias of Klia: taught mathc- 
inabics 28: varied accoinplieli- 
menls ib., lectures in Sparta 24 : 
inventor of 2, 171, 182, 

219, 225-6. 

Hippocrates of Chios 2, 182, 211: 
taught for money 22: flrat writer 
of Elements 119, 170, 171: olo- 
monts as known to, 201-2: 
a8sa\uc8 vfvaiv equivalent to solu- 
tion of quadratic equation 88, 
195-6 r on quadratuies of Innes 
170, 171, 173, 182, lsr)-90. 220, 
221: proved LheortMu of Kucl .XII 
2, 187, 328 ; reduced duplication 
of cube to problem of finding 
two mean propovtionals 2, 183, 
200, 245. 

llippolytua: on ;rud«mf (bases) and 
‘rule of nine* anu ‘soven' 115-16. 

lIi 2 }poped€ of Eudoxus 838-4. 

Homer 5. 

'Horizon': use in tcohnical aonaeby 
Euclid 352. 

Horsley, Samuel, ii. 190, ii. 360. 

HulUch, F. 204, 230, 349, 350, ii. 51, 
ii. 308, ii. 318, 319, ii. 301. 

Huniatli, K. ii. 51. 

Hunt, A. S. 142. 

Hypatia ii. 449, il. 519, ii. 528-9. 

Hypotenuse, theorem of square on, 
142, 144-9 : Proclua on discovery 
of, 145: supposed Indian origin 
145-6, 

sioloB : author of so called Book 
IV of Euol. 419-20, ii. 192: de- 
finition of ^polygonal number’ 84, 


ii. 213, ii. 515: *Arn^oniicov ii. 
213-18. first Greek division of 
zodiac circle into 360 parts ii. 214. 

lamblichua 4, 69, 72, 73, 74, 75, 86, 
107, ii, 515, 629 : on tmwOqfi’t of 
Tliymariilfts, &c. 94* 6; works 
113-14: comm, on Nicomachna 
113-15: aqinuea and oblong nuni* 
bcia aa ‘ race-couraes ‘ 114; pro- 
perty of sum of numbers 3;/— 2, 
3n-l, 3« 114-15. 

Ibn al-Haitham,on buniing-mii l ora 
ii. 201 : ii. 453. 

Icosahedron 169 : discovery attri- 
buted to Tlicactotua 162 : volume 
of, ii. 335. 

Incommensurable, discovery of, 05, 
90-1, 154: proof of incommensu- 
rability of {(iagonal of square 01. 

Indetorminato analyais : first cases, 
right-angled triangles in nitional 
iiumbors 80, SI, ‘side*’ and 'dia- 
meter*^ number a 91-3, ii. 536: 
rectangles with area and peri- 
meter numerically equal 96-7 : 
indeterminate equations, fivat 
degree ii. 443, second degree il. 

443- 4 (arc DiopUantua), in 
lleronian collections ii. 344, ii. 

444- 7. 

India: rational right angled tri. 
angles in, 146-6: approximation 
to >v/2, 146. 

Indian Table of Sines ii. 268. 

Irmtional ; discovered by Pythago- 
reana 66, 90-1, 154, and with 
reference to \/2, 155, 168 : Demo- 
critii8on,l56-7,181:TheodoiU8on, 
203-9: extenaions by Theaetetua 
209-12, Euclid 402-11, Apollonius 
ii. m. 

Isaac Argyrns 224 n., ii. 555. 

Ishiiq b. Hunain, translator of 
Euclid 362, of Monolaua ii. 261, 
and Ptolemy ii. 274. 

Isidorua Hispalensia 305. 

Isidorus of Miletus 421, i\, 25, ii. 
518, ii. 540. 

Isocrates: on mathomalica in cdu* 
cation 21. 

Isoperimetric figures ii, 206-13, ti. 
390-4. 

Jacob b. Machir ii, 252, ii, 262. 

Jacobus Cremonensis ii. 26-7. 




ENGLISH INDEX 


579 


Jan, 0. 444. I 

Joftclum Ci\.mOYavvv\8 \i. 271, 
.loacliiin, II. I(. 348 
.lolmnncs ilo Sacrobosco 3G8. 

,1 Old fin u 8 NQinoniriufi ii. 328. 
Jourdiiin, i\ K. b. 283 n. 

Kaliiin Papyri 125, 120. 

Kant 173. 

Kcil, H. 34-5. 

Koplor ii. 20, ii. 99. 

ICflchly, II, A. T. ii. BOO. 

Koppa (9 foi' 90) - PliOL’niciiin Qoph 
32. 

KubitachcU, W. 50* 

Lagrango ii. 483. 

Lund, A. G, 300 n. 
baplaco 173. 

Larfold,W. 81«., 33-4. 
bawson 430. 

Liiibni/, 279, ii. 20. 

Lemma 878, ii. 533. 

Laoilaiima of Tbasos 120, 170, 212, 
201, 819. 

JiOOn Mo. 

Leon (of CouBtantinoplo) ii. 25. 
Leonavdo of Plaa 307, 425, ii. 547. 
IjopsiiiH, 0. R. 124. 

Louoippii8 181. 

Libvi, Q. ii* 550. 

* Linear * (of numborfi) 73. 

* Linear' loci and probleim 218-19. 
Linos, cbifiBification ol, ii. 220. 

Livy ii. 18. 

Loci t clftssiflcation or,21 8- 1 9, piano, 
solid, linciiv218: loci on surfaces 
219 : * solid loci ‘ ii. 1 10-19. 
Loftus, W. K. 28. 

Logistic (opp. to *avUhmotio*l, 
scienco of calculation 13-10, 23, 
58. 

Loo^sika Rpflciosct and numeroea 
(VioLfi) ii, 450. 

Loria, G. iv-v, 850 n., ii. 208 ». 
Luca Paoiiiolo 367, n, 824 », 

LncftS, E. 75 n. 

Lv\ciun 75 n.* 77, 00, IGl, ii. 18. 

Till ere ttua 177. 

Magic sfiiiarCB ii. 550. 

Magnus, Loghika 23*4-5. 

Maincrous ov Mamortius 140, 141, 
171. 

al-Ma'niun, Caliph 302. 
al*Man§Qr, Caliph 862. 


.l/rtJins, for number 27. 

Mariuufi 444, ii. 192, ii. 537-8, 
Miutianus Capella 350, 365. 

Martin, T. H. ii. 288, ii. 546. 

Maslama b. Abmiul al*Majrdi ii. 

202 . 

Massalia 8, 

Mastaba tombs 123. _ 

MatlmmiUics; meaning 10 - 11 , das- 
siHcution of subjects 11-18: 
bvanclica of applied niathenmtics 
17-18: matliciimticB in Greek 
education 18-25. 

Maurolycus ii. 262. 

Means : avithiuctic, geometric, aiul 
subcontrary (harmonic) known 
ill PytUagoins'a time 85 : defined 
by Archytaa ih , : fourth, fifth, and 
sixth discovered, perhaps by Eu- 
doxus 86, founnoro by Myonidca 
ami Euphranor 86 : ten means 
irt Nicoiiiachutt ami Pappus 87 0, 
Pappufl'n propositions B8-0 : no 
rational gconi. mean between sue- 
ecssivo numbers (Archytas) 90, 
215. 

MechaiucB, divisions of, 18 : writers 
on, Archytas 218, Anatolic 344 -0, 
445-6, Arebimedesii. 18, ii.23-4, 
ii. 75-81, Ptolemy ii. 293, Heroiiii. 
346-52, Pappus li. 427-34. 
Mogethioii ii. oOO. 

Menuis, Johannes HapUsta, ii. 127, 
Mcnaoohuius 2, 25, 251-2, 820-1: 
discoverer of conic sections 251- 
8, ii. 110-10: solved probloni of 
two mean proportionals 245,240, 
251-5: on ^problems *318. 
Menelaus of Alexandria ii. 108, ii. 
262 - 8 : dale, &c.ii. 260-1: Table of 
Chords ii. 257; S2)ha€Hca ii. 261- 
78 : Menolaus’s theorem ii. 200- 
8,270: anharmonic i^roporty i'* 
269: irupdOo^or ourvo li. 200—1. 
Meusa Pgth agorca 47 . 

Mensuration : in primary education 
19 : in Egypt 122-8 : in Heron ii. 
310-85. 

Melon 220. 

Metrodoriis ii. 442, 

Minus, sign for, in Diophnntus n. 


mociius^* ,, 

Mosohopoulos, Manuel, ii. 549 -dO. 
Muhammad Bagdadinus 425. 
MiiUipUcalion: Egyptian method 
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52-8, Greek 53-4, ‘Russian* 53 ?l: 
Dxawplcs from Entoeins, llovon, 
Thcon ST-S: Apollonius’s con- 
tinued multiplications 54-7. 

Multiplication Table 53. 

an angular measure ii. 215. 

Musical intervals and numerical 
lalios 69, 75-6,85, 165. 

Myriads, * flidt * second \ &c., nota- 
tion for, 39-40. 

Nagl, A. 50. 

an-NairTz.i : comm, on KucUd 363, 
ii.224. ii. 228-80, ii. 809-10. 

NstsIradclTn at^TOsi ; version of Eu- 
clid 862, of Apollonius’s Conks 
ii. 127 : of Ptolemy ii. 275. 

Naucnitis insoriptiona 33. 

Nemesiue 441. 

NeocHdea 819. 

Ner (Ualylonian) (= 600) 28, ii. 
215. 

Nessolmanu, G. H. F. ii. 450-1, ii. 
455-6. 

Newton 370, ii, 20, ii. 182. 

Nicolae Rliabdas 40, ii, 824 , ii. 
550-3. 

Nicoinacbus of Gcrasa 12, 69, 70, 
72, 73, 74, 76, 83, 85, 80, ii. 238, 
ii. 51 5 *. works of, 97 : htlmlucfio 
nrii h inei ica ; cUavacter of tveatiao 
98-9, contents 99-112, claaaifica- 
tion of numbers 99-100: on ‘per- 
fect* numbers 74, 100-1 : on ten 
means 87 ; on a ‘Platonic* theo- 
r6n\ 297 *. aum of aeries of 
natural cubes 109-10. 

Nicomedes 225-6, ii. 199: cocbloids 
or conchoids 238-40: duplica- 
tion of cube 260-2. 

Niloxenus 129. 

Nine, rule of, 115-16: casting out 
nines ii, 549. 

Kipsus, M. Junius, 132. 

Nix, L. ii. 128, 131, in 809. 

Noel, a. 282. 

Number: deflned, by Thales 69, by 
Modoratus, Eudoxus, Nicoma- 
ohu8, Aristotle 70 : classibcation 
of numbers 70-4: * perfect*, 

‘over-porfect* and ‘defective* 
nurabors 74-5, * friendly * 75, 
figured 76-9 : ^oblong’, ‘prolate* 
82-8, 108, 114, similar piano and 
solid numbers 81-2, 90, solid 
numbors olaasiBcd 106-8 : ‘ the I 


number in the heaven * (Pytha- 
gorean) 68, ‘number* of an object 
69. 

Numerals: systems of, decimal, qui- 
nary, vigesimal 26 ; origin of 
decimal sy stem 26-7 : F/gyptian 
27-8; Babylonian systems (1) 
decimal 28, (2) sexagesimal 28-0 : 
Greek (1) ‘Attic’ or ‘llorodianic’ 
80-1: (2) alphabetic system, 

original in Greece 31-7, how 
evolved 31-2, dato of introduc- 
tion 33-5, mode of writing 36-7, 
coinparieoii of two systems 37- 9: 
notation for large numbers, Apol- 
loniu8*8 tetrads 40, Archimedes’s 
octads 40-1. 

Nympbodorua 213. 

‘ Oblong * numbers 82-3, 108, 1 14 : 
gnomons of, 82-3. 

Ocroatua, 111. 

Octads, of Arcliimedes 40-1. 

Octagon, regular, area of, Ii. 328. 

Octahedron 159,160,162: volume 
of, il. 335. 

'Odd* nuntber dofined 70-1: 1 
called ‘ odd-even ’71:' odd-oven \ 

‘ odd-times-odd &c., numbers 
71-4. 

Oenopidcs of Chios 22, 121 •. difl- 
covered obliquity of ecliptic 188, 
174, ii. 244: Great Year of, 174-5 : 
called perpondicular gnomon -wise 
78, 175: two propositions io ele* 
mentary geomolry 175. 

Olympiodorus 444. 

One, tho principle of number 69. 

Oppermann ii. 824 «. 

Optica: divisions of, 17-18: of Euclid 
441-4 : of Ptolemy ii. 293-4. 

Oval of Cassini ii. 206. 

Oxyibynchus Papyri 142. 

Pampbilc, 131, 133, 134. 

Pandrosion it. B60. 

Pappus (see also Table of Contents, 
under Chap.XlX)ii, 17-18, ii. 175, 
180, 181, 182. 188, 185, 186, 187, 
188, 189, 190, ii. 207, 211, 212, 
213, ii. 262, ii. 337, ii. 855-489 : 
on Apollonius’s tetrads 40, on 
A]poIloDiuB*s continued multi- 
plications 54-7 : on ton means 
87-9 : on mechanical works of 
Archimedes ii, 23-4 : on conics 
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of Euclid and Apolloniua 438, 
pi oof of focus-direotrix proiiorty 
li. J20-J: commentary on RucHd 
358, ii. 350-7, on Dook X 154-5, 
209, 211, ii. 193 : coininentaiy on 
Euclid's Data 42 U2, ii. 357, on 
Diodorus's Anaieminct ii* 287, 
scholia on Syuiaxts ii. 274 ; on 
classification of probloma and 
loci fidane, solid, iincnr) 218-10, 
ii. 117-18, criticism on Archimedes 
and Apollonius 28B, ii.68, ii.lG7: 
on Rui lUcodoci 439-40, ii. 425-0: 
on Euclid’s 481-3, 48G-7, 
ii, 270, ii. 419-24 : on ' Treasury 
of Analysis *421, 422, 4 39, ii. 899- 
427: onrecft/on/s238-9 : onqua(U 
7'atvix 229-30, ii. 879-80, con- 
Btructiona foi'jii. 8B0-2: on dupli* 
cation of cabo 2C6-8, 2C8-70; on 
tnsGoUon of any niiglo 241-3, 
ii. 885-0, pfOfftf with rojjard to 
imvallologram 236-7: on isopori- 
metry (cT. Zonodoius) ii. 207, ii. 
211-12, ii. 890-4. 

* ravndoxos* of Erycinue ii. 805 *8. 

Pavnllclogvam of velocities 846, ii. 

348-9. 

Pampeyma of Doinocvitus 177. 

i^lrn^cnicle8 138. 

Patorius ii. 586-7. 

Piitricius ii. 818. 319, 

Pubbles, for calculution 46, 48, 

Pentngon, regular : const ruction 
Pytuagorcan 1 GO -2 ; area of,n.327. 

Pentagram, Pythagorean 161-2 {gee 
Krrata). 

* Perfect' miuibors 74-5; list of 

first ten Hk : contrastod with 
‘ over-perfect ' and * dofoclivo ’ 
ib,: 10 with Pythagoreans 75. 

* Perfect* proportion 80. 

Policies 172, 

Pericles, a inathomatician ii, 860. 

PorsoiiB 226 : spiric sections ii, 
203-6, 

‘ Phaenoniena ' =* observational as- 
tronomy 17 : 822, 349. 

Philinpua of Opus 854 : works by, 
321 ; on polygonal numbers 84, 
ii. 615 : astronomy 821. 

Philolaus 67, 72. 76, 78, 86, 168. 
ii, 1 ; on odd, oven, and ovcn-odcl 
numbers 70 - 1 : Py tlmgorcan non» 
geocentric astronomy atirihuied 
to, 168-4. 


Philon of PyKHntium 213 : duplica* 
tion of cube 262-3: Philon, Ctesi* 
bins and Ueion ii. 298-302. 

Philon of ftadava 234. 

Philon of Tyann. ii. 260. 

Philoponiie, Joannes, 99, 228, 224 ?f. 

Phoeaeana 7. 

Phocus of Samos 188. 

Phoenician alphabet, how treated 
by Greeks 31-2; avithmotio ori- 
ginated with Phoenicians 120-1. 

*Piroiniis' or ^peremus* in pyramid 
126, 127. 

‘ Phino ' loci 218. 

‘Plane’ pioblems 218-19. 

Plan ispfifteHttm of Ptolemy ii. 292-3. 

Planudes, Maximus, 117, ii. 458, ii, 
546-9. 

Plato 19,22, 24, 121, U2».,17p, 176: 

0f Avdf I y<ci>/4<rpet 10 : fitfdde clyc&jg^* 

Tpvrnf fL/rct>ii], 24, 855 : OJ1 ctluco* 
lion in ttiathoinatlcs 19-20, 284: 
on inalhemalicul ‘arts’, measure • 
ment ami weighing 308, inslni- 
inents for, 808-9, principle of 
lever 809 : on optics 809, 441 : 
on music 810: Plato’s astronomy 
810-16: on avithmeUo and logistic 
13-14: chvssiflcation of numbers, 
odd, oven, &o. 71-2, 292 : on 
nunibor 5040, 294: the Geometri- 
es] Number, 305-8 ; on arithinc- 
tical tnoblctns 15, ii. 442: on 
gooinelry 286-8, constructions 
alien to true geometry ft.: on- 
tology of mathematics 288-9: 
hypolhesos of mathematics 289- 
90 ; two intoUcclual methods 
290-2 : supposed discovery of 
mathcnnitical analysis, 120, 212- 
18, 291-2 : definitions of various 
species of numbers 292, figure 
292-3, line andstmight line 293, 
circle and sphoro 298-4 : on 
points and indivisible lines 203: 
formula for rational right-angled 
triangles 81, 804 : ‘rational’ and 
‘irrational diameter of 5’ 93, 
806-7 : Plato and the irmiional 
150, 203-5, B04 ; on solid geo- 
metry 12-13,308 : on regular and 
semi-regular solids 204-7 : Plato 
and duplication of cube 245-0, 
255, 287-8, 308 : on gcomotrio 
means between two squares ami 
two cubes I'CBpectively 80, 112, 


proportion two geometrical 
passages in Meno 297-303 : pro- 
positions ‘on the section’’ 304, 
324-5. 

‘Platonic’ figures (the regular 
solids) 158, 162, 294-5, 296-7. 

Playfair, John, 436. 

Pliny 129, ii. 207. 

Plutarch 84, 96, 128, 129, 130, 133, 
144, 145, 167, 179, ii. 2, 3, ii. 516: 
on Archimedes ii. 17-18. 

Point: -defined as a ‘unit having 
position ’ 69, 166 : Plato on points 
293 

Polybius 48, ii. 17 n., ii. 207. 

Polygon: propositions about sum 
of exterior or interior angles 144: 
measurement of regular polygons 
ii. 326-9. 

Polygonal numbers 15, 76, 79, ii. 
213, ii. 514-17. 

Polyhedra, see Solids. 

Ponsm (1) = corollary 372: (2) a 
certain type of proposition 373, 
431-8 : Fonsms of Euclid, see 
Euclid : of Diophantus, see Dio- 
phantus. 

Porphyry 145: commentary on Eu- 
clid’s Elements 358, ii. 529. 

Poselger,P.T. ii.455. 

Posidonius ii. 219-22 : definitions 
ii. 221, 226 ; on parallels 358, ii. 
228 : versus Zeno of Si don ii. 
221-2 : Meteorologica ii. 219 : 
measurement of earth ii. 220: on 
size of sun ii. 108, ii. 220-1. 

Postulates: Aristotle on, 336: in 
Euclid 336, 374-5 : in Archimedes 
336, ii. 75. 

Powers, R. E. 75 n. 

Prestet, Jean, 75 w. 

Prime numbers and numbers prime 
to one another 72-3: defined 73: 
2 prime with Euclid and Aristotle, 
not Theon of Smyrna and Neo- 
Pythagoreans ih. 

Problems : classification 218-19 : 
plane and solid ii. 117-18 : pro- 
blems and theorems 318, 431, ii. 
533 

Proclus 12, 99, 175, 183, 213, 224 «., 
ii. 529-37 : Comm, on End. J. ii. 
530-5 : sources ii. 530-2 : ‘ sum- 
maiy’ 118-21, 170, object of, 170- 


1. 4Y, 145, 14V: atterap 
parallel-postulate 358, i 
loci 219 : on porisms 4 
Euclid’s music 444 : < 
Bepiiblic 92-3, ii. 536-7 
posis of astronomical 
ii. 535-6. 

Prodicns, on secondary 
20 - 1 . 

Prolate, of numbers 108, \ 

Proo/ 370, ii. 533. 

Proportion : theory disc 
Pythagoras 84-5, but 1 
numerical and applical 
mensurables only 153, 
def. of numerical propo 
the ‘ perfect ’ propoi 
Euclid’s universally i 
theory due to Eudoxm 
216, 325-7. 

Proposition, geometrical 
divisions of, 370-1. 

Protagoras 202 ; on ma 
23, 179. 

Prou, V. ii. 309. 

Psammites or Sand-reclcont 
medes 40, ii. 3, ii. 81-5 

Psellus, Michael, 223-4 
ii. 545-6. 

Pseudaria of Euclid 430- 

Pseudo-Boetius 47. 

Pseudo-Eratosthenes: letl 
plication of cube 244-5 

Ptolemies : coins of, with a 
numerals 34-5: PtoleiT 
of, 354. 

Ptolemy, Claudius, 181, i 
216, ii. 218, ii. 273- 
gesimal fractions 44-5, 
mation to tt 233 : attem^: 
parallel-postulate 358, 
Syntaxisii, 273-86, com 
and editions ii. 274-5, 
of, ii. 275-6, trigononu 
276-86, 290-1, Table ^ 
ii. 259, ii. 283-4, on ol 
ecliptic ii. 107-8 : . 
ii. 286-92 : Planispherh 
3, Optics ii. 293-4, other 
293 : TTcpi poTTcov ii. 295 

(TTaorfO)? ib. 

Pyramids : origin of m 
measurements of, in Rh 
rus 126-8: pyramids of 
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Gizeh, and Medum 128: measure- 
ment of height by Thales 129-30 ; 
volume of pyramid 176, 180, 217, 
ii. 21, &c., volume of frustum ii. 
334. 

Pythagoras 65-6, 121, 131, 133, 138: 
travels 4-5, story of bribed pupil 
24-5: motto 25, 141: Heraclitus, 
Empedocles and Herodotus on, 
65 : Proclus on discoveries of, 84- 
5, 90, 119, 141, 154 : made mathe- 
matics apart of liberal education 
141, called geometry ‘inquiry’ 
166, used definitions 166 : arith- 
metic (theory of numbers) 66-80, 
figured numbers 76-9: gnomons 
77, 79: ‘friendly’ numbers 75: 
formula for right-angled tri- 
angles in rational numbers 79- 
80 : founded theory of proportion 
84-5, introduced ‘ perfect ’ pro- 
portion 86 : discovered depen- 
dence of musical intervals on 
numerical ratios 69, 75-6, 85, 
165 : astronomy 162-3, earth 
spherical ih., independent move- 
ment of planets 67, 163 : Theorem 
of Pythagoras 142, 144-9, how 
discovered? 147-9, general proof, 
how developed ib., Pappus’s ex- 
tension ii. 369-71. 

Pythagoreans 2, 11, 220: quadH- 
vium 11 : a Pythagorean first 
taught for money 22 : first to 
advance mathematics 66 : ‘ all 
things are numbers ’ 67-9 : ‘ num- 
ber ’ of an object 69, ‘ number in 
the heaven’ 68: figured numbers 
69 : definition of unit 69 : 1 is 
odd-even 71 : classification of 
numbers 72-4 : ‘ friendly ’ num- 
bers 75: 10 the ‘perfect’ number 
75: oblong numbers 82-3, 108, 
114 : side- and diameter- numbers 
giving approximations to \/2, 91- 
3 : first cases of indeterminate 
analysis 80, 91, 96-7 : sum of 
angles of triangle *= 2jR, 135, 
143 : geometrical theorems attri- 

1>IO KA : A-J 1* 


155, 167, 216 : construction of 
regular pentagon 160-2 : astro- 
nomical system (non* geo centric) 
163-5 : definitions 166 : on order 
of planets ii. 242. 

Qay en heni^ height (of pyramid) 
127. 

Quadratic equation : solved by Py- 
thagorean application of areas 
150-2, 167, 394-6, 422-3 ; nu- 
merical solutions ii. 344, ii. 448, 
ii. 463-5. 

Quadratrix 2, 23, 171, 182, 218, 219, 
225-30, ii. 379-82. 

Qiiadrhhim of Pythagoreans 11. 

Quinary system of numerals 26. 

Quintilian ii. 207. 

Qusta b. Luqa, translator of Euclid 
362, ii. 453. 

Rangabe, A. R. 49-50. 

Ratdolt, Erhard, first edition of 
Euclid 364-5. 

Beductio ad absurdum 372 : already 
used by Pythagoreans 168. 

Reduction (of a problem) 372. 

Reflection : equality of angles of 
incidence and reflection 442, ii. 
294, ii. 353-4. 

Refiaction 6-7,444: first attempt 
at a law (Ptolemy) ii. 294. 

Regiomontanus 369, ii. 27, ii. 453-4. 

Regiila Nicomachi 111. 

Rhabdas, Nicolas, 40, ii. 324 n., ii. 
550-3. 

Rhind Papyrus : mensuration in, 
122-8: algebra in, ii. 440-1. 

Right-angled triangle : inscribed 
by ThsQes in circle 131 : theorem 
of Eucl. I. 47, attributed to 
Pythagpras 142, 144-5, supposed 
Indian origin of, 145-6. 

Right-angled triangles in rational 
numbers : Pythagoras’s formula 
80, Plato’s 81, Euclid’s 81-2, 
405: triangle (3, 4, 5) known to 
Egyptians 122 : Indian examples 
146 : Diophantus’s problems on, 



Kiistow, F. W. 11 . 309. 

Ruler - and - compasses restriction 
175-6. 

Sachs, Eva, 209 n, 

Salaminian table 48, 50-1. 

Salmon ii. 23, ii. 103. 

Sampi = 900) derived from 
Ssade q.v. 

(Babylonian for 60®) 28, ii. 215. 

Satapatha Brdhmana^ 146. 

Savile, Sir H:, on Euclid 360, 369. 

Scalene: of triangles 142: of certain 
solid numbers 107: of an odd 
number (Plato) 292: of an oblique 
cone ii. 134. 

Schiaparelli, G. 317, 330, ii. 539. 

Schmidt, W, ii. 308, 309, 310. 

SchQne, H. ii. 308. 

SchOne, R. ii. 308, 317.' 

Scholiast to Cha^ynides 14, 53. 

Schooten, P. van, 75 w., ii. 185. 

Schulz, 0. ii. 455. 

Scopina.s ii. 1. 

Secondary numbers 72. 

Sectio canonis 17, 215, 444. 

SeelhofF, P. 75 n. 

Seleucus ii. 3. 

Semicircle : angle in, is right 
(Thales) 131, 133-7. 

Senkereh, Tables 28, 29. 

Senti, base (of pyramid) 127. 

Se-qet, ‘ that which makes th e natu re ’ 
(of pyramid) = cotangent of angle 
of slope 127-8, 130, 131. 

SerenuB ii. 519-26: On section of 
cylinder ii. 519-22, On section of 
cone ii. 522-6. 

Sesostris (Ramses II) 121. 

Sexagesimal system of numerals 
and fractions 28-9 : sexagesimal 
fractions in Greek 44-5, 59, 61-3, 
233, ii. 277-83. 

Sextius 220. 

Sicily 8. 

‘ Side-’ and ^diameter-numbers ’ 91- 
3, 112, 153, 308, 380, ii. 536. 

Simon, M. 200. 

Simplicius : extract from Eudemus 
on Hippocrates’s quadrature of 
lunes 171, 182-99 ; on Antiphon 
221-2 : on Eudoxus’s theory of 
concentric spheres 329: commen- 
tary on Euclid 358, ii. 539-40 : on 


Simson, R., edition of 
Elements 365, 369, and of 
Data 421 : on Euclid’s 
435- 6 : restoration of PI 
of Apollonius ii. 185, ii. 

Simus of Posidonia 86. 

Sines, Tables of, ii. 253, ii. 

Sinus rectus, sinus versus 31 

Sluse, R. F. de, 96. 

Smith, D. E. 49, 133 n. 

‘Solid’ loci and problems 
117-18: Solid Loci of I 
438, ii. 118-19. 

‘ Solid ’ numbers, classified 

Solids, Five regular : disc( 
tributed to Pythagoras c 
goreans 84, 141, 158- 
alternatively (as regardi 
dron and icosahedron) t 
tetus 162: all five inv( 
by Theaetetus 159, 162, 1 
Plato on, 158-60: Fuel 
structions for, 415-19 : ! 
constructions ii. 368-9 : 
of, ii. 335, ii. 395-6. 

Solon 4, 48. 

Sophists : taught mathems 

Sosigenes 316, 329. 

Soss = sussu = 60 (Babyloi 
ii. 215. 

Speusippus 72, 73, 75, ii. 
Pythagorean numbers ' 
on the five regular solids 
theorems ih. 

Sphaeric 11-12 : treatises o 
tolycus and Euclid 348- 
1 : earlier text-book prei 
in Autolycus 349-50: ^ 
of Theodosius ii. 245, 2^ 
Menelaus ii. 252-3, 260, 

Sphere-making 18: Archin 
ii. 17-18. 

Spiric sections ii. 203-6. 

Sporus 226 : criticisms or 
trix 229-30 : Krjpia 234 : 
tion of cube 266-8. 

Square root, extraction c 
ex. in sexagesimal 
(Theon) 61-2, (scholias 
did) 63: method of ap 
ting to surds ii. 51-2, i 
ii. 547-9, ii. 553-4. 

Square numbers 69 : form 
adding successive gnom 
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numbers) 77 : any square is sum 
of two triangular numbers 83-4 : 
8 times a triangular number 
+ 1 = square, 84, ii. 516. 

Ssade^ Phoenician sibilant (signs 
T A m T) became (900) 32. 

* Stadium,' l/60th of 30°, ii. 215. 
Stadium of Zeno 276-7, 281-3. 
Star-pentagon, or pentagram^ of 
Pythagoreans 161-2. 
Stereographic projection (Ptolemy) 
ii. 292. 

Stevin, S. ii. 455. 

‘ Stigma,’ name for numeral 
originally C (digamma) 32. 
Strabo 121, ii. 107, ii. 220. 

Strato ii. 1. 

Subcontrary (= harmonic) mean, 
defined 85. 

Subtraction in Greek notation 52. 
Surds : Theodoras on, 22-3, 155-6, 

203- 9, 304: Theaetetus’s general- 
ization 203-4, 205, 209, 304 ; see 
also ‘Approximations 

Surface-Loci 219, ii. 380-5 : Euclid’s 
439-40, ii. 119, ii. 425-6. 
Surya-Siddhdnta ii. 253. 

Sussu = soss (Babylonian for 60) 28, 
ii. 215. 

Synesius of Gyrene ii. 293. 
Synthesis 371-2 : defined by Pappus 
ii. 400. 

Syracuse 8. 

Table of Chords 45, ii. 259-60, ii. 
283. 

I'dittinya Samhitd 146. 

Tannery, P. 15, 44, 87, 89, 119, 132, 
180, 182, 184, 188, 196 w., 232, 
279, 326, 440, ii. 51, ii. 105, ii. 

204- 5, ii. 215, ii. 218, ii. 253, 
ii. 317, ii. 453, ii. 483, ii. 519, 
ii. 538, ii.545, 546, ii. 550, ii.556, 
ii. 561. 

Teles on secondary education 21. 
Teos inscription 32, 34. 

Tetrads of Apollonius 40. 
Tetrahedron : construction 416, ii. 
368 : volume of, ii. 335. 

1- ri . ± 


Thales 2, 4, 67 : one of Seven Wise 
Men 128, 142 : introduced geo- 
metry into Greece 128: geometri- 
cal theorems attributed to, 130- 
7 : measurement of height of 
pyramid 129-30, and of distance 
of ship from shore 131-3 : defini- 
tion of number 69 : astronomy 
137-9, ii. 244: predicted solar 
eclipse 137-8. 

Theaetetus 2, 119, 170: on surds 
22-3, 155, 203-4, 205, 209, 304: 
investigated regular solids 159, 
162, 212, 217: on irrationals 209- 
12,216-17. 

. Themistius 221, 223, 224. 

Theodorus ofCyrene : taughtmathe- 
matics 22-3 : on surds 22-3, 155- 
6, 203-9, 304. 

Theodosius ii. 245-6: SphaericaB4t^- 
50, ii. 246-52: other works ii. 
246 : no trigonometry in, ii. 250. 

Theologtimena arithnietices 96, 97, 
318. 

Theon of Alexandria : examples of 
multiplication and division 58, 
59-60 : extraction of square root 
61-3: edition of Euclid’s is 

360-1, ii. 527-8: of Optics 441, 
ii. 528 : Caioptrica ib. : commen- 
tary on Syntaxis 58, 60, ii. 274, 
ii. 526-7. 

Theon of Smyrna 12, 72, 73, 74, 75, 
76, 79, 83, 87, ii. 515 : treatise 
of, ii. 238-44 : on ‘ side- ’ and 
* diameter- numbers ’ 91-3, 112: 
forms of numbers which cannot 
be squares 112-13. 

Theophrastus 158, 163 : on Plato’s 
view of the earth 315. 

Theudius 320-1. 

Theuth, Egyptian god, reputed in- 
ventor of mathematics 121. 

Thevenot, M. ii. 308. 

Thrasyllus 97, 176, 177, ii. 241, ii. 
243. 

Thucydides ii. 207. 

Thymaridas : definition of unit 69 : 
‘ rectilinear ’ = prime numbers 

<70- » /. /I 
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(Dionysodorus and Heron), ii. 
218-19, ii. 334-5. 

Torelli, J. ii. 27. 

Transversal : Menelaus's theorem 
for spherical and plane triangles 
ii, 266-70: lemmas relating to 
quadrilateral and transversal 
(Pappus) ii. 419-20. 

^Treasury of Analysis’ 421, 422, 
439, ii. 399-427. 

Triangle : theorem about sum of 
angles Pythagorean 135, 143, 
Geminus and Aristotle on, 135-6. 

Triangle, spherical : called rptVXev- 
pov (Menelaus) ii. 262 : proposi- 
tions analogous to Euclid’s on 
plane triangles ii. 262-5: sum of 
angles greater than two right 
angles ii. 264. 

Triangular numbers 15, 69 : forma- 
tion 76-7 : 8 times triangular 
number -fl = a square 84, ii. 
516. 

Trigonometry ii 5, ii. 198, ii. 257-9, 
ii. 265-73, ii. 276-86, ii. 290-1. 

Trisection of any angle : solutions 
235-44 : Pappus on, ii. 385-6. 

Tschirnhausen, E. W. v., 200. 

Tycho Brahe 317, ii. 2, ii. 196. 

Tzifra (= 0) ii. 547. 

Ukha-theU {side of base in pyramid) 
126, 127. 

Unit : definitions (Pythagoreans, 
Euclid, Thymaridas, Chrysippus) 
69. 

Usener, H. 184, 188. 

Valla, G. : translator of extracts 
from Euclid 365, and from Archi- 
medes ii. 26. 


Venatorius, Thomas Gei 
princeps of Archiiiiede 

Venturi, G. ii. 308. 

Vieta 200, 223, ii. 182, ii. 
ii. 557. 

Vigesimal system (of nu 

Vincent, A. J. H. 50, 4 
ii. 545, ii. 546. 

Vitruvius 18, 147, 174, 
ik 245 : Vitruvius a 
ii. 302-3, 

Viviani, V. ii. 261. 

Vogt, H., 156 »., 203 n. 

Wescher, C. ii. 309. 

Wilamowitz - Moellendo 
158?^., 245, ii. 128. 

Xenocrates 24, 319 : 
Numbers 319 : upheld ‘ 
lines’ 181. 

Xenophon, on arithmeti' 
tion 19. 

Xylander (W. Holzmani 
ii. 545. 

Yahya b. Khfilid b. Barr 

Zamberti, B., translatoi 
365, 441. 

Zeno of Elea 271-3 : ar^ 
motion 273-83. 

Zeno of Sidon on Eucl. 1 
221 - 2 . 

Zenodorus ii. 207-13. 

Zero in Babylonian nc 
0 in Ptolemy 39, 45. 

Zeuthen, H. G. 190, 206 
398, 437, ii. 52, ii. V 
ii. 290-1, ii. 405, ii. 4^ 

Zodiac circle : obliquity 
by Oenopides 138, 17^ 



